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PEREIRA, Ana Beatriz Vasconcelos. A nonstandard dissipative effect for the Timoshenko
System. 2024. 50 . Dissertacdo (Mestrado em Matemadtica Aplicada e Computacional) —
Universidade Estadual de Londrina, Londrina, 2024.

ABSTRACT

In this study, we consider the Timoshenko system with coupled frictional dissipative effects
through a real matrix B of order two. The objective is to study, using the Theory of Linear
Semigroups, the existence and uniqueness of the solution for this system. Furthermore, by
employing Priiss Theorem, we investigate the exponential stability of the Timoshenko system
in question. We conclude that when the matrix B is a positive definite matrix, the system
exhibits exponential decay. To complement the work, we present a particular case where the
matrix B is not positive definite. However, exponential stability holds and is dependent on the
equality of the wave speeds.

Keywords: Timoshenko system; Well-Posedeness; Exponential Stability.



PEREIRA,Ana Beatriz Vasconcelos. Um efeito dissipativo ndo padrao para o sistema de
Timoshenko. 2024. 50. Dissertacdo (Mestrado em Matematica Aplicada e Computacional) —
Universidade Estadual de Londrina, Londrina, 2024.

RESUMO

Neste trabalho consideramos o sistema Timoshenko com efeitos dissipativos friccionais acopla-
dos por meio de uma matriz real B de ordem dois. O objetivo é estudar utilizando a teoria de
semigrupos lineares, a existéncia e unicidade de solucdo deste sistema. Além disso, ao empre-
gar o Teorema de Priiss, investigamos a estabilidade exponencial do sistema de Timoshenko em
questao. Concluimos que quando a matriz B é uma matriz positiva definida, o sistema apresenta
decaimento exponencial. Para complementar o trabalho, apresentamos um caso particular em
que a matriz B ndo € positiva definida. No entanto, a estabilidade exponencial se mantém e
depende da igualdade das velocidades das ondas.

Palavras-chave: Sistema de Timoshenko; Boa colocagdo; Estabilidade exponencial.
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1 INTRODUCTION

The Timoshenko system is a system of partial differential equations which refers to a
theoretical model used in the analysis of beams, developed by the Soviet engineer Stephen
Timoshenko. Unlike the more simplified Euler-Bernoulli beam theory, the Timoshenko sys-
tem considers the effects of shear deformation and rotation bending effects. This makes the
Timoshenko system well-suited for analyzing structures such as thin beams or beams subjected
to complex loading conditions.

The variables considered in the system are shear deformation and rotational bending ef-
fects, which are denoted by ¢ = @(z,t) and ¢ = ¢ (x,t), both depending on the position
x € [0,1], where [ is the length of the beam, and the time ¢ > 0, as it can be seen in Figure
1.1. In summary, the variables describe how the beam deforms in response to applied forces

and moments.

............................. [ PR ——

S

longitudinal section

Figure 1.1: Timoshenko Beam. Font: Sozzo [14]

According to Timoshenko [15] and [16], the governing equations for ¢ and ) are given
by

PA(Ptt == Sxa (11)
plty = M, — S, (1.2)

where p is the mass density, A is the area, I the moment of inertia of a cross section of a beam,
S is the shear force and M the bending moment. Additionally, the elastic constitutive equations

describing the relationship for shear force and bending moment are expressed as follows

S = KGA(pa +1), (1.3)
M = EI, (1.4)
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where k' is a shear correction factor, and G and E denote the shear and Young’s modulus,
respectively. The later, illustratively, are represented in Figure 1.2 where the arrows depict the
applied force on the object.

Figure 1.2: Shear force and Bending moment. Font:[14]
Replacing (1.3)-(1.4) into (1.1)-(1.2) and denoting the constants as
p1=pA, po=pl, k=KGA b= FEI,
we obtain the following Timoshenko system

prow — k(o +1¢): =0
ptht - bwmz + k(@m + 1/1) = 0.

The focal point of our exploration lies within the mathematical framework of the Tim-
oshenko problem, with dissipative effect motivated by Alves [3], captured by the following
system of partial differential equations

p1p1 — k(e + ) + birpr + biatyy = 0 in (0,1) x (0, 00), (1.5)
P2 — bihyy + k(%c + w) + D21t + b2y = 0 1n (Oa l) X (07 OO) (1.6)

In this system, by1, b12, bo1, byy € R constitute the damping matrix B. We further assume
that the beam is fixed at the ends 0, /. The crux of our investigation lies in demonstrating the
exponential stability of the system above, under the proper assumptions on by1, byo, bo1, bas.

Before delving further into the purpose of this work, let us mention some results about
exponential stability. Raposo et al. [12] investigated the Timoshenko system with frictional
dissipation acting on both equations. Precisely, the system (1.5)-(1.6) with b;; = bys = 1 and
b1 = boy = 0, as given by

p1pu — k(e + 1)z + @ =0 in (0,1) x (0,00),
path — Dby + k(pz + 1) + 1 =0 in (0,1) x (0, 00).
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The main result in [12] is that the problem exhibits exponential stability.
Rivera et al. [2] explored the Timoshenko systems with frictional dissipation affecting
only the vertical displacement, specifically the system (1.5)-(1.6) with b;; = 1 and byy = by =

bas = 0, as it follows

prow — k(pe +9) + 1 =0 in (0,1) x (0, 00),
pzwtt — wam + k(@m + w) =0 in (O, l) X (O, OO)
In this setup a condition for the exponential stability is % = Z—;, in other words, the wave speeds
are the same.
In Soufyane [13], the damping matrix coefficients were defined by bey = () and by; =

b1 = by = 0, where 5 > 0 is a continuous function of the spatial variable. The system is given
by

P1Pet — k(@x —HD) =0 in (071) X (Oa OO),

This reference demonstrates exponential stability under the condition of equal wave speeds.

In light of the referenced works, our aim is to extend the findings derived by Raposo et
al. [12] by exploring a wider range of matrices. To achieve these objectives, this work will be
structured as follows: In Chapter 2, we will establish the theoretical groundwork for the present
work, presenting some results in functional analysis, Sobolev spaces, and semigroups of linear
operators. We will provide references where the statements and proofs of these results can be
found, among which the following stand out: the Theorems of Lumer-Phillips (Theorem 2.45)
and Lax-Milgram (Theorem 2.14), which will guarantee the existence and uniqueness of a so-
lution for our system. Furthermore, we will present the Priiss Theorem (Theorem 2.47), which
will be used to obtain the exponential stability results. In Chapter 3, we will use the previous
results to study the well-posedness of our system. This chapter is divided into presenting the
problem, formulating the semigroup, and finally, proving its well-posedness. In Chapter 4, we
will show that the system is exponentially stable, considering the damping matrix B as a posi-
tive definite matrix. Finally, in Chapter 5, we will work on a similar model to [13] with constant
damping parameter 5 = 1 where the hypothesis of B being a positive definite matrix is not

satisfied, but it stability holds under proper assumptions.
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2 PRELIMINARIES

This chapter aims to provide a theoretical foundation for this work. The presented results
are preliminary and do not encompass the entire conceptual framework, highlighting only the

main results used.

2.1 FUNCTIONAL ANALYSIS

In this section we will denote K as the field of real number R or the field of complex

number C.

Lemma 2.1 (Young Inequality I). Let a and b be non-negative constants and 1 < p,q < oo,

such that, % + % =1, then

ab? b
ab < — + —.
p q

Proof. See Evans [6], page 622, Section B.2. O]

Note 1. The numbers p and ¢ which satisfies % + % = 1 are known as the conjugate exponents.

Lemma 2.2 (Young Inequality II). Let a and b non-negatives constants, 1 < p,q < oo conju-
gate exponents. Then, given € > 0 it holds that

ab < ea? + C.b,

T

(ep)
q

where C, =
Proof. See page 622 from [6], Section B.2. [

Definition 2.3 (Norm). Let X be a vector space over K. A norm in X is a function || - ||x :

X — R with the following properties

(N1) [[z]lx =0,

(N2) [|lz]lx =0 =0,

(N3) [laz|lx = |al ||z]|x, Vo € X and o €K,

(N4 [z +ylx < ll=llx + lyllx, Vo, y € X.

Definition 2.4 (Normed space). A normed space is a vector space with a well defined norm.

Definition 2.5. A sequence in set X is a mapping x : N — X which we denote by x,, = x(n)
and x(N) = (z,)nen. A subsequence of (x,)nen is a restriction x|y @ N — X of the x
function to a infinity subset N' C N,
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Definition 2.6. Consider (x,,)nen a sequence in a normed vector space (X, || - ||x). The se-

quence is said to be
(i) bounded if there is M > 0, such that, ||x,||x < M, ¥Yn € N;

(ii) convergent in X if exists x € X satisfying

Ve > 0,3ng € N, such that, ||z, — z|x <€, ¥Yn > ny,

(iii) a Cauchy sequence in X if

Ve > 0,3ng € N, such that, ||z, — z,||x <€, Vm,n > ny.
Definition 2.7 (Banach Space). A normed vector space (X, || - || x) is called a Banach space if

every Cauchy sequence in X converges in X.

Note 2. We will denote £(X,Y") the set of linear and bounded operators A : X — Y. If
X =Y, we denote by L(X).

