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Resumo
Neste trabalho, estudamos fases topologicamente ordenadas anisotrópicas e não conven-
cionais em 3d que manifestam a física fractônica do tipo II ao longo de submanifolds.
Enquanto se comportam como uma ordem topológica usual ao longo de uma direção es-
pacial preferencial, sua física ao longo de planos perpendiculares é ditada pela presença
de simetrias de subsistemas fractais, restringindo completamente a mobilidade das exci-
tações anyônicas e seus estados ligados. Consideramos uma realização explícita de modelo
de rede para tais fases e estudamos suas propriedades sob condições de contorno perió-
dicas e, posteriormente, na presença de bordas. Além disso, generalizamos nosso estudo
para sistemas fractais com tamanhos Lx ≠ Ly. Descobrimos que para tamanhos específicos
de rede, o sistema possui simetrias de linha e de membrana fractais que são mutuamente
anômalas, resultando em um estado fundamental com gap de energia não trivial. Isso cor-
responde à quebra espontânea das simetrias fractais, implicando em uma degenerescência
subextensiva do estado fundamental. Para os tamanhos restantes, as simetrias fractais
são explicitamente quebradas pelas condições de contorno periódicas, o que está intrin-
secamente relacionado à unicidade do estado fundamental. Apesar disso, o sistema ainda
é topologicamente ordenado, uma vez que as quase-partículas criadas localmente têm es-
tatísticas mútua não triviais e, na presença de bordas, ainda apresenta modos de borda
anômalos. A forte dependência de simetrias pelo tamanho da rede é uma manifestação
ímpar da mistura ultravioleta/infravermelha (UV/IR). Também elucidamos a física dessas
fases em uma variedade com bordas e discutimos o anomaly inflow. Ao nos concentrarmos
exclusivamente na física de borda, estabelecemos uma conexão entre esta fase e uma fase
topológica protegida por simetria ou uma fase de quebra espontânea de simetria. Usando
a teoria efetiva, demonstramos que simetrias mutuamente anômalas na borda não podem
ser simultaneamente quebradas.

Palavras-chave: 1. Elétrons Fortemente Correlacionados 2. Física de Alta Energia -
Teoria 3. Simetrias de Subsistema Fractal.

Casasola, Heitor. Fractal Subsystem Symmetries, UV/IR Mixing, and Anoma-
lies. 2024. Tese de Doutorado em Física – Universidade Estadual de Londrina, Londrina,
2024.
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Abstract
In this work, we study unconventional anisotropic topologically ordered phases in 3d that
manifest type-II fractonic physics along submanifolds. While they behave as usual topo-
logical order along a preferred spatial direction, their physics along perpendicular planes
is dictated by the presence of fractal subsystem symmetries, completely restricting the
mobility of anyonic excitations and their bound states. We consider an explicit lattice
model realization of such phases and proceed to study their properties under periodic
boundary conditions and, later, in the presence of boundaries. Furthermore, we generalize
our study to fractal systems with unequal sizes Lx ≠ Ly. We find that for specific lat-
tice sizes, the system possesses line and fractal membrane symmetries that are mutually
anomalous, resulting in a nontrivially gapped ground state space. This amounts to the
spontaneous breaking of the fractal symmetries, implying a subextensive ground state de-
generacy. For the remaining system sizes the fractal symmetries are explicitly broken by
the periodic boundary conditions, which is intrinsically related to the uniqueness of the
ground state. Despite that, the system is still topologically ordered since locally created
quasiparticles have nontrivial mutual statistics and, in the presence of boundaries, it still
presents anomalous edge modes. The intricate symmetry interplay dictated by the lattice
size is a wild manifestation of ultraviolet/infrared (UV/IR) mixing. We also elucidate the
physics of these phases in a manifold with boundaries and discussed the anomaly inflow.
By focusing solely on boundary physics, we establish a connection between this phase and
either a Symmetry Protected Topological phase or a Spontaneous Symmetry Breaking
phase. Using effective theory, we demonstrate that mutually anomalous symmetries at
the boundary cannot be simultaneously broken.

Keywords: 1. Strongly Correlated Electrons 2. High Energy Physics - Theory 3. Fractal
Subsystem Symmetries .

Casasola, Heitor. Fractal Subsystem Symmetries, UV/IR Mixing, and Anoma-
lies. 2024. Ph. D. in Physics Thesis – Universidade Estadual de Londrina, Londrina,
2024.
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1 Introduction

It is quite remarkable that certain elementary systems, containing simple degrees of
freedom that interact only locally, can give rise to exotic forms of matter [1]. Topologically
ordered systems are among the most prominent examples, with emergent quasiparticle
excitations carrying anyonic statistics. Fractonic topological ordered systems are even
more exotic [2–15], with excitations that are intrinsically devoid of mobility due to the
existence of generalized forms of symmetries known as subsystem symmetries [16–19].

Subsystem symmetries are generated by conserved charges along rigid spatial sub-
dimensional manifolds, which tend to be extremely sensible to the underlying lattice
geometry. Compliance with such conservation laws imposes severe restrictions on the mo-
bility of the excitations. This contrasts with usual topological order, which is in general
characterized by topologically deformable symmetry generators, known as higher-form
symmetries, and poses no constrains on excitation’s mobility [20–24].

Abelian topological order and fractonic phases may be rephrased in terms of spon-
taneous breaking of, respectively, finite higher-form and subsystem symmetries [25–27].
This follows from the definition of topological order in terms of local indistinguishability
of ground states [28, 29]. Additionally, any two ground states are connected by extended
symmetry operators, which precisely fits the notion of spontaneous symmetry breaking in
the context of a generalized symmetry [30]. Generalized symmetries appear to distinguish
themselves from usual symmetries, as they can be present in low-energy states even when
the Hamiltonian is not symmetric [30–32]. Furthermore, although in this work we only
discuss systems containing Abelian anyons—usually associated to higher-form and subsys-
tem symmetries—it is worth mentioning that non-Abelian anyons can also be casted in
the language of generalized non-invertible symmetries [33–37].

An alternative way of understanding the nontriviality of the ground state space is
through the nontrivial braiding statistics among excitations, which signals the presence
of ’t Hooft anomalies in Abelian topological order. The matching of anomalies from the
ultraviolet (UV) to the infrared (IR) imply that the ground state must be nontrivially
gapped [38].