Theorem 2.8. Consider X and Y two vector normed spaces and A : X — Y a linear

operator. Then, A is bounded if, and only if, A is continuous.
Proof. See Kreyszig [7] Theorem 2.7-9 (a), page 97. [

Definition 2.9 (Inner product). Let X be a vector space over K. An inner product is a function
(,)x : X x X — K with the following properties

(P1) Forallz € X, (x,2)x > 0and (u,u)x =0< x =0,

(P2) Forall z,y € X, holds (z,y)x = (y,2)x,

(P3) Forall, z,y € X, and o, B € K holds (ax,y)x = a(z,y)x and (z, By)x = Bz, y)x,
(P4) Forallz,y,z€ X, (v+y,2)x =(x+2)x + (z+y)x.

Definition 2.10. Let X be a vector space equipped with inner product (-, -) x. The norm defined
by ||z||x = /(x,x)x is said to be induced by the inner product (-, -)x.

Definition 2.11 (Hilbert space). A Banach space (X, || - || x) is called a Hilbert space when X

is complete with respect to the norm induced by the inner product on X.

Definition 2.12. Let X and Y be K vector spaces. A sesquilinear form is a function in two
variables a : X XY — K that satisfies the following properties

() alx +y,2)=alx,2)+aly,z), Ve,y e X and z €Y;

() a(z,y+2) =a(z,y) +a(z,2), Ve € X and y,z €Y
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(i) a(A\z,y) = Xa(z,y), Ve e X,y €Y and ) €K,
(iv) a(z,\y) = da(z,y), Vo € X,y €Y and ) € K.
Definition 2.13. Let X and Y normed vector spaces. A sesquilinear forma : X XY — Kis

(i) continuous if there is C' > 0, such that,

a(z,y)| < Cllzllx|ly]

v, forall (z,y) € X xY;

(ii) coercive if there is C' > 0, such that, Re{a(z,z)} > C|z|

2 forallx € X.

Theorem 2.14 (Lax-Milgram). Consider X a real (complex) Hilbert space and a continuous
and coercive bilinear (sesquilinear) form a : X x X — K. Then, for every bounded linear

(antilinear) functional h, there is a unique x € X, such that, a(z,y) = h(y), forall y € X.

Proof. For the real case, see Brezis [4], Corollary 5.8, page 140. For the complex case, see
Oden [9], Corollary 6.6.2, page 595. U

Definition 2.15. A normed space X is called reflexive if the canonical map

J: X = X"

T G

is surjective, where g, : X’ — Kiis given by g.(f) = f(z).
Theorem 2.16. Every Hilbert space is reflexive.
Proof. See [7], Theorem 4.6-6, page 242. L]

Definition 2.17. Let X be a Hilbert space. We say that operator A : D(A) C X — X is
dissipative if Re{(Ax,z)x} <0, Yz € D(A).

Theorem 2.18. Let A : D(A) C X — X be a dissipative operator, such that, the operator

Ix — Ais surjective. If X is a reflexive space, then D(A) = X.
Proof. See Pazy [10], Theorem 4.6, page 16. 0

Definition 2.19. Let X and Y be Banach spaces. A linear operator A : X — Y is said to
be compact if for every bounded sequence (x,)nen C X there is a subsequence (T, ) jen, such

that, (A(zy,));en convergesin'Y .

Definition 2.20. Consider the linear operator A of a Banach space X. The set formed by \ € C
forwhich the linear operator (A x — A) is invertible, its inverse is bounded and densely defined,
is said to be the resolvent set of T' and denoted by p(A).

The set o(A) = C\ p(A) is the spectrum of T. For A € p(A), we denote by R(\, A) =
(AMx — A)~! the resolvent of A.
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Definition 2.21. Consider X a Banach space and A : D(A) C X — X a linear operator.
We say that operator A has a compact resolvent if exists A € p(A), such that, (M x — A)~"is

compact.

Proposition 2.1. Let (X, || - ||x) be a Banach space and A : D(A) C X — X a linear
operator with p(A) # (). Then, operator A has a compact resolvent if, and only if, the inclusion
map i (D(A), || - lpga) — (X, |- [x) is compact.

Proof. See Engel [5] Proposition 5.8, page 107. [

Proposition 2.2. Consider a Banach space X and a linear operator A : D(A) C X — X

with compact resolvent. Then, o(A) is composed only by eigenvalues of A.

Proof. See [5] Corollary 1.15, Page 162. 0

2.2 THE SPACE [P

Definition 2.22 (L?(2) spaces). Let 2 C R" open and 0 < p < oco. Consider LP(S2) the set of
all measurable functions f : 0 — C, such that,
that is

f|P is integrable in the Lebesgue sense in (2,

LP(Q) = {f :Q — C | f is measurable and / |f(z)|P dx < oo}.
Q

The functions f,g € LP are said to be equivalents (f ~ g), if f = g almost everywhere in ).
We will indicate by LP(S2) the set
LP(Q) = LP\ ~ .

The LP(Q)) norm is given by

1/l Loy = (/Qlf(xﬂ” dx)p-

For p = oo, we define
L>*(Q) = {f 00— R ‘ f is bounded almost everywhere in Q}

Definition 2.23. Consider the function f : Q) — C. We call the essential supremum of f in )

the number

supess|f(x)| = inf{K ’ |f(x)| < K almost everywhere in Q}

e

The norm on L™ (o0) by

| fllzeo() = supess|f(x)| = inf{C >0 ‘ |f(z)| < C almost everywhere in Q}
e
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Theorem 2.24. If 1 < p < oo then LP(2) is a Banach space.
Proof. See [4] Theorem 4.8, pages 93 and 94. 0

Theorem 2.25 (Holder Inequality). Let 2 C R"™ open and p, q conjugate exponents where
1<p<oo.lffelP(Q)andge LYQ), then fg € L'(Q) and

1fgllr@) < 1 llzr@llgllzo)

Proof. See [4] Theorem 4.6, page 92. [
Corollary 2.3. Ler 1 <p < g <oo. If f € LYQ) and || < oo, then f € LP(Q2) and

[f ey < 772 (| fl[ )
Proof. See Adams and Fournier [1] Theorem 2.14, page 28. [
Theorem 2.26 (Minkowiski Inequality). Consider f,g € LP(Q)) and 1 < p < oo. Then,
1+ gllzr@) < 1 fllze@) + lgllzr-
Proof. See [4] Theorem 4.7, pages 93. 0

Theorem 2.27. The space L*(N2) is a Hilbert space with the following inner product

(u,v)e = /Qu(x)ﬁ(x) dz, Yu,v € L*().

Proof. See [1] Corollary 2.18, page 31. [

Note 3. Note that, the inner product in L?(2) induces the following a norm

Jull3 = (u,u) = / lu(z)[* dz, Yu € L*(Q).
Q
Proof. See [4], page 93, Theorem 4.7. 0

Definition 2.28. Let () C R" be a open set and v : 2 — C a continuous mapping. The

support of u is

Q

supp(u) = {z € Q [ u(z) # 0}
We will denote by Cy(2) = {u € C(Q) | supp(u) is compact}.
Definition 2.29. The space C§°(5?) is defined by

Coyo () = {f : Q@ — K | infinitely differentiable with compact support}.

Proposition 2.4. Let Q2 C R"™ an open set and 1 < p < oo, then C§°(X) is dense in LP((2).

Proof. See [4] Corollary 4.23, page 109. [



19

2.3 ONE-DIMENSIONAL SOBOLEV SPACES
2.3.1 The space W?(I)
Let I = (a, b) be an interval with —oco < a < b < +ocand 1 < p < oc.

Definition 2.30. The Sobolev space WP(I) is defined as

WhP(I) = {UGLP(I) | 3g € LP(I) where /ugp’dmz —/ggpdm, Vo € C&(I)}.
I I

Particularly, when p = 2, is denoted as W'*(I) = H'(I), that is

HY(I) = {u € L*(I) | 3g € L*(I) where /ugo’dx: —/gcpdx, Vo € Cé,([)}.
I I

Note 4. Given u € W?(I), the function g is called as weak derivative of u in W (1) and will
be denoted by u’. The weak derivative, conditioned on its existence, is unique except on a set

with Lebesgue measure zero.

Note 5. The space W'?(I) is equipped with the norm

lullwrry = llullzeay + 1'll ey

or with the equivalent norm

1
[ullwremy = (Hu”]l),p(l) + ”U/Hip(z))p-

Note 6. When p = 2, the space W?(I) = H'(I) is a Hilbert space with the inner product
defined by

(u, ) e ry = (w,0) 2y + (W, 0") 2(1)-
Theorem 2.31. The Sobolev space W' (I) is a Banach space for 1 < p < ooc.
Proof. See [4] Proposition 8.1, page 203. [
Lemma 2.32. Consider u,v € W'P(I) where 1 < p < co. Then,
(i) uwv € W(I) and (uv) = v'v + wv'.

(ii) Also, the following formula holds

Proof. See [4] Corollary 8.10, page 215. [
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2.3.2 The space W, ()
Definition 2.33. Ler 1 < p < oo. The space VVO1 P(I) is defined as

WP (I)

W, (I) = C3(I)

If p =2, then
—Hl(I)

Wo (1) = Hy(I) = C3(I)

Note 7. The space W,7(I), 1 < p < oo are normed vector spaces equipped with W7 ()

norm.