It is common for d-dimensional systems invariant under subsystem symmetries,
with support in dimensions smaller than d, to have a subextensive number of conserved
charges. Typical examples are type-I fracton systems that, when defined on a 3d L×L×L

system, possess charge conservation laws in O(L) individual planes [14,15]. This leads to a
macroscopically large amount of symmetry generators, which in turn implies an enormous
degeneracy of states. In particular, the ground state degeneracy (IR feature) is sensitive
to the number of sites of the system (UV feature)—a phenomenon called UV/IR mixing.
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The emergence of UV/IR mixing from simple bosonic local theories has challenged
our understanding of effective theories and renormalization group. This follows from the
fact that the IR physics depends sensitively on the UV details of the theory, and has
been a major point of investigation [12,39–42]. In the context of generalized symmetries,
several exactly solvable models have shed light on the origin of such phenomenon. In
the context of gapped dipole moments (and higher-multipole momenta) conserving gauge
theories, emergent higher-form symmetries obey twisted boundary conditions in order for
holonomy operators to close onto themselves [43–46]. For subsystem symmetries, which
are closely related with systems studied in the work, the UV/IR mixing emerges from
the fact that the system possesses an increasing number of symmetries as the system size
grows [3, 16, 47].

A more dramatic manifestation of UV/IR mixing shows up in the case of subsystem
symmetries where the charges are supported in sub-manifolds of fractal dimensions [39,
48–54]. These symmetries are intimately related to type-II fracton physics [4], where
no excitations are allowed to move. In the following sections it will be reported about
fractal symmetries with support on Sierpinski triangles, which have Hausdorff dimension
log(3)/ log(2). As a consequence, the low-energy properties are extremely sensitive to the
lattice details and typically there is no uniform dependence of the ground state degeneracy
with the lattice size as in the case of type-I fractons. Additionally, we find that the fractal
symmetries are always broken. Whether it is spontaneously or explicitly broken, depends
on the lattice size.

This thesis is based on the paper [55] and an ongoing work. It is organized as
follows. First of all, Chapter 2 is dedicated to introducing a model that captures the to-
pologically ordered phase, incorporating fractal subsystem symmetries and ground state
degeneracy. Subsequently, in Chapter 3, we present the line and fractal symmetry opera-
tors and explore the mixed t’ Hooft anomaly. The symmetry operators for non-degenerate
system sizes, as well as the mutual statistics of the excitations and the long-range entan-
glement are discussed in Chapters 4 and 5, respectively. In Chapter 6, we provide an
interpretation of the degeneracy observed in the topologically ordered phase as a spon-
taneous symmetry breaking of the subsystem symmetry. Chapter 7 is dedicated to the
physics of the boundary of this system and its correlation with 2d models. Following this,
in Chapter 8, we construct an effective description of this model and discuss the edge
modes. We conclude in Chapter 9 with some final remarks.
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2 Topologically Ordered Fractal Phase

The model was originally introduced in the context of fragile quantum glasses [49]
and further studied recently in [55]. It is defined in a hexagonal close-packed (HCP) lattice,
that is a structure composed by two triangular sublattices, Λ = Λ1 ⊕ Λ2, which are not
perfectly aligned. Instead, these sublattices exhibit a relative shift, as depicted in Fig. 1.
On this lattice, we define the operators

Op,a ≡ Zp+ 1
2
ẑ Xp+ϵ̂a1 Xp+ϵ̂a2 Xp−ϵ̂a1−ϵ̂a2 Zp− 1

2
ẑ, (2.1)

where X and Z are Pauli matrices, p is the center of the operator, and

ϵ̂a1 ≡
1

2
x̂ + (−1)

a 1

2
√
3
ŷ and ϵ̂a2 ≡ −

1

2
x̂ + (−1)

a 1

2
√
3
ŷ. (2.2)

The index a can assume the values 1 or 2 and corresponds to the respective sublattice Λa.
In situations where the distinction is not essential, the index a may be omitted. With this
definition of ϵ̂ai , the operators on the xy-plane of different sublattices point in opposite
directions. Figure 1 provides a visual representation of the operator defined in Eq. (2.1),
featuring a geometric structure known as a “Triangular Dipyramid” (TD). Thus, we shall
refer to such operators as TD operators.

The Hamiltonian is defined as a sum of commuting projectors,

H = −J ∑
a=1,2

∑
p ∈Λa

Op, (J > 0), (2.3)

what makes it exactly soluble. It is simple to check that [Op,Oq] = 0, due to the fact that
these operators can either share only one site or two sites, as illustrated in Fig. 2. Given
that (Op)

2
= 1, it follows that the eigenvalues of the TD operators are restricted to ±1.

Consequently, the ground state of the system corresponds to

Op ∣GS⟩ = +1 ∣GS⟩ , for all p. (2.4)

Figure 1 – In the left a representation of hexagonal close-packed lattice and in the right
a TD operator.
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Figure 2 – In (a) the TD operators has two sites in common, whereas in (b) and (c) they
share a single site.

2.1 Ground State Degeneracy

Considering periodic boundary conditions (PBC), there is a one-to-one correspon-
dence among spins and TD operators. As a result, the conditions given by Eq. (2.4) label
N degrees of freedom on the ground state, except for constraints among the TD operators.
Hence, the ground state degeneracy is associated precisely with the number of constraints,
Nc, of the system,

GSD =
2N

2N−Nc
= 2Nc . (2.5)

The number of constraints depends dramatically on the linear size of the lattice in
the xy-plane, reflecting a strong form of UV-IR mixing. The computation of the ground
state degeneracy for linear sizes Lx = Ly = L was presented in [55]. We shall firstly review
this intricate computation and then discuss how it can be fully generalized to arbitrary
sizes with Lx ≠ Ly.

2.2 Sizes with Lx = Ly = L

The constraints can be expressed in terms of a set {t} of variables defined in Z2 as

∏
p

O
tp
p = 1. (2.6)

The number of linearly independent nontrivial solutions of tp is precisely Nc. This product
can be rewrite in the spins lattice Λ̃, instead of the original lattice of the operators Λ,

∏
p∈Λ
O

tp
p = ∏

j ∈Λ̃
Z

tpj−ẑ/2

j X
tpj
j X

tpj+ê1
j X

tpj+ê2
j Z

tpj+ẑ/2

j = 1, (2.7)

where pj is a site in Λ̃ that corresponds to p in the original lattice1, as depicted in Fig. 3.
Eq. (2.7) leads to two conditions that must be satisfied. From the Z operators, we obtain

tpj+ ẑ
2
+ tpj− ẑ

2
= 0 (mod 2) (2.8)

1 We will typically use the i, j, and k for sites in Λ̃ and p, and q for sites in Λ.
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Figure 3 – The xy-plane.

and from the X operators we have

tpj + tpj+ê1 + tpj+ê2 = 0 (mod 2). (2.9)

Eq. (2.8) implies that all tpj in a straight line along z-direction must have the same value.
Therefore, it is sufficient to consider only two xy-planes, one from each sublattice, to
completely define the whole set t.

Eq. (2.9) leads to constraints in each one of the xy-planes, which are closely tied
to the fractal features of the model (2.3). To further understand this, it is convenient to
adjust the notation and rewrite Eq. (2.9) as

tj+1,i = tj,i + tj,i−1 (mod 2), (2.10)

where i and j denote orthogonal directions in the plane, as illustrated in Fig. 4. As
discussed in [52], in the context cellular automaton, this equation defines a Sierpinski
rule. It works as a “translationally-invariant local linear update rule”, in the sense that
a state can be determined by the configuration of the previous time step. In the present
case, this constraint has a similar role. Given a line configuration2 {tj,i}, Eq. (2.10) allows
us to fully determine the subsequent line {tj+1,i} and, consequently, the entire plane.

To find the constraints in the xy-plane, we will introduce a polynomial represen-
tation [52]. A line configuration can be represented by a Laurent series as

Sj(x) =
L

∑
i=1

tj,i x
i, (2.11)

where the coefficients are the variables tj,i defined mod 2. By incorporating into this
definition the update rule (2.10), we obtain

Sj+1(x) =
L

∑
i=1
(tj,i + tj,i−1)xi = (1 + x)Sj(x), (2.12)

2 In this context we will use the term “configuration” to represent the arrangement of the variables tj,i.
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tp4

tp2 tp3tp1

tp5 tp6

tp7 tp8 tp9

i

j
t1,1 t1,2 t1,3

t2,1 t2,2 t2,3

t3,1 t3,2 t3,3

Figure 4 – In Figure (a) the tpj are represented in the original triangular lattice, and in
Figure (b) the positions new notation of tj,i.

where (1 + x) is the polynomial representation of the Sierpinski evolution. Given an ini-
tial line configuration S1(x), any subsequent line Sj+1(x) can be determined recursively
applying Eq. (2.12), resulting in

Sj+1(x) = (1 + x)
j
S1(x). (2.13)

When the Sierpinski evolution is compatible with PBC, the product of TD ope-
rators arranged in a fractal structure results in an identity, leading to certain constraints
among Op’s in the xy-plane. In terms of the polynomial representation, PBC translate
into Sj+L(x) = Sj(x) and xi+L = xi. Therefore, our goal is to identify configurations S1(x)

that satisfy the condition

S1+L(x) = (1 + x)
L
S1(x) = S1(x). (2.14)

With this purpose, we note that S1(x) must contain an even number of non-zero
t1,i’s to be compatible with PBC. This requirement becomes evident by considering a
simple configuration S1(x) = xi. Then, the evolution governed by (2.13) implies that
all subsequent lines Sj(x) have an even number of tj,i ≠ 0. Consequently, it becomes
impossible to find SL+1 = xi, to satisfy the PBC.

For a consistent first line configuration consider

S1(x) = (1 + x)
2m

L

∑
i=1

t1,i x
i, (2.15)

with m = 0,1,2, . . .. The term included in this equation follows the “Freshman’s dream”,

(1 + x)
2m
= 1 + x2m (mod 2) (2.16)

for any integer m, and ensures an even number of non-zero coefficients. This result follows
from the binomial expansion,

(1 + x)
2m
=

2m

∑
l=0
(
2m

l
)xl, (2.17)
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Figure 5 – Example of a configuration generated by Eq. (2.20) in a lattice of size 6 × 6

where the binomial coefficient is even for any l, except when l equals to 0 or 2m. The
configuration defined in Eq. (2.15), under periodic boundary conditions, implies

SL+1(x) = (1 + x)
L+2m L

∑
i=1

t1,i x
i = (1 + x)

2n
L

∑
i=1

t1,i x
i. (2.18)

Consequently, any linear size of the form

L ≡ 2n − 2m, n > 2 and 0 ≤m < n − 1, (2.19)

has constraints in the xy-plane generated by

S1(x) = (1 + x)
2m

L

∑
i=1

t1,i x
i. (2.20)

An example of a configuration generated by (2.20) is shown in Fig. 5.
To specify all possible configurations of the set {t}, we can define the basis elements

as
Si
1(x) = (1 + x

2m)xi, for i = 1,2, . . . ,2n − 2m+1. (2.21)

This basis defines the dimension of the set of first lines as 2n − 2m+1 for each plane (in the
Supplementary Material A we have included some examples to illustrate this discussion).
Equation (2.8) defines two independent planes, so Nc is twice the constraints of a single
plane. As discussed in Eq. (2.5), the degeneracy corresponds precisely to Nc. Therefore,
a size L = 2n − 2m has a ground state degeneracy of

GSD = 22
n+1−2m+2 . (2.22)

For sizes which are not of the form (2.19), the ground state is unique.

2.3 Sizes with Lx ≠ Ly

We discuss now the generalization of the previous computation for cases with
Lx ≠ Ly. There are some compatibility conditions for the sizes Lx and Ly in such a
way that the system can exhibit nontrivial ground state degeneracy. When at least one
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S1
1(x)

S1
6(x)

S1
11(x)

Figure 6 – For Ly = 5 and Lx = 15, defining S̄1
1(x) = S

1
1(x) + S

1
6(x) + S

1
11(x), the first line

respects S̄1
1(x) = S̄

1
6(x). On the left it shows S1

1(x), S1
6(x), and S1

11(x), and on
the right is depicted a 15 × 5 configuration (the first and de last rows are the
same).

of the linear sizes is not of the form (2.19), the ground state is unique. Assuming that
Lx = 2n − 2m, we will show that the system supports a degenerate ground state if Ly is a
divisor of Lx, i.e., Lx = rLy, for positive integers r.