Theorem 2.34. Consider u € W'P(I). Then, u € W, *(I) if, and only if, u = 0 in O1.

Proof. See [6] Theorem 2 , page 259. [
Note 8. We have that W, ”(I) = {u € W'?(I);u =0 in OI}.

Theorem 2.35 (Poincaré Inequality). If I is a bounded interval. Then, exists a constant ¢, =
cp(med(I)) > 0 such that

lullwrn (1) < cplll| oy, Y € W (D).

Proof. See [4] Proposition 8.13, page 218. [l

Note 9. If I is bounded, W, ”(I) is a normed vector space with the following norm

lullwzo = 1 llzrr.

Note 10. If p = 2 then H{ (I) = W,"*(I) is a Hilbert space with the inner product is given by
() = [ (@) de
This inner product induces the following norm
i) = (e = [ @) do = I
equivalent to the norm HUHWOI,p(I) = ||v/|| Lo (1)

2.3.3 The space WP ()
Definition 2.36. Let 1 < p < 00, a = (ag,...,an) € Zﬂf, la] = a1 +...ay and u, g €

LP(I). We say g is the alpha — th order weak derivative of u when

/uDO‘gpdx = (=1)l /ggpd:v, Vo e C3°(1).

1 1
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Definition 2.37. Consider 1 < p < oo and m € 7. We define the Sobolev space W™P(I) as
the vector subspace of L*(I) given by

WmP(I) ={uec LP(I) | 3/, ", ..., ™ € LP(I)},
where v/, u”, ..., ul™ denote the weak derivatives of order 1,2,...,m, respectively. When
p = 2 we use the notation W™?(I) = H™(I).

Note 11. Here, the first and second order weak derivatives will be denoted by u, and u,,,

respectively.

Theorem 2.38. The space W"?(I), 1 < p < oo is a Banach space with the following norm

1
lllymocry = ( 3 HDO‘uH’Zp(I)) l<p<oo

lor|<m

lullwnoey = > 1D ul| (), p = o0.

|o| <m

Proof. See [6] Theorem 2, page 249. [l
Note 12. The spaces W™?(I) = H™(I) are Hilbert spaces with the following inner product
(u,v)gm(r) = Z (D%u, D*v) 21y, Yu,v € H™(I).

|a|<m

Definition 2.39. Consider 1 < p < co. The space W;""(I) is defined as

Wwm.p

W (1) = Cg (1)

When p = 2 it is also denoted

= W™2(I)

Wy (1) = g (1) = Hg'(I).

Definition 2.40. Let X and Y Banach spaces with Y C X. We say that Y is continuously

embedded in X if inclusion map
1:Y — X
y = ily) =y,
is continuous. In this context, we write Y — X. We say Y is compactly embedded into X when

the inclusion map i : Y — X is compact. We denote the compact embedding of Y into X by
Y <5 X

Theorem 2.41 (Sobolev Embeddings). We have that
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(@) Wme(I) C L>®(1I), forall 1 < p < oo and every m > 1, with a continuous embedding.

(ii) If I is bounded then W™P(I) C C™Y(I) forall 1 < p < oo and every m > 1 with a

continuous and compact embedding.

(iii) If I is bounded the W™P(I) C Li(I) for all 1 < q < oo and every m > 1, where

zl? + % = 1, with a compact embedding.

Proof. See [4] Theorem 8.8, page 212. [

2.4 SEMIGROUPS OF LINEAR OPERATORS

Throughout this section we will introduce some results and definitions of the semigroups

of linear operators theory.

Definition 2.42. Let X be a Banach space. A one parameter family {S(t)}i>o, of bounded

linear operators from X into X is a semigroup of bounded linear operator on X if
(i) S(0) = Ix;
(i) S(t+s)=S(t)S(s), foreveryt,s > 0.

(iii) Moreover, the semigroup is called as a Cy-semigroup, if lim |S(t) — z||x = 0, for each
t—0
r e X.

Definition 2.43. The linear operator A : D(A) C X — X defined as

D(A) = {x eX g% S(1)(x) t_ Lx(@) exists}
and

is the infinitesimal generator of the semigroup {S(t) }1>o.

Also, note that the domain D(A) of the operator A can be rewritten as
DA)={re X | Az € X}.
Theorem 2.44. Consider the abstract Cauchy problem

u'(t) = A(u(t)), t >0,
u(0) = up. 2.1
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If operator A is the infinitesimal generator of a Cy-semigroup {S(t)}+>o in a Banach Space X,
then for each uy € D(A), there is a unique solution of (2.1) in

u € C(]0,00); D(A)) N CH(0,00); X).

Proof. See [4] Theorem 7.4, page 185. [

Theorem 2.45 (Lumer-Phillips). If A is a infinitesimal generator of a contraction Cy-semigroup

in a Banach space X, then

(i) A is a dissipative operator;

(i) Im(AIx — A) = X, forall A > 0.

Reciprocally, if

(iii) D(A) is dense in X;

(iv) A is a dissipative operator;

(v) Im(A\gIx — A) = X for some \y > 0.

Then A is the infinitesimal generator of a contraction Cy-semigroup in X.

Proof. See [10] Theorem 4.3, page 14. 0

Definition 2.46. A semigroup {S(t)};>0 on X is exponentially stable if there are positive con-
stants C and k, such that

1S (t)uol|x < Ce ™ |lugl|x, Vt >0 and up € X.

Theorem 2.47 (Priiss). Let {S(t)}+>0 be a contraction semigroup on a Hilbert Space X. Then,
{S(t) }+>0 is exponentially stable if, and only if, the following conditions holds

p(A) 2 {i\|A € R} =R and limsup ||(i\[x — A)”Z(lx) < 0.

[A| =00
Proof. See Priis [11], Theorem 4 and Corollary 5, page 853-855 . U

2.5 POSITIVE DEFINITE MATRIX

Definition 2.48 (Hermitian Matrix). A square matrix B is said to be Hermitian (or symmetric

. . T . .
ifK=R)if B= B , where superscript T denotes the vector transpose operation.
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Definition 2.49 (Positive Definite Matrix). A square Hermitian matrix B of order n x n is

said to be a positive definite if

Z' -Bx >0, Vo e C" - {0},
where - denotes the inner product in R".
Theorem 2.50. If B = [b;;] is a positive definite matrix, then
(i) b; >0
(ii) det(B) > 0.

Proof. (i) Since B is a positive definite matrix, then for all x € C"—{0}, we have T" - Bz > 0.

In particular, consider x = e;, where e; is the standard basis vector. Then,
&' - Be; > 0.

However, ;' - Be; = b;;. Hence b;; > 0fori=1,--- ,n.

(ii) See Leon [8], page 339, Property II.

Lemma 2.51. Let by1, b12, boy, bao € R and B be a symmetric matrix defined by

Y

b1 b
g |t b
b1z bao

where bi1, byy > 0. Then there is a positive constant C, such that,

det(B)

m(‘%P + |22]%) < bulz|” + 2bi2 Re{z1Z2} + bao|2a|* < C(Jz1]* + |22%),  (2.2)
11 + D22

forall z,, z € C.

Proof. We start the proof by demonstrating the validity of the first inequality. Using Young

inequality
_ b
b11’2’1|2 + 2bpRe{z1 22} + 522\2’2‘2 > bn|2’1’2 — 62‘21‘2’ (2.3)
22
and 2
b11|2’1|2 + legRe{le_g} + b22|22|2 Z b22|21|2 — bﬂ ZQ|2. (24)
11

Multiplying (2.3) by bs; and (2.4) by by1, we get

bnb2zle|2 + 2b9ob1oRe{z1 75} + 632‘22|2 > b11b22121|2 — 5%2‘21’27 (2.5)
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and
b%1’21’2 + 2b11b19Re{z1 22} + 511522‘2’2|2 > bnb22122’2 - 532‘22’2- (2.6)

Adding (2.5) and (2.6)

(b11bay — b3y)

b11’21|2 + 2b12Re{2’12_2} + b22‘22‘2 Z (‘21’2 + ‘22|2).
b11 + a2
This concludes the proof of the first inequality in (2.2).
On the other hand, using Cauchy-Schwarz inequality
bi|z1|* + 2bia Re{z21 2} + bao|20|® < bua|z1|® + 212 |21]|22] + baz| 22| (2.7)
Using Young inequality

1 1

|21][22] < §|Z’1|2 + §|2’2|2- (2.8)

Then, replacing (2.8) into (2.7), we have

bulz1|? + 2012 Re{z172} + bya|2a|? < bur|z1]* + bua(|21]* + [22]%) + bao20f”
< (b11 + bi2)|21)? + (bag + b1a)| 22/
< Oz + |22,

where C' = max {bu + b1a, bay + blg}, which proves the second inequality in (2.2).
The proof is complete. ]

Note 13. If B is a positive definite matrix, then, by Theorem 2.50, the constant % in (2.2)

is positive.
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3.1 THE PROBLEM
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The aim of this chapter is to investigate the existence and uniqueness of solutions for the

following Timoshenko system using the Lumer-Philips Theorem (Theorem 2.45). Thus, let us

examine the set of equations

p1o — k(0r + 1)z + birpr + b1ty = 0 in (0,1) x (0, 00),
Pt — by + k(0 + 1) 4 barr + baothy = 0 in (0,1) x (0, 00),

with initial conditions

90<'70) = @O(')? 90t<'70) = @1(')7¢('70) = ¢0<')v¢t('a0> = 77[)1('),

and Dirichlet boundary conditions

(,D(O,t) = <p(l,t) = ¢(0>t) = w(ht) =0, t >0,

where pq, p2, b, k > 0.