To understand this, we notice that the first line configuration Si
1(x), as defined in

Eq. (2.21), does not respect the perodicity in the y-direction, Si
1+Ly
(x) ≠ Si

1(x). However,
we can use it to construct another first line configuration that has the proper periodicity,

S̄i
1(x) ≡

r−1
∑
l=0
(1 + x)

lLy (1 + x2m)xi, (2.23)

where i = 1,2, . . . ,2n − 2m+1. Now we proceed to check that this configuration indeed
satisfies the PBC S̄i

1+Ly
(x) = S̄i

1(x). We can write

S̄i
1+Ly
(x) = (1 + x)

Ly S̄i
1(x) =

r

∑
l=1
(1 + x)

lLy Si
1(x). (2.24)

In the element of the sum with l = r, it is possible to use the property (2.16) and the fact
that rLy = L = 2n − 2m, to write

(1 + x)
rLy Si

1(x) = (1 + x)
2n
xi = (1 + x2n)xi

= (1 + xL+2m)xi = (1 + x2m)xi

= (1 + x)
2m

xi = Si
1(x).

(2.25)

Consequently, we find

S̄i
1+Ly
(x) =

r

∑
l=1
(1 + x)

lLy Si
1(x)

=
r−1
∑
k=0
(1 + x)

lLy Si
1(x) = S̄

i
1(x).

(2.26)

In Fig. 6, we show an example of S̄i
1(x) for Lx = 15 and Ly = 5.

We can determine the number of independent first line configurations directly from
(2.23), which corresponds to the maximum value of i before it starts to repeat under PBC.
It is given by

imax = Ly − 2
m. (2.27)



2.3. Sizes with Lx ≠ Ly 9

However, we need some attention to use correctly this result. This is so because it may
happen that

Lx = kL
′
x, (2.28)

with Lx = 2n − 2m, L′x = 2n
′

− 2m
′ , and k a positive integer. Then we can write

Lx ×Ly = Lx ×
Lx

r

= kL′x ×
kL′x
r

kL′x ×
L′x
r′

, (2.29)

where r′ ≡ r
k must be a positive integer3. Notice that Ly is preserved under such redefi-

nitions, i.e., Ly =
Lx

r =
L′x
r′ . In this case, the maximum number of independent first line

configurations is dictated by the smallest value among m and m′. For example, consider
a system 14 × 7, whose linear size in the x-direction can be written as 2n − 2m = 24 − 21

or k(2n
′

− 2m
′

) = 2(23 − 20). The maximum number of independent first line configurati-
ons is given by (2.27) with Ly = 7 and m′ = 0, which leads to 7 − 1 = 6. Therefore, the
building-block associated with the zise 14 × 7 is that one of size 7 × 7.

Using this reasoning, we can understand that all the cases where Ly < 2m so that
(2.27) would lead to a negative value are actually constructed from smaller building-block
sizes. To see this, we parametrize the divisors of Lx = 2n − 2m = 2m(2n−m − 1) as

r(l, q) = 2lq, (2.30)

where q is a divisor of 2n−m − 1 and l = 1, . . . ,m. Note that as 2n−m − 1 is an odd number,
then the maximum value of q is (2n−m − 1)/2. Now, the condition Ly < 2m can be written
as r(l, q) > 2n−m − 1, which implies

2l > 2 ⇒ l > 1. (2.31)

Thus we can re-express

Lx ×Ly = (2
n − 2m) ×

(2n − 2m)

2lq

= 2l(2n−l − 2m−l) ×
(2n−l − 2m−l)

q

= k(2n
′

− 2m
′

) ×
2n
′

− 2m
′

r′
= kL′x ×Ly, (2.32)

where k ≡ 2l, n′ ≡ n − l, m′ ≡ m − l, and r′ = q. As m > m′, then the number of linearly
independent first line configurations is dictated by Ly − 2m

′

> 0. As an example, let us
3 As both r and k are divisors of Lx, there is at least one value of k so that r′ = r

k
is a positive integer,

namely, k = r.
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System Size log2(GSD)
Lx, Ly ≠ k(2n − 2m) 0

Lx = k(2n − 2m), Ly ≠
Lx

r 0
Lx = k(2n − 2m), Ly =

Lx

r 2 (Ly − 2m)

Table 1 – Ground state degeneracy depending on the system size. When there are different
ways to decompose Lx in the form Lx = k(2n − 2m) satisfying the requirement
that r′ = r

k is a positive integer, then the ground state degeneracy is dictated
by the decomposition corresponding to the smallest value of m.

consider a system with size 24 × 6, which gives r = 4. We first note that 24 is of the form
2n − 2m, namely, 24 = 25 − 23. A naive application of (2.27) leads to imax = 6 − 23 = −2.
However, the linear size along the x-direction can be decomposed in the form (2.28) in
several ways

24 = 2(24 − 22)

= 3(24 − 23)

= 4(23 − 21)

= 6(23 − 22)

= 8(22 − 20)

= 12(22 − 21). (2.33)

The only decompositions which keep Ly invariant, i.e., that ones with r′ = r
k being a

positive integer, are 2(24 − 22), with k = 2, r′ = 2, and m = 2; and 4(23 − 21), with k = 4,
r′ = 1, and m = 1. As m = 1 < m = 4, the maximum number of independent first line
configurations is dictated by the decomposition 24 = 4(23 − 21), which leads to 6 − 21 = 4.
The results for the ground state degeneracy depending on the system are summarized in
Table 1.

Finally, we note that the sizes in Table (1) can be used as building-blocks for sizes
ki(Lx × Ly), where kb, b = x, y, is a positive integer with the subscript b = x, y indicating
in which direction the copies are disposed. The ground state degeneracy is dictated by
the building-block Lx ×Ly. As an example, consider the size 30× 20. It is not of the form
of the sizes present in the Table 1, but it can be written as 2y(30 × 10), where 2y means
that the two copies are disposed along the y-direction.
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3 Symmetry Operators and Mixed ’t Hooft

Anomalies

The ground state degeneracy is closely connected with the symmetry operators
and their anomalies. For degenerated system sizes, the model defined in (2.3) exhibits
two distinct types of symmetry: Wilson lines and Fractal membranes. The Wilson lines
are represented by closed loops in the z-direction, while fractal symmetries manifest as
closed membranes in the xy-plane. Both symmetries - line and membrane - are mutually
anomalous, implying a nontrivial degeneracy. In non-degenerated system sizes, the fractal
membranes fail to close properly, resulting in the explicit breaking of fractal symmetry
due to the system size.

3.1 Wilson Lines

The Wilson line operators are products along the z-direction, given by

W a
i = ∏

j ∈La
i

Xj, (3.1)

where Lai defines a straight line across all xy-planes at the point i = (x, y) belonging to
the sublattice a. Under PBC, it forms a closed loop and hence corresponds to a nontrivial
symmetry of the Hamiltonian.