3.2 SEMIGROUP FORMULATION

In order to use the linear semigroup theory, we shall consider the notations
o = Pt V= 1/}15 and U = (907(1)777b7\1j)—r7

where, superscript T denotes the vector transpose operation.

Now, from the equations (3.1) and (3.2), we get

0]
k bii _ biz
pr (P + ) — @ — T2
U
b k b b
,72%9: - ,)_2(9095 +¢) - %(I) - %\Ij

and, by (3.3)
U(t = 0) = (900, <P17¢0,¢1)T := Up.

3.1
(3.2)

(3.3)

(3.4)

(3.5)

So, it is possible to write the intial-boundary value problem (3.1)-(3.4) as the following
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abstract Cauchy problem

U, =AU, t >0,

(3.6)

To approach (3.6) including the boundary conditions (3.4), we define space
H = Hy(0,1) x L*(0,1) x Hy(0,1) x L*(0,1). (3.7)
The space H is a Hilbert space with inner product (-,-) : H x H — C defined by
_ [ [ | !
(U,U) = / oD da:—i—/ v da:—i—/ (I da:+/ Oppy dx
0 0 0 0

((I)v EIV))Q + (\Ila CI})Z + (w:m @\;)2 + ((10:(37 @;)27 (38)

where U = (o, ®,1, 0)T, U = ($,®,¢, )T and (-,-)s = (-, -J12(0,)- The inner product (3.8)
induces the following norm || - || : X — R*

l

l 1 I
||U||2_(U,U)_/ <I@dx+/ \I@der/%@der/ 0.7 da
0 0 0 0

= (15 + 115 + sl + el

where || - |l2 = || - || 220,

In space H, we also consider the function (-, )3 : H x H — C defined by
(U, U)n = pr(@, @) + po(U, W)y + b(r V)2 + k(w + 8, 8o+ D)o (39)
This function induces the following map || - |3 : H — R™ defined as
10115 = (U, U)w = pu[[ @113 + pal| P[I3 + bl 13 + Kl + I3 (3.10)

Lemma 3.1. The map (-,-)y : H x H — C defined in (3.9) is an inner product in H.

Proof. LetU € H, such that, (U, U)y = 0. The definition (3.9) implies that

Now, Poincaré Inequality implies that ) = ¢ = 0. Therefore, U = 0. The remaining properties
in Definition 2.9 can be inferred from the properties satisfied by the inner product in L?(0, ).
]

The following result is a consequence of Lemma 3.1.

Lemma 3.2. The map || - || : H — R defined in (3.10) is a norm in H.
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Lemma 3.3. The norms || - || and || - || are equivalent.

Proof. Firstly, observe that

1013, = pill @115 + p2l W15 + bllve I3 + Klla + 115
< Cr (1215 + 115 + oIz + lleall)
=Ci[o)*.

where C) = max {p1, p2, b, k } Secondly,

10112 = [|@I5 + 1115 + a5 + e + 0 — 9]3
< Co (P @13 + p2l| Wl + bllea|l3 + Klles + ©13)
= Co|[U]3,.

1 1 1+Cp l
p1’p2’ b Ok

equivalent norms in H.

where Cy = max{ } The above inequalities imply that || - || and || - || are

]

Once we defined the phase space H, we can now define the domain of the operator A via

the following proposition.

Proposition 3.1. The domain of the operator A defined in (3.5) is given by
D(A)={UeH | g, e H*0,1)N H0,1),®,¥ € H(0,1)}.

Proof. Firstly, remember that, from the Definition 2.43, the domain of operator A is given by
A={U e H | AU € H}. The inclusion D(A) C A is satisfied. Now, let U € A and therefore

o, W € Hy(0,1),

k b b
(o +1)s — — 0 — 2 € L*(0,1),
P1 P1 P1
k b b
—wm — (g + 1) — 220 — 2T e L2(0,1).
P2 P2 P2
Note that,
ESO:M: (£(¢$+¢) _biq)_bﬁ\p) __(ww)+b£(b+@qj
P1 P1 P1 P1 P1 P1 P1

and this implies that ¢, € L*(0,1). Also,

b k b b k b b
—wm=(<%+w—ﬁ%—ﬁﬁ) ~(pat W) + 0+ U,
P2 p P2 P2 P2 P2 P2
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and, thus 1, € L*(0,1).
Consequently, p, 1 € H*(0,1) N H}(0,1). Therefore, A C D(A).

3.3 EXISTENCE AND UNIQUENESS

This section is focused in showing, the existence and uniqueness of solution for the prob-
lem (3.1)-(3.4). To demonstrate the existence and uniqueness result, we will consider the fol-

lowing condition for the matrix B, which we call damping matrix

B |t b (3.11)
b21 b22

Condition 01: A real matrix B, as defined in (3.11), satisfies Condition 01 if
b11’21|2 + (b21 + blg)Re {2121_2} + b22‘22|2 Z O, Y 21, %9 € (C (312)

Next, we have some examples of matrices that satisfy the Condition 01.

Example 1. Positively defined matrices satisfy Condition 01. See Definition 2.49, Theorem
2.50 and Lemma 2.51 (Note 13).

Example 2. The identity matrix

-31]

Note that, 1)11‘21|2 + <b21 + b12)Re {212_2} + b22’22|2 = |21‘2 + |22|2 > O, for all 21,22 € C.

B_[j 3]

Note that, byp |21 | + (ba1 + bi2)Re {2123} + bag| 22]? = 2|21]? + 3|22|? > 0. Therefore, Condition
01 is satisfied.

Example 3. The matrix B given by

Example 4. The matrix B given by

o[

Note that, by1|z1|* + (ba1 + bia)Re {2122} + baa|22]? = |22|* > 0. Therefore, Condition 01 is
satisfied.
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The main result of this chapter is the following theorem.

Theorem 3.4. Let py,p2,b,k > 0. If Uy € D(A), then the Cauchy problem (3.6) admits a
unique solution U € C([0,00), D(A)) N C'([0, 00), H), under Condition O1.

Proof. By the Theorem 2.44, it is enough to show that the operator A (defined in (3.5)) is
the infinitesimal generator of a contraction Cy-semigroup in . By Lumer-Philips Theorem
(Theorem 2.45), is sufficient showing that

(i) D(A) =*H;
(ii) A is dissipative in H, i.e., Re( AU, U)y < 0, forallU C D(A);
(iii) /5y — A: D(A) — H is surjective.

We will initially provide the proofs for items (ii) and (iii), leaving the proof of (i) for the final
part.

Proof of (ii).

Let U € D(A) and

o
k b b
(e +1)s — O — 20
v
b k b b

AU =

By the inner product defined in (3.9), we obtain

Lok b bia \ = Y k
(AU, Uy, = pl/ (e +0) — o - ﬁ\p)¢dm+p2/ (Ste = — (0 + )
0 \P1 P1 p1 0 ‘P2 P2
! !
— @(I)— @\D>ﬁdx+b/ ﬂ/x%dx%—k/ (Pr + V) (@ + 1) dz
P2 P2 0 0

! l l l
:k:/(gox—l—w)x@dx—bll/ Y1) da:'—blg/ U d:c—i—b/ Ve U dx
0 0 0 0
! . L L L
0 0 0 0
l
+k/ (2272 + Pu¥ + Vi, + W) da. (3.13)
0

Integrating by parts the following terms, we find

l l
0 0

and

! l
—b/ VeV da = b/ VoV, dr = —b(1y, U)o
0 0
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Then, replacing in (3.13)

(AU, U)y = —k(py, Py)a — k(¥0, Py)a — bia |3 — b12(¥, @)o — b(ty, U)o
— (@, U)g — k(1, W)y — bay(®, W) — baa|| V|5 4 (s, )2
+ k(q)$7 gpﬁ)Q + k(®$7 w)Q + k'(q;’ 901>2 + k(\I/’ w>2

The Condition 01 (3.12) implies
Re(AU,U)y = —by1||®||5 — Re(bay + b12) (¥, @)y — boo||¥||5 < 0. (3.14)

Hence, A is dissipative operator.