There is one different W a
i operator for each point i on the xy-plane, resulting

in a total of LxLy operators. However, not all of them are independent. A number of
constraints arises from the fact that the product of TD operators along a straight line in
the z-direction is equivalent to the product of three Wilson lines,

∏
p ∈La

q

Op =W
a
i W

a
j W

a
k . (3.2)

This is illustrated in Fig. 7. As there is a one-to-one correspondence between points of the
dual and original lattices, there are LxLy constraints, but not all of them are independent
because the topological constraints discussed in Sec. 2.1, which can be expressed as

∏
z

∏
p ∈Ma

I (z)
Op = ∏

q ∈Ma
I

∏
p ∈La

q

Op = 1, (3.3)

whereMa
I , I = 1,2, . . . , Ly−2m, represents a configuration of TD operators in the xy-plane

corresponding to a constraint. Putting apart one point p′ from this product we find

⎛
⎜
⎝
∏

p ∈La
p′

Op

⎞
⎟
⎠
∏

q ∈Ma
I

q≠p′
∏
p ∈La

q

Op = 1 ⇒ ∏
q ∈Ma

I
q≠p′

∏
p ∈La

q

Op =W
a
i W

a
j W

a
k . (3.4)
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Figure 7 – The product of TD operators along the z-direction, reducing to the product of
three Wilson lines.

Equation (3.4) reveals that one of the constraints defined in Eq. (3.2) can be expressed in
terms of the others. This process can be repeated for all the Nc = Ly − 2m constraints, so
that the total number of independent W a

I is precisely LxLy − (LxLy −Nc) = Nc. For this
reason, we will label the independent Wilson lines with the index I,

W a
I ≡ ∏

j ∈La
I

Xj , I = 1,2, . . . ,Nc . (3.5)

For system sizes with a unique ground state, there are no independent Wilson lines.
In these cases, all W a

i can be reduced to a product of TD operators and, consequently,
they represent trivial symmetries.

3.2 Fractal Membranes

For a system size with a degenerated ground state, the fractal membrane operators
are closely related to the topological constraints. Rewriting the constraint equation

∏
z

∏
p ∈Ma

I (z)
Op = 1, (3.6)

we note that a subset of this product, ranging from z1 + a0/2 to z2 − a0/2, results in
one membrane at the bottom and other membrane at the top of this product in z,

z2+a0
2

∏
z=z1−a0

2

∏
p ∈Ma

I (z)
Op =M

b
I (z1)M

b
I (z2), b ≠ a, (3.7)

where we have define the fractal membrane operator as

M b
I (z) ≡ ∏

j ∈Mb
I(z)

Zj. (3.8)
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Note that the product of TD operators on the sublattice a results in Z-operators acting
non-trivially on the opposite sublattice. The left-hand side of Eq. (3.7) trivially commutes
with the Hamiltonian, since it is simply a product of TD operators, so the product of
membrane operators in the right-hand side must do so too. However, the two membranes
do not act on the same set of operators and, consequently, each one of them must commute
individually with each Op. Therefore, M b

I is a nontrivial symmetry. This occurs because
the membranes have either zero or two Zj operators acting non-trivially on each TD
operator.

Following the definition in Eq. (3.8), there are Nc independent fractal membrane
operators, one for each constraint. Notice that given a membrane M b

I (z1), we can move
it to z2 with a product of TD operators,

M b
I (z1)

⎛
⎜
⎝

z2+a0
2

∏
z=z1−a0

2

∏
p ∈Ma

I

Op

⎞
⎟
⎠
=M b

I (z2). (3.9)

If there is no defect between z1 and z2, both membranes are constrained to have the same
eigenvalue. Due to this mobility, we do not need to specify their position in z.

For the cases where the ground state is unique, there are no topological constraints
and, accordingly, there are no fractal membrane operators. This occurs because the fractal
structures do not close properly under PBC, indicating that the fractal symmetry is
explicitly broken by the lattice size.

3.3 Mixed ’t Hooft Anomaly

As discussed earlier, for degenerated system sizes, there is one Wilson line and
one fractal membrane associated with each constraint. The pairs of W a

I and Ma
I can be

arranged to satisfy the commutation relation

W a
I M

b
J = (−1)

δIJ δab M b
JW

a
I . (3.10)

For each membrane generated by Si
1(x), as defined in (2.21), there is an specific point

with tij = 1 that does not repeat for the other membranes. However, using Si
1(x) makes it

nontrivial to identify these unique points. To address this, we introduce a modified basis

S̃l
p ≡

l

∑
i=1

S2mi−p
1 , (3.11)

where p = 0,1,2, . . . ,2m − 1, and l = 1,2, . . . ,2n − 2m+1/2m. This redefinition ensures that
all tij = 1 points, which do not repeat for the other membranes, are located in the first
line, as depicted in Fig. 8.

With Eq. (3.11), we defineMa
I as the set {t} associated with the Sierpinski fractal

structure generated by the first line S̃I
1(x). Similarly, LaI is defined as the straight line
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Figure 8 – The membranes generated by Si
1(x) and S̃i

1(x), where i = 1,2, . . . ,6, in system
of size L = 7. Each membrane highlights the unique tij = 1 that do not repeat
in other membranes.

along the z-direction that touches only the respective Ma
I . Consequently, the definitions

of the symmetry operators in (3.5) and (3.8) automatically respect the commutation in
Eq. (3.10), corresponding to a projective realization of the subsystem symmetries.

This nontrivial algebra implies that the eigenstates of the Hamiltonian can be
eigenstates of either W a

I but not both simultaneously. Accordingly, there is a 22(2n−2m)

degeneracy in the states, precisely matching Eq. (2.5). This algebra can also be understood
as a mixed ’t Hooft anomaly among the symmetries, preventing the ground state from
being trivially gapped.
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4 Non-degenerate Cases

For system sizes that do not fit L = k (2n − 2m)there are no topological constraints
(Nc = 0), and the system is non-degenerate. In these cases, the fractal membranes do not
close properly; consequently, there are no membrane symmetry operators, and the fractal
symmetry is explicitly broken by the lattice size.