Proof of (iii). Given F = (f1, f2, f3, f1)| € H, we will prove that the resolvent equation
(I3 — A)U = F has a unique solution U € D(.A). Rewriting on terms of its coordinates, we
obtain the following system

¢ —®=f in Hy(0,1), (3.15)
k b b ,
D — —(pp+ 1)y + —®+ =0 = f, in L*0,1), (3.16)
P1 P1 P1
¢ — W = f3 in Hy(0,1), (3.17)
b k b1 ba2o . 9
U — — e+ —(pp + ) + —P+ =V = f, in L*(0,1). (3.18)
P2 P2 P2 P2

By (3.15), ® = ¢ — f; and by (3.17), ¥ = ¢) — f3. Replacing those at (3.16) and (3.18) we have

<P—f1—£(¢z+¢)x+%(<ﬁ—f1)+%f(¢—f3)=f2

then
(p1 +b11) — k(g + )z + bioth = pr(fi + f2) + bir fi + biafs.
Also
b k b b
Y= fs— =+ —(pr + )+ —(p— fi) + —W — f5) = fu
P2 P2
and so,

(p2 — b22)t) — bibyy — k(r + 1) — borp = pa(fs + f1) + bar f1 + baa fs.
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From where we obtain

(p1 +b11)o — k(e + 1)z + biot) = p1(f1 + f2) + b fi + biafs, (3.19)
(p2 = b22)h — bibyy — k(0p + 1) — barp = pa(fs + fa) + bar f1 + baa f3. (3.20)
Now, defining
g1 =p1(fi + f2) + b fi + b1 fs, (3.21)
g2 = p2(f3 + fa) + bar fi + baa fs, (3.22)

then, the system (3.19)-(3.20) can be written as

(p1 +b11) — k(e + )z + biot) = g1, (3.23)
(p2 — ba2) ) — Dihyy — k(0 + 1) — barp = g, (3.24)

which we will solve through two stages.
1%tstage.
Affirmation: There is a single pair (¢, ) € HJ(0,1) x H}(0,1) which satisfies the varia-

tional equation

/0 T+ ) + (02 bo)D + b ks + 0) o+ 9) + i + br) da
= /0 l 013 + 920 dx. (3.25)
Firstly, we define the following function
a: (HY0,1) x HN0,1))? — C
(. 9). (5.9)) — al(e, ¥), (5.9)),

where

~ ! _ —= — P
a((p, ), (¢,9)) = /0 [(p1 + 011)0p + (p2 + ba2 )bt + bibaot) + k(o + 1) (0r + ¢) da,

and

h: Hy(0,1) x Hy(0,1) — C
(8,9) — (&, 1),
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where
~ l —_ —_
hz.0) = [ (glso ¥ gQw) .
0
Thus defined, a is a sesquilinear form, continuous and coercive.

* a is continuous.

Indeed, by using the triangle, Cauchy-Schwarz and Poincaré inequalities, we find

la((, %), (3, 9))|
= ‘ /O <(P1 + b11)e@ + (p2 + bz2)¢$+ bibathy + k(ps + 0)(5n + {E)) du

<lp1+ bl [2l21Bll2 + [p2 + boal [l 1012 + bl

+ Kl + YllalIEz + 0o

< lp1 + burleplallalEzlle + 1o + baalepliv ol o + bllte ol 6all2
+ k(lleall2 + collvallo)18llz + cpllde o)

= Ca (el Iella + lellallells + ezl + 172 el l2)

< Gsl(¢, w)HngHg (¢, ¢)||ngH37

where C5 = max {| p1 + bi1lcp, [p2 + baslcp, k, b, ke, k;cf)}. As established before in Theorem

2.35, we denote c, as the Poincaré constant. Hence, a is continuous.
* ais coercive.

Note that

10t gy = o3+ 3
= o + & — 01 + [ I
< llpw + w13 + 1113 + 143

1
< (Pl+511)||90||3+%’€||90w+¢||3+ (p2 + ba2) [|¥]3

(p2 + ba2)
1

+ bl

S C(4 a((g&, ¢)> (QO, ’QD)),

where Cy = max{l, %, (pQJ:bZQ), %} Then,

(), (. 9)) = 2100 By

Therefore, a is coercive.
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* h is bounded.
Using the Triangle, Poincaré and Cauchy-Schwarz inequalities, we obtain

! [
/ﬁ@m /mwm
0 0

< gllgill2ll@zllz + cpllgall2lvzll2
< C5H(C0/aw)”Hé><Hé7

h(@,9)] < +

where C5 = max{c,||g1]|2, ¢»||g2||2}- Hence, h is bounded.
Therefore, from the Lax-Milgram Theorem (Theorem 2.14), there is a single pair (¢, ¢)) €
H(0,1) x H(0,1) such that

a((, %), (3,9)) = h(@, ).

2nd stage.
Show that (p,v) € H?(0,1) x H?*(0,1) and satisfies (3.23)-(3.24). Indeed. Consider
& € CL(0,1) and ¢ = 0, applying in (3.25)

l — 1 l —
/ PrPy dx = 7 / ((m + b11)p + kb + barp — g1>s0 dx |. (3.26)
0 0

AS @, (p1+b21)p +baro — g1 € L?(0,1) and (3.26) holds, then by the definition of weak
derivatives, o, € H}(0,1), thatis, ¢ € H?(0,1). And still,

ke = (p1 4 b11)@ + Kby + ba1p — g1 in LQ(Oa ).

Also, remembering g; in (3.21) and taking ® = ¢ — f; € Hj(0,1), you get

k b b
O — —(po+1)s+ —0+ —U = fi.
P1 P1 P1

Therefore, (3.16) is satisfied.
On the other hand, replacing in (3.25) @Z S C’&(O, [) and ¢ = 0, we have

I l _
/0 Ppthy dr = —% (/0 <(ﬂ2 + b22)t) + k(g + 1) + biotp — 92)15 dﬂC)-

Since 1y, (p2 + baz)h + k(py + 1) + biat) — g2 € L?(0,1) and (3.22) holds, then by the
definition of weak derivative, ¢, € H*(0,1), from where ¢» € H?(0,1). And also,

Wiy = (p2 + ba2)Y + k(pz + 1) + bi2t) — g2 in L*(0, ).
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Furthermore, from (3.22) and ¥ = ) — f3 € H}(0,1), we obtain

k

b b b .
U — 1y — —(pg + 1) + —& + 20 = f, in L*(0,1).
P2 P2 P2 P2

Thus, (3.18) is satisfied.

Proof of (i): We have shown that A is dissipative operator and /5, — A is surjective. Then,

‘H being a Hilbert space and by the Theorems 2.16 and 2.18 it comes that D(.A) = H. 0
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4 EXPONENTIAL STABILITY - B POSITIVE DEFINITE

Throughout this chapter, we will show that the Cauchy problem (3.1)-(3.4) is exponen-
tially stable via Theorem 2.47.

Starting now, the symbol C' will denote various positive constants dependent on the pa-
rameters p1, p2, b, k, ¢y, and b;;, where 4, 7 = 1, 2. If they depend on a specific parameter 7, we

denote them as C,.
Lemma 4.1. Let py, p2,b, k > 0 and b;; € R. Then, 0 € p(A).

Proof. Showing that 0 € p(.A), by Definition 2.20, is the same as showing that (—.A)~" exists

and is a bounded operator. Given F' € H, we will show the resolvent equation
—~AU =F, 4.1

has a unique solution U € D(.A). Rewriting in terms of its components, we have

-d = f, 4.2)

—k(0r + V) 011 +02¥ = pifo, (4.3)

U = fj, 4.4)

Wpe + k(Pr + 1) + 021 + 00V = paofy. (4.5)

It follows from (4.2) and (4.4) that
b = _fl and ¥ = —f3.
Replacing into (4.3) and (4.4), respectively, we have

—k(pz + )z = prfo+ bifi + biafs,

and
bhyy + k(r + 1) = pafa + bar f1 + b fs.

Now, defining

g3 = pi1fo+bufi+biafs,
g1 = pafa+bafi + baafs.
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we obtain the following system

_k(%c + w)x =01 in L2(07 l)?
Wuw + k(0 + 1) = go in L*(0,1).

Note that, as proven before in Theorem 3.4, the system above has a unique solution. From now
on, we will focus on showing (—.A)~! is bounded, as (—A)"'F = U, it is sufficient to show

that there exists a positive constant C', such that
I(=A)""Fllx = U]l < C|[F |3
Note that, using (4.2) and by Poincaré inequality, we have

19113 = [1/1]15 < Sl frall; < Sl fre + falla + 11 f3]]2)?
<202 fre + f3ll3 4 26| f.a 13
< C||F |3 (4.6)

where C' = max {2012,, 2021)}. Similarly, from (4.4), we have
112 = 1£112 < Gl fsallz < ClIFla. (4.7)

Taking the inner product of (4.3) with @ in L?(0, ), we obtain

l l ! l
k[t vnpdo i [ opdosbe [ wpde = o [ pds
0 0 0 0
Integrating by parts,
1 1 l l
0 0 0 0

Also, taking the inner product in L?(0, [) of the resolvent equation (4.5) with 1, we find

! ! l ! !
—b/ Vouth dx + k:/ (P —|—¢)Edw+b21/ @Edm—i—bgg/ U do = ,02/ fab dz. (4.8)
0 0 0 0 0
Integrating by parts,

l
0

l ! ! l
b/o Q/Jxﬁdx—l—k:/(gpw—l—w)ﬂdxjtbgl/o @Edm—l—bm/o \Ifﬂdx:pg/o fabdr. (4.9)
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Then, adding (4.8) and (4.9), we have