For these sizes it also occurs that the Wilson lines are trivial symmetries, as they
reduce to a product of TD operators. Consider a product of TD operators in a set M̃a

I

that reduces to identities at every site except for one, resulting in an Xk,

∏
p ∈M̃a

k
(z)
Op =X

k
∏

i ∈M̃a
k
(z+ 1

2
)
Zi ∏

i ∈M̃a
k
(z− 1

2
)
Zi. (4.1)

Then, stacking this product along the z-direction results precisely in the Wilson line,

∏
z
∏

p ∈M̃a
k
(z)
Op = ∏

i ∈La
k

X i =W a
k . (4.2)

In order to find M̃a
I we need to discuss the configurations of {t} again. As discussed

earlier for the constraints, given any S1(x) configuration, the Sierpinski evolution ensures
that the product of Oj reduces to identities in the intersection of two subsequent lines,
Si(x) and Si+1(x). Therefore, for a given S1(x) that satisfies

S1(x) + S1+L(x) = xj (4.3)

under the Sierpinski evolution, we can properly generate a set M̃a
k that results in a single

Xk on the plane. In Fig. 9 we depict the product of Op over a plane for some of these sizes,
such that the result is a single Xk. Stacking this structure along the z-direction results
precisely in a Wilson line.

The first line configuration that gives rise to M̃a
k is constructed by finding the

coefficients t1,i that satisfy

S1(x) + S1+L(x) = [1 + (1 + x)
L
]S1(x)

=
L

∑
i=1

L

∑
j=1
(
L

j
) t1,i x

i+j = xk.
(4.4)

It is useful to rewrite the sum in the last equation as
L

∑
i=1

i+L
∑

j′=i+1
t1,i (

L

j′ − i
)xj′ =

L

∑
i=1
(

L

∑
j′=i+1

(
L

j′ − i
) t1,i x

j′ +
i+L
∑

j′=L+1
(

L

j′ − i
) t1,i x

j′−L)

=
L

∑
i=1
(

L

∑
j′=i+1

(
L

j′ − i
) t1,i x

j′ +
i

∑
j′=1
(

L

j′ +L − i
) t1,i x

j′)

=
L

∑
i=1

L

∑
j=1
(

L

∣i − j∣
) t1,i x

j,

(4.5)
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X

X

X

Figure 9 – For non-degenerated system sizes, a single Xk operator can be obtained by the
product of TD operators over a plane. The figures above depict this product
for L = 4, L = 5, and L = 10.

in which we defined j′ = i + j, and used the identification xj′+L = xj′ . In the last step, we
have also used the binomial identity ( L

L−a) = (
L
a
). It results in

L

∑
i=1

L

∑
j=1
(

L

∣i − j∣
) t1,i x

j = xk (mod 2) (4.6)

and the coefficients of S1(x) are the solution of

L

∑
i=1
(

L

∣i − j∣
) t1,i mod 2 =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1 if j = k,

0 otherwise.
(4.7)

We have found in Eq. (4.7) a system of L equations, with coefficients ( L
∣i−j∣) and

variables t1,i. Expressing it in matrix form, where the elements are Mij = (
L
∣i−j∣) mod 2,

results in an L × L circulant matrix. For any system size L such that detM ≠ 0, this
system has a non-trivial solution, and it is straightforward to determine S1(x).

For these system sizes it also occurs that it is possible to create a localized exci-
tation. Following the same strategy to construct the membrane symmetry operators (see
Sec. 3.2) but with M̃a

i instead of a constraint results in a membrane operator that excites
a single TD operator,

∏
j ∈M̃b

I(z)
Zj ≡ M̃

b
I (z). (4.8)

The fact that a single excitation can be created implies that there is only one global
anyonic superselection sector.
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5 Excitations and Mutual Statistics

An excitation, or defect, corresponds to any Op with eigenvalue −1. The action of
an Xj on the ground state creates a state with two excitations, while a Zj is responsible
for creating three excitations. Open Wilson lines create a pair of excitations, one at each
end-point, and can move a single excitation along the z-direction. Analogously, three
excitations can be separated through the action of open membranes, with some restrictions
on the end position due to the fractal structure. However, this mobility in the xy-plane
occurs by crossing highly energetic virtual states, making the probability of tunneling
very small. This is the reason behind the type-II fractonic behavior, the excitation are
effectively immobile on the xy-planes.

Note that, considering open operators Ma
I and W a

I , while the membrane moves
charges in the sublattice a, the Wilson line moves charges of the other sublattice. Despite
the mobility in the plane or in the z-direction, the excitations cannot be moved from one
sublattice to the other. This leads us to interpret them as two distinct types of excitations1.

It is intriguing that even with only short-range interaction, the low energy states
of (2.3) are highly entangled. One evidence of the long-ranged entanglement is the property
of the state to acquire a phase through the movement of the excitations, even if they never
touch each other. This phenomenon becomes apparent when we examine specific sequences
of movements. Consider a state represented by ∣a3, b2⟩ containing three excitations in
sublattice a (created by Zj operators) and, situated far apart, a pair of excitations in
sublattice b (created by an Xj), with b ≠ a.

In this scenario, we initiate the movement of excitations as follows: firstly, we move
one excitation from sublattice b using an open Wilson line W a

I ; subsequently, we separate
the trio in sublattice a using an open membrane Ma

I ; next, we return the excitation in
sublattice b to its original position with W a

I
†; and finally, we restore the trio in sublattice a

to its initial state with Ma
I

†. throughout this procedure, the excitations of sublattice a

and b never touch, but the movement of b excitation along the z-direction leads it to
cross the membrane Ma

I , as illustrated in Fig. 10.
Algebraically, this procedure can be expressed as

Ma
I

† W a
I

† Ma
I W

a
I ∣a3, b2⟩ = − ∣a3, b2⟩ (5.1)

where we use the fact that W a
I

† Ma
I = −M

a
I W

a
I

†. The acquired phase on the right-hand
side signifies a mutual anyonic statistics among the excitations, a marker of the long-range
entanglement inherent in topologically ordered phases.
1 The Hamiltonian (2.3) could be equivalently constructed in therms of TD operators defined as a

product of only Xj in one sublattice and as a product of only Zj in the other. In this notation, one
could refer to them as electric or magnetic excitations depending on their sublattices, in analogy with
the toric code.
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Figure 10 – Sequence of movements reflecting mutual statistics among excitations.

It is important to highlight some details when the ground state is non-degenerated.
For these system sizes, the unique global anyonic superselection sector implies that the
excitations are bosons. Instead of applying W a

I and W a
I

† in Eq. (5.1), we can “move” the
excitation with two M̃a

I , annihilating it and creating it in another point. This procedure
leads to a trivial statistics, as expected for bosonic excitations (since [Ma

I , M̃
a
I ] = 0).