Ellps + 013 + bllvall; = —b11(®, 0)2 — bi2(¥, )2 — bar (P, 1)
— boa (W, 0)2 + p1(f2, )2 + p2(fa, )2

Then, by the Cauchy-Schwarz inequality, we have

koo +llz +0llvolly < [bulll@ll2llellz + [brzl 1 Wllallellz + (b [ 1212112
+[b22[[[Cll2[l¢ll2 + poll fall2ll9ll2 + prll fll2ll#ll2-

Also, by Poincaré inequality, we get

kllow + 05 +0llwalls < [bulel|®llallvelle + bialep | Wllall@alla + 1021 eyl Plla][tz]l2
+b22|cp [ Wl2][¢zlla + p2cpll fall2llvball2 + prcpll f2ll2ll@zl2
b11|epl|@ll2llex + 2 + [buzlc]|@]l2]|v 2
+b1a|ep ¥ l2llpa + U2 + [bra] Al 2] 2
+bar e | @2l @z + Pl + [barl e[| P3N0 2
b2 | ¥ |2 10z [l2 + p2cyl| fall2l[tha]]2

+p16pll follall e + Yllo + prcy| follol[ a2,

IN

where C = max {\bn\cp, ’bH’Ci; |b12|Cp, ’b12’C§7 |Z)21|Cp7 |b22|, P2Cp, P1Cp, plc}%}. Using YOlng

inequality, with €;, e > 0, then exists constants C,, C,, > 0, such that

kllow + 015 +0llvall; < ClF5)Ul + elles + 115 + Ce 1213 + Ce, 19115

Taking €; = % and €, = 2, we find from estimates (4.6), (4.7) that
Ol[all3 + kllgs + 2115 < CIF [/, (4.10)
for some C' > 0. Therefore, we obtain from estimates (4.6), (4.7) and (4.10)
10115, < ClIF[l3][U]l% + CIIF3,.
Applying, again, the Young inequality

10113, < CIIF|l5-
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Hence, there is C' > 0 such that
I(=A)"'Flly < CO||F|ln, VF M.

Therefore, 0 € p(A). O

Lemma 4.2. Suppose that py, p2, b, k > 0 and let B be a positive definite matrix. Then,
iR C p(A).

Proof. From the Theorem 2.41, we obtain that H2(0,1) < H'(0,1) <> L2(0,1). Then, it
follows that each space from the Cartesian product in the definition of D(.A) has compact em-
bedding on H. Therefore, by Proposition 2.1, p(.A) is also compact. Furthermore by Propo-
sition 2.2, it follows o(A) = C \ p(.A) has only eigenvalues from A. Assuming (R C p(A),
then exists A € R, such that, i\ ¢ p(A) — {0} (Lemma 4.1). Thus, i\ € o(A), i.e., there is
U= (¢, ®,¢,¥) € D(A), such that

AU — iU = 0. (4.11)
Taking the inner product in H of (4.11) by U, we have
0= (AU —iAU, U)y = (AU, U)y — iA||U|3,.
By taking the real part and considering (3.14), we have the following
0 = Re(AU, U)y = —by1||®]|5 — (b1a + b )Re(V, @)y — byo|| V|5

The above and the fact that B is a positive definite matrix imply, through (2.2) from Lemma
2.51 (Note 13), that ® = ¥ = 0. On the other hand, rewriting (4.11) in terms of its coordinates

d — i\p =0, (4.12)
k bu bia N
(g + )y — D — 2T — XD =0, (4.13)
P1 P1 P1
U — i) =0, (4.14)
ﬁ% — f(% + ) — bﬂcb _ bﬂ\p — AT = 0. (4.15)
P2 P2 P2 P2

Replacing ® = ¥ = 0 in (4.12) and (4.14) we get ¢ = ¢ = 0. Therefore, U = (0,0, 0,0),
which is a contradiction since U # 0 is an eigenvector from .4. Hence, it follows that :R C

p(A). O

Lemma 4.3. Consider py, p2,b, k > 0 and let B a positive definite matrix. Then,

lim sup ||(iA — A) |z < 0.
[A| =00
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Proof. By the previous Lemma, iR C p(.A). Therefore, given F € H there is U € D(.A), such
that
(M — AU=F, ¥V AeR. 4.16)

Let F = (fi, fo, f3,f4)" € Hand U = (p,®,9,¥)" € D(A) satisfying (4.16), such that,
(iA[; — A)U = F then U = (iAly — A)~'F. Thereby, in order to show the limit superior
of [|(iAIy — A)~!| (3 is finite when [A| — oo, it is sufficient to show that exists a positive
constant C, such that, forall F € H

Ul < C|[F |- (4.17)

We have that iA\U — AU = F and this implies i\|U||3, — (AU, U)y = (F,U)y. Next, taking

the real part, we obtain
—Re(AU,U)y = Re(F,U)y.
Therefore, from (3.14)
bu]| |3 + Re(big + ba1 ) (@, V)g + bao | W[5 < C[|F |4 U]}3.
By Lemma 2.51 (Note 13),
12[13 + 1115 < ClIF[l5][Ull2, (4.18)

Nonetheless, rewriting the resolvent equation (4.16) on terms of its coordinates, we have

IAp — P = fi, 4.19)
k b b
IMND — —(0p + )y + — B + —T = fy, (4.20)
P1 P1 P1
) — W = f3, (4.21)
. b k ba1 bao
IN — — Y + —(@p + ) + —P 4+ =V = f,. (4.22)
P2 P2 P2 P2

Taking the inner product in L?(0, 1) of the resolvent equation (4.22) with 1, we obtain

! ! ! l l
pQ/ iU dr — b/ Vet d + k/ (¢s + ) dz +/ (b1 ® + boo ¥ )1p da = pQ/ fa da.
0 0 0 0 0
Using integration by parts and (4.21), we find
! l l
b/ i 2 dr = pQ/ W T fy)dr — k:/ (o + ) (T T Jo) da
0 0 0

l ! !
—521/ ‘I)E dx—bm/ ‘I’@ d27+,02/ f4E dr.
0 0 0
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Using Cauchy-Schwarz and Poincaré inequalities, we obtain

bllwalls < p2l| U5 + o2l 2l fll2 + Kl + ¥l Y]l + kllpe + 2]l f3]l2
+ [O21[[[@|l2 ][0 ]|2 + ba2l[¥l2/|[l2 + p2|| fall2]12]l2-

By using (4.18) and Young Ineqaulity
bllvellz < elltallz + CellF ll3:lUll2 + Cllww + Dl Y]l
Taking € = g > (0, there exists C' > 0, such that
bllvellz < ClUNlF I3 + ClIU[l[¥]]2- (4.23)

Now, taking the inner product in L?(0, [) of the resolvent equation (4.20) with i, we get

! ! ! ! !
,01/ i)@@dw—k/ (apx+¢)x¢dx+b11/ @@d$+512/ ‘I@d$:P1/ fopd.
0 0 0 0 0

Using integration by parts and (4.19)

! ! !
b [ ot tlde=p [ QTR dot b [ (a0 do
0 0 0
! ! !
— b11 / @@dﬂf — b12/ qf@dﬂ? + o1 / fz@dw
0 0 0
Using Cauchy-Schwarz and Holder inequalities, we get

kllge + 915 < pul| @113 + pul| @2l fill2 + Kllow + ©ll2l[¥]]2
+ b11[|®||2][U][ 3 + [ba2/[[ W2/ Ul + prllspll2]] fo]l2-

Using the Young and Poincaré inequalities

kllos + 913 < ClR|3 + ellws + ¢l15 + Cellvz |3 + Cll@[|2[1Ul
+ ClI |20l + ClIE[l5 U]l

Taking € = g > () there exists C' > 0, such that

klloa + ¢35 < Cllivalls + Cl@l2)Ull + ClIE 12Ul + ClIF |l [[U]l5:. (4.24)
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Finally, from (4.18), (4.23) and (4.24), we arrive at

IO, = pull @3+ pall W5 + bllgalls + Kllww + 2113
< C[F[[[U]}

< €l[Ull5, + ClIF I3,

Therefore, for e < 1, we find (4.17). The proof is complete. 0

Theorem 4.4. Let py, po, k,b > 0. The Timoshenko system (3.1)-(3.4) is exponentially stable if

the damping matrix

B =

bll b12
b21 b22

is a positive definite matrix.

Proof. Through the Lemmas 4.1, 4.2 and 4.3, we conclude the proof of Theorem 4.4 by Theo-

rem 2.47. Consequently, the Timoshenko system is exponentially stable. [
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S  EXPONENTIAL STABILITY - A PARTICULAR CASE OF B NON-POSITIVE DEF-
INITE

5.1 THE PROBLEM

Here, we study the exponential stability for the following Timoshenko system

P1Ptt — k(@x + ¢)~’E =0 in (07 l) X (07 OO)? (51)
102¢tt - wax + k(gax + w) + d}t = O iIl (07 l) X (07 OO)a (52)

with initial conditions
90(" O) = 900(')7 (;Ot('a O) - 901(')7 ?ﬂ(,O) - ¢0(')7 'lvbt(?O) = ¢1(‘)> (53)

and Dirichlet boundary conditions
p(0,8) = (1, 1) = ¢(0,t) = ¢(l,1) = 0, ¢ >0. (5.4)

5.2 EXISTENCE AND UNIQUENESS

Before presenting the existence and uniqueness result, let us compile some information
from Chapter 3.
1. The problem (5.1)- (5.4) can be expressed abstractly as the following Cauchy problem

Ut — AU, t> 0,
U(0) = Uy,

(5.5)

with A : D(A) C H — H defined in (3.5) with specific coefficients by; = by = by = 0
and by; = 1. The phase space H is described in (3.7), and the domain of the operator A is
established by Proposition 3.1.

2. The existence and uniqueness result can also be derived from Theorem 3.4 in this
scenario, where the matrix B satisfies Condition 01 as given in (3.12) (see Example 4, Section

3.3). Specifically, we obtain the following result.

Theorem 5.1 (Existence and Uniqueness). If Uy € D(.A), then the Cauchy Problem (5.5) has a
unique solution U € C([0,00), D(A)) N CY([0, 00), H).

5.3 EXPONENTIAL STABILITY FOR EQUAL WAVE SPEEDS

From now on, we will study the exponential stability of the system (5.1)-(5.4) using Priiss

Theorem (Theorem 2.47). In order to keep up with our proof, we shall define the resolvent
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equation for the system (5.1)-(5.2). The resolvent equation is given by

iAU— AU =F. (5.6)

Also, rewriting (5.6) in terms of coordinates we have:

Np—® = f, (5.7)

iAD — %(% F )= fo (5.8)

NG — U = fo (5.9)

i — %wxﬁg(%ww%:ﬁ. (5.10)

Lemma 5.2. Let py, p2, b,k > 0. Then, 0 € p(A).

Proof. To demonstrate that 0 € p(.A) it is sufficient to show that (—A)~! exists and it is
bounded. Given F € H, we will show that

~AU=F (5.11)

has a unique solution U € D(.A). Rewriting (5.11) in terms of its components, we have

—®=fi, (5.12)

—k(pz +¥)e = p1fo, (5.13)

-V = f3 (5.14)

~by + k(0 + ) =V = pa fy. (5.15)

From (5.14), ¥ = — f3. Replacing in (5.15) we find

~be + k(0 + ) = pafs— f3.

Now, defining

g = pifo,
p2fs — f3,

92

we obtain the following system

—k(ps + ¥)s = g1,

which has a solution, as we can see in Theorem 3.4. Therefore, (—.A)~! exists. Now, we shall
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demonstrate that —A4~! is bounded, to this end we just need to show that there exists a positive
constant C, such that
U]l < C|[F 3.

Using (5.7) and by Poincaré inequality, we get

19113 = [1/1]15 < Sl fralls < Sl fre + falla + 1 f5]]2)?
<202 frw + f3ll3 4 26| f.z 13
< C||F |3

Similarly, from (5.9), we have
1W13 = [1£3ll5 < Ell fsll3 < CIF

Taking the inner product of (5.13) with @ in L?(0,1), we have

! !
—k/ (pr + 1), Pdx = Pl/ fopdz,
0 0

integrating by parts

l l l
’f/o(%er)(wsﬂr@/))dx—k/o(%+¢)Edw=m/o fopdx

from where we get
klloz + 003 — k(g +0,1)2 = p1(fa, 9)2. (5.16)

Also, taking the inner product of (5.15) with 1) in L?(0,1), we have
I ! B o L
—b/ wmzpdx—i—k/(gom—l—w)zbdx—/\I/l/}dx:pg/f4wdx,

0 0 0 0
integrating by parts

I ! B L I

b/ @bxwxdx—i-k:/((pm—i-zb)@/)dx—/Q/¢dm:p2/f4¢dx,
0 0 0 0

then

Adding (5.16) and (5.17) we have

Ellgs + 15 + blleall3 = (U,9)2 + p1(fa, ©)2 + p2(fa, 1)a.
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Using Cauchy-Schwarz and Poincaré inequalities

kllgs + 015 + bllwsll3
< il foll2llzl2 + copall fall2|| V|2 4 cpl[¥ll2 |0 |2
< epprl foll2(llez + 0llz + 101l2) + copall fallolltballz + cpllW]l2 ][0 2

< il fill2lles + ¥l + Gorll fillallvollz + cppzll falllltollz + el 210z 2
< Cl[F|[5)1Ull2 + Cl[¥|[2[[U]|2,

for some C' > 0. Applying the Young inequality, yields
[Ull% < C|IF[3,.
Hence, there is C' > 0 such that
I(=A)"'Flln < C|F|ln, VFeH.

Hence, the proof is complete. ]
Lemma 5.3. Suppose p1, p2,b,k > 0. Then, iR C p(A).

Proof. By Theorem 2.41, it follows that D(A) < H. By the Proposition 2.2, o(A) = C\ p(A)
has only eigenvectors of A. If we assume that iR C p(.A) then exists i\ ¢ p(A) — {0} (Lemma
5.2). Thus, i\ € o(A), i.e., exists U = (i, ®, 1), ¥)" # 0, such that

AU — AU = 0. (5.18)
Taking the inner product of (5.18), we obtain
0 = Re{i|[U[}} - (AU, U}y, } = —Re(AU, U) = |[¥|}3

Therefore, ¥ = 0. Replacing ¥ = 0 into (5.9) (with F = (0,0, 0, 0)), we have that, ) = 0 and,
from (5.10) (also with F = (0,0, 0,0)) we have ¢ = 0 and from where we get, in (5.7), & = 0.

Therefore U = (0,0, 0,0) which is an contraction, because U is an eigenvector of .A. Hence,
iR C p(A). O

Lemma 5.4. Let py, p2, b, k > 0. Then,
1[I < [[F[l5/[Oll3-
Proof. Taking the inner product of equation (5.6) with U, we find

Re(F, U)y, = Re{iA|UJ}3 — (AU, U)y | = ~Re(AU,U) = |93
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The conclusion follows from Cauchy-Schwarz inequality. [

Lemma 5.5. Let py, p2, b,k > 0. There is C' > 0 such that
bllvbz 13 < ClIU[l3/IF I3
Proof. Taking the inner product in L?(0,1) of the equation (5.10) with ¢, we have
T A ! _ o o
z')\pg/ U dr — b/ Vert) dx + k/ (¢z +w)wdx+/ U dr = p2/ fa dz.
0 0 0 0 0
Using (5.9)

C J— L o L
s [V e =Wl - [t N @F R o+ [T dr = [ giTde

Using Cauchy-Schwarz, Poincaré and Young inequalities, we have

k
bllballz < p2l| 2 (|| ¥]l2 + Hf3\|2)+m|’% + Yl (192 + 1 f3ll2) +CNL 2 (192 + || f2ll2) -

Therefore,
bllvoallz < ClIUNl| @l + CllU]IF 3.
Using Lemma 5.4
bllvallz < CU [ F [l
Hence, the proof is complete. [

Lemma 5.6. Let p1, p2,0,k >0 and% = 2—;. Then, there is C' > 0 such that
z=l
x:O}

l l
Klgo +0l2 = —idps / U T 0 de + b / ralpn T 0) da

J/

klla + ¥l5 < ClUIIF I3 + Il W]l — Re{b@%

Proof. Now, taking the inner product of (5.10) with (¢, + 1)

-~

=Ry

l l l
—/ \If@dx—/ \I@d:HpQ/ Fi(pr + 1) da. (5.19)
0 0 0

Integrating R, by parts

=l

l - - l -
b/ 1/’M<90m + ¢) dr = b(QOm + ¢)¢x - b/ ¢m(§0x + 1/))90 dz. (5.20)
0 0 0

r=
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Replacing (5.7), (5.9) and (5.20) into (5.19), we have

[ l [
Koo+ 0l2 = p2/ wxdwm/ \Iffl,xdx+pz||\v|r§+p2/ U, d
0 0 0

z=l

+b(py + 1)y

! I
—b/ Vo(Pr + V) dx—/ Vo, dr
0 0

-~

:=Rs

! l
- [ Wods g [ $Ta D e (5.21)
0 0

=0

Now, replacing (¢, + 1), given on (5.8) at Ry, we obtain

l
- b YO SRS
—b/0 Voo +¥)adr = pl/% A ® — fo) da
= —z)\—/wQJ dx + 1/%Edw.
0

Replacing, again, 1/ given on (5.9)

—z)\—/qu do + L /wzfgdzz:——— (U + f3), gz + 01 /wmfgdx

Returning to (5.21) we get
2 bp1 p— S ) L
klloa + 0l = | p2 — =~ \I’q)xdﬂvapz \I/fl,xd:v+pzll‘1f||2+pz U fydx
0

- b b
”1/ FouBdr + pl/%fad:c

—/ \If@daz—/ \I@derpg/ f4@dx+p2/ fath da.
0 0 0 0

+b(px + )

Note that, from the hypothesis, it follows that

k b
P 7 if and only if p, = ey

P2 k-

Then,



Therefore, by the Cauchy-Schwarz Ineqaulity, we have

boy
k

[Yall2llf2llz + [1¥llallee + Pl + poll fall2llez + ¥ll2

=l

+Re ] (s + V),

=0

klea +9llz < pall @2l frallz + o2l 2N3 + o2l ll2] f3]l2 +

bpy
k

[ fs.2ll2( 2]l

_|_

The above implies that

=l

kllos +¢13 < ClUIlIFll + Cl[U[l 2|2 + Re { b7z, :

z=0

which concludes the proof.
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]

Lemma 5.7. Let p1, p2, b,k > 0, b; € Rand § € C'([0,1]), such that, £(0) = —&(1) = 1.