Despite this global characteristic, the procedure described in Eq. (5.1) remains
valid, and locally the excitations behave like anyons. Moreover, the mutual statistics occur
for excitations arbitrarily far apart, implying long-range entanglement. Consequently, even
when the ground state is non-degenerated, and the fractal symmetry is explicitly broken
by the lattice size, the phase is topologically ordered.
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6 Spontaneous Breaking of Subsystem Sym-

metries

It is very instructive to study the fractal topological phases from the perspective
of the spontaneous breaking of sub-system symmetries. For system sizes with degeneracy,
in each subsystem, we can simultaneously diagonalize one of the symmetry operators with
the Hamiltonian, namely

H ∣E,α⟩ = E ∣E,α⟩ and W ∣E,α⟩ = α ∣E,α⟩ . (6.1)

Since W 2 = 1, the eigenvalues are constrained to α = ±1. However, these states are not
eigenstates of M (assuming MW = −WM), instead, M ∣E,α⟩ = ∣E,−α⟩ is an orthogonal
state,

⟨E,α∣W ∣E,−α⟩ = −α ⟨E,α∣E,−α⟩ = α ⟨E,α∣E,−α⟩ = 0. (6.2)

Because W and M are symmetries of the ground state, we say that the subsystem sym-
metry is spontaneously broken.

The ground state of these topologically ordered phase are characterized by exten-
ded operators, and are indistinguishable by any local operator Φ,

⟨GS,α∣Φ ∣GS,β⟩ = Cδαβ (6.3)

in which C is a constant independent of α and β. In order to check this property, firstly,
note that we can always avoid M to touch Φ, since we can move M in z-direction. It
implies that M commutes with Φ, and then

⟨GS,α∣Φ ∣GS,α⟩ = ⟨GS,−α∣M †ΦM ∣GS,−α⟩

= ⟨GS,−α∣Φ ∣GS,−α⟩ .
(6.4)

To complete the demonstration of the topological indistinguishably, Eq. (6.3), we
need to discuss the deformation of the Wilson lines. This extended operators are not
topological deformable because they are rigid, however, they are locally splittable. As
demonstrated in Fig. 11, we can construct an operator W̃ ≡WO that avoid the position
of Φ, and, consequently, [W̃ ,Φ] = 0. We can now show that

⟨GS,−α∣Φ ∣GS,α⟩ = −αα ⟨GS,−α∣ W̃ † Φ W̃ ∣GS,α⟩

= − ⟨GS,−α∣Φ ∣GS,α⟩ ,
(6.5)

therefore, ⟨GS,−α∣Φ ∣GS,α⟩ = 0.
The mixed t’ Hoof anomaly among the symmetries is responsible for Eq. (6.4) and

Eq. (6.5), that implies the locally indistinguishable, Eq. (6.3). Equivalently, the subsystem
symmetry are spontaneously broken.
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Figure 11 – Local splitability of the Wilson line.
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7 Boundary Theory

Consider the Hamiltonian (2.3) in topology with boundaries in z-direction. The
ground state degeneracy is drastically affected by the presence of these boundaries. Basi-
cally, the GSD is not 2Nc anymore because the number of spin sites is greater than the
number of TD operators. For boundaries in z-direction this difference is exactly 2L2, one
extra spin site for each point of the xy-planes, for each sublattice.

The degeneracy at the boundaries is associated with new symmetry operators.
For any sum of commuting projector it is possible to define “truncated” operators at the
boundaries that commute with the projectors [56,57]. Considering the Hamiltonian (2.3)
in a lattice with open boundary conditions in z-direction, we can define two (quasi-)local
symmetry operators, Pj and Qj. For the top boundary we define the pyramidal and local
operators

P t
j ≡ (XXX)j+ 1

2
ẑ Zj, and Qt

j ≡ Zj, (7.1)

where j are the sites of Λ̃, as depicted in Fig. 12. Note that P t
j are localized by sites at

z = Lz−a/2, while Qt
j are localized in sites at z = Lz, and they corresponds to truncated Op

of different sublattices. Both operators are symmetries of the Hamiltonian and commute
with all TD operators, however note that there are anomalies at boundary, since [P t

j ,Q
t
j] ≠

0. Analogously, it is possible to define P b
j and Qb

j at the bottom boundary.

7.1 Anomaly Inflow

Roughly, the idea of anomaly inflow means that an anomaly in the bulk can be
related with an anomaly on the boundaries, and the model (2.3) is an enlightening de-
monstration of this phenomena. Let us define the symmetry operators that extends into

Figure 12 – An top boundary of lattice open in z-direction and the representation of P b
j

and Qb
j operators.
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Figure 13 – Representation of P̃ t
j and Q̃t

j operators. They are constructed as products of
P t
j and Qt

j, respectively, with TD operators.

Figure 14 – Representations of P̃ and Q̃ in the bulk. In the first figure, both operators
P̃ and Q̃ are attached in the top boundary and the anomaly in the bulk
is highlighted. In the last two figures, one operator is attached in the top
boundary while the other originates from the bottom boundary, resulting in
them not being mutually anomalous.

the bulk,
P̃m
i (z) ≡ P

m
i ∏

j ∈Lm
i (z)
Oj and Q̃m

i (z) ≡ Q
m
i ∏

j ∈Lm
i (z)
Oj, (7.2)

where m = t or b and Lmi (z) is a straight line from the m boundary to the point z. Both
operators results in kind of tube that shrink to a point in the bulk, as illustrated in Fig. 13.

In terms of Pm
j and Qm

j , the anomalies are located at the boundaries, however in
terms of P̃m

j and Q̃m
j they are equivalently realized by operators that extends into the

bulk. It worth to emphasize that P̃ and Q̃ preserves the commutation relations of P and
Q, therefore

[P̃ t
j , P̃

b
j ] = [Q̃

t
j, Q̃

b
j] = [P̃

t
j , Q̃

b
j] = 0. (7.3)

It means that the anomalies of top boundary does not mix with the bottom anomalies,
as depicted in Fig. 14.
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7.1.1 Anomaly Inflow in Non-Degenerated System Sizes

To make this even more evident, let us consider a non degenerated size L, so that
the bulk is anomalous free and all anomalies come from the boundaries. In these cases, it
is possible to define

Bm
i ≡ ∏

j ∈M̃a
i

Pm
j . (7.4)

As discussed in Eq. (4.1), this product results in an isolated Xj and then we can define a
one-to-one commutation rule,

Bm
i Qn

j = (−1)
δm,nδi,j Qn

jB
m
i . (7.5)

Therefore, the set of operators {Bm
i ,Qm

i } comprehend the 2L2 pairs of anomalous sym-
metry operators.