There is C > 0 such that
(1)

z=l

)l

=0

(i)
=l

< C|Ull/IF [l + CIU] ] ¥]|2 + O3

=0

k
~ €@l

Proof. Proof of (i). Taking the inner product of (5.10) by &1, in Ly (0, 1), we deduce

< ClOIF 3 + ClE2lUll + Clivallz + Cllos + Dllallva]l2.

I ! I ! l
\pgl)\/o EVY, dai—b/o g¢x$¢xd£i+k 05(@0354—@/1)%(13: —l—/o‘lfz/)xgda: = pg/o & fa)pd. (5.22)

:=R3 =Ry

Replacing v given by (5.9) in R3, we obtain

l l
Re{R3}:Re{—p2/o {\P\I!_xdx—pz/o §\I/fT,mda:}

—P2 bod e
:Re{—/ £—|\I’\2dx—,02/ f‘I’fsxdﬂﬂ}
2 0 dx 0 ’

! !
:&/ ¢'|W*dx — Re {,02/ f@de}
2 Jo 0
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Integrating by parts, we have

Re[R;} — —Re {9 / lfilwxlzdm}

/ )i d.

( e

Replacing in (5.22), we get
=l

l l l
_ Re{Pz/O £f1Ts da +%/0 ¢ dr + p2/0 @Iff?xdx}

=0
b l l . l .
~re{3 [ Clupdr i [ ot viimans [ eviia).
(5.23)

b
— €@l

We shall estimate the right-hand side of equation (5.23). Here, we handle the first integral, and
the other we use the same argument. By Holder inequality, we find

I
Re {Pz/ ff4%d$} =
0

< pall€lll[ fall2ll ¥zl
< C[[U]J3[[F 3

l
oo /0 €f10s du

where ||£]| = sup{{(z)|x € [0,[]}. Therefore

=l

b2
—SE@Nl*] < CIUIlIPll + CIE N2Vl + Cllalz + Cligs + Glallval2.

=0

This concludes the proof of (7).
Proof of (ii).Taking the inner product of (5.8) by £, in L?(0,1), we obtain

l l l
prid / oz de — k / E(pe+ )7 dz — pr / ¢ s da.
0 0 0

Replacing ¢ given by (5.7)

[ l [ l [
_ / OFrsdz—p / OB, dr —k / Conn di—k / o dr = py / ¢ o do.
0 . 0 . 0 . 0 0

:=R5 ‘=R

(5.24)
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Furthermore, integrating by parts, we obtain

pr [t d

l
=2 [t
2 Jy

and

Reft} = —Re{% [ ) Lioul v

=l

k ko[

= —S@lel| +5 [ el do
x=0 0

Replacing in (5.24), we get

! ! !
= Re {Pl/ §fops diU+P1/ EQf1, dr — ;01/ ¢'|of? dx}
0 0 0

l l
—i—Re{—g/ &pe]? dm+k/ £V d:v}. (5.25)
0 0

=l

k
~ €@l

=0

By Holder, triangle and Poincaré inequalities, we have

k’ ! 2 k ! 2
Rey—5 [ &lwul”dep < 5 [ [Ellpal” do
0 0

ko[ ko[
5 [ Ielles+ ol do+ 3 [ el da
0 0

Clles + 91z + Cliall3
Cl[ul3.

IN

IN

IN

Furthermore,

Re {k/ol EVPr dx}

l
K / €11l a] da

IA

IN

l l
; / 11l [s + 0] dz + k / €114al10] da

Cllvallzlls + Wll2 + Clliva|l3
clull3,.

IN

IN

Replacing in (5.25), we have

=l

IN

k
—5¢@)lgal” CllUlllIEll2 + ClIU[l[¥]l2 + CUf5.

=0
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The proof is complete. [

Corollary 5.1. Let p1,p2, b0,k > 0 and% = %. Then, there is C > 0 such that
kllos +¥13 < ellU)13 + CellUlal[F I + Cell Ul |2 + Cellpa + Wllallvbzll2 + Cellall2.

Proof. Using Young inequality

Re < b, 1,

< (etle.P)

The conclusion follows from Lemma 5.6 and 5.7 with {(z) = —2% + 1.

+ (ot

z=0

Lemma 5.8. Let p1, po, b,k > 0. There is C' > 0 such that
pill @1z < ClIUIR|F s + ClIU 12 + Cligs + ©ll3 + Cllvall2-
Proof. Taking the inner product of (5.8) with ¢ in L?(0, 1), we obtain
l l !
i)\pl/ PP dx — k:/ (e + )@ dz = pl/ fop dx.
0 0 0
Replacing ¢ given by (5.7), we have

l l [
B2 = —k / (o + 0)aB d — py / SF, de — pr / 127 do.
0 0 0

Note that, applying the Cauchy-Schwarz, triangle and Poincaré inequalities, we obtain

l l
k/o(sowr@/})x@dl‘ = k‘/o(wr@/))@dw

l l
kr/ouoxw)? d:c+k/0<%+w>wx

klloa +¢l5 = Ellgs + Yllalle ]2
< Clles + 9l + Cllva|l3.

IN

Therefore

pul|@lf; < ClU[l[F s + ClON ]2 + Cliga + ¥ 113 + Cllvllz.

Which completes the proof. ]



Lemma 5.9. Consider py, p2,b, k > 0 and % Z—;. Then,

limsup [|(iMw — A) | 20y < 0.

[A| =00

Proof. Once iR C p(A), given F € H, there is a unique U € D(.A) such that
(iMy — AU =F, YA €R,

then
U= (il — A
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(5.26)

In order to show that (5.26), we just need to demonstrate that there is a constant C' > 0, such

that, forall F € ‘H
1U]|% < C||F||n.

Using Lemma 5.8, we find
pll 23 < CIIOIIF 13 + ClIU ¥z + Cllps + 13 + Cllie|3-
Also adding k||, + v]|3 to the inequality above and by Corollary 5.1, we get

Pl @Iz + kllow + VlI2 < €llUIS + Cel|Ull Il + Cel[ Ul [ l2
+ Cellow + Vll2llvallz + Cella|l3.

Now, adding ps||¥||3 and b]|2),||3 into the inequality (5.27), we obtain

1012 < el[Ul3 + CellUlllIF I3 + CellUllel®ll2 + CellUlle |l + Celleba 3.

Taking € = 5 in (5.28), we obtain
10113 < CIIO1IF 13 + ClIU[s 12 + ClIO 3l ell2 + Cllell5.
Using Young inequality in (5.29)
105 < €llUll3 + C 2|5 + Cellwull + CF 5,
Taking ¢ = 5 in (5.30), we find

1013 < I3 + Cliva|l; + CIIFI,.

(5.27)

(5.28)

(5.29)

(5.30)



Using Lemma 5.4, we have that

1013 < ClUllIF I3 + CllUll ) ¥]l2 + CIIFf3,.

Using Young inequality in (5.31)
10113 < el[Ul3, + Cll 25 + CF 5.
Taking € = % in (5.32) and using Lemma 5.5, we find
1013 < ClON|F [l + ClIF3,.
Again, Using Young inequality in (5.33) with € = % we find
o 1 2 2

101 = 51013, + ClIF .

Therefore
[Ull3 < C||F]J.

Hence, the proof is complete.
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(5.31)

(5.32)

(5.33)

O

Theorem 5.10. Let py, pa2, k,b > 0. The Timoshenko system, given by (5.1)-(5.4) is exponen-

tially stable if

_n
P2

>

Proof. Through Lemmas 5.2, 5.3, 5.9 we can conclude the proof of Theorem 5.10 by Theorem

2.47. Consequently, the Timoshenko system (5.1)-(5.4) is exponentially stable.

]
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6 CONCLUSION

In this work, the Timoshenko System was approached in order to extend the findings of
[12], motivated by [3], with an specific condition for the damping matrix B, which must be
positive definite.

In Chapter 3, we focused on formulating the problem and constructing the semigroup,
from where we were able to rigorously establish the system’s well-posedness.

Moving forward to chapter 4, our analysis demonstrated the system’s exponential stability,
particularly when considering the damping matrix B as a positive definite matrix. This finding
underscores the importance of proper damping considerations.

Lastly, in Chapter 5, we have studied a particular case of a Timoshenko System, where
we investigates a scenario with a constant damping parameter bss = 1. Despite the absence
of B’s positive definiteness, our analysis revealed that stability can still be maintained under
certain conditions, showcasing the nuanced interplay between damping parameters and system
stability.

In essence, this dissertation contributes to the body of knowledge surrounding the Timo-
shenko system by providing a comprehensive examination of the role of matrices, well-posedness,
and stability considerations. By extending the findings of prior research and unveiling new in-
sights, this work advances our understanding of dynamic systems and lays the groundwork for

future explorations in this field.
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