Following Eq. (7.2), we can define the extended operators

B̃m
i ≡ B

m
i ∏

j ∈Lm
i (z)

∏
j ∈M̃a

i

Oj, (7.6)

with the commutation rules for anomalies in the bulk,

B̃m
i Q̃n

j = (−1)
δm,nδi,j Q̃n

j B̃
m
i . (7.7)

In these non-degenerated system sizes, this is a demonstration that the anomalies in the
bulk can only come from the boundaries.

7.1.2 Anomaly Inflow in Degenerated System Sizes

When considering degenerated system sizes, the t’Hoof anomalies among Ma
I

and W a
I flows from the bulk to the boundary. It occurs because the membranes are equi-

valently defined in any plane (see Eq. (3.9)), so that we can put it on one boundary. Then,
it is possible to express this membrane symmetry as product of the boundary operators,

Ma
I = ∏

i ∈Ma
I

Pm
i or Ma

I = ∏
i ∈Ma

I

Qm
i . (7.8)

Consequently, there is a correspondence among the anomalies on the bulk and on the
boundaries of this topologically ordered phasses.

7.2 Connection with Fractal 2d models

There are some two-dimensional models with similar fractal properties obtained
from Eq. (2.3). As the ground state degeneracy depends exclusively on this fractal struc-
ture, the spontaneous symmetry breaking model studied in [48, 54] and the SPT of [52]
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turn out to have the same degeneracy. It is enlightening to compare the physics of these
models making clear the role of third dimension.

The idea behind the connection of theses models is considering a boundaries that
condense different types of charge, and then we get an approximated 2d model by removing
the bulk (making Lz < 1). Depending if both boundaries condense equal or different type
of excitations, the resulting model comprehends an SPT or an Spontaneous Symmetry
Breaking phase, respectively [58].

Let us consider a degenerated system size L and open boundary conditions in
the z-direction, resulting in a 3d lattice L ×L ×Lz. Assuming the Hamiltonian (2.3), the
symmetries are Ma

I , W a
I , and the boundary operators Pm

i and Qm
i . We say that both

boundaries are condensate of Oj excitations because an local Xj creates (and annihilates)
a single excitation on the boundaries, in contrast with the bulk where it creates pairs. In
this case, both top and bottom boundaries condenses Oj excitations from sublattices 1
and 2. The role of W a

I in this open system can be understood as creating an excitation in
one edge, carrying it across the whole bulk, and annihilating it on the opposite edge.

We can prevent some condensations including Pm
j and Qm

j terms in the Hamilto-
nian. In order to keep a sum of commuting projectors, we can only include one type of
operator in each boundary, what makes us define

Hc =H −∑
i

[αP t
i + (1 − α)Q

t
i] −∑

j

[βP b
j + (1 − β)Q

b
j] , (7.9)

where H is the Hamiltonian defined in Eq. (2.3) and α and β = 0 or 1. Now, the action
of a local Xj in the boundaries affect an Oj and a Pm

j or Qm
j simultaneously, what makes

impossible to remove an excitation from the system.
There are few possibilities of introducing the boundary operators that result in

different properties depending on its sublattices, as illustrated in Fig. 15. If the operators
introduced on the top and on the boundary belong to different sublattices, the Wilson
line is not a symmetry and all Ma

I reduces to a product of the projectors. Conversely, if
the operators introduced on the top and on the boundary belong to the same sublattice,
namely a, W b

I and M b
I (b ≠ a) are still symmetries.

Moreover, to reach the ≈ 2d system we need to remove the bulk, what means
that Lz < 1 where no Oj can contribute to the final Hamiltonian. It only occurs when
we include Qt and Qb or P t and P b that belongs to same sublattices (respectively, cases
I and IV of Fig. 15) or including P t and Qb or Qt and P b that belongs to different
sublattices (respectively, cases II and III). For the remaining possibilities (cases V , VI,
VII, and VIII) we cannot remove the bulk completely. The approximated 2d systems are
represented in Fig. 16.

In the case I, after removing the bulk the Hamiltonian resumes to

Hc = −∑
i

Zi, (7.10)
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Figure 15 – Representation of different choices of α and β for different lattice structures.
The Wilson lines are represented in red only in the cases that the choices
allows this symmetry.

Figure 16 – The resulting systems in ≈ 2d. In the cases V to VIII we verify that O is still
fitting in the lattice.
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that describes a paramagnet in a 2d hexagonal lattice (combining both layers in a unique).
The first non-trivial situation is the cases II, that results in

Hc = −∑
i

P t
i −∑

j

Qb
j. (7.11)

In this case the Qb
i operators completely define the eigenstates of its sites and effectively

reduces the Hamiltonian to
Hc = − ∑

i,j,k ∈△
XiXjXk, (7.12)

exactly the triangular plaquette model [48, 54]. In this spontaneous symmetry breaking
phase, the Wilson lines reduces to local operators Xj that plays the role of order parameter,
while the fractal membranes are analogous to the global symmetry.

By introducing the boundary operators P t and P b as depicted in the case IV of
Fig. 16, the 2d Hamiltonian results in

Hc = ∑
i

P t
i + P

b
i . (7.13)

This result recover the Sierpinski fractal Symmetry protected topological phase studied
in [52]. In this case the Wilson lines are not symmetries and the membrane operators are
trivial, because it reduces to a product of P t and P b.

As discussed previously, the model (2.3) is topological ordered because long range
entanglement makes impossible to deform into a product state in finite time. The nontri-
vial mutual statistic depends on the mobility along the z-direction, and the two dimensi-
onal models cannot exhibit the long range entanglement. Additionally, in the cases where
a two-dimensional fractal model presents nontrivial ground state degeneracy there is a
local operator distinguishing different ground states. Consequently, the two-dimensional
fractal models are not topologically ordered. This is the reason why they lies out the
Haah’s bound [59] for ground state degeneracy.
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8 Effective Field Theory and Edge Modes

The effective field theory of a system is a description that captures fundamental
part of the physics in te low energy limit. Such descriptions are powerful tools for exa-
mining various aspects of the system in the presence of boundaries, such as edge modes
and the symmetry breaking on the boundaries. It is important to mention that due to
the subtleties of the subsystem symmetries and fractal dynamics, we will never take the
strict continuous limit.

In the case of model (2.3), a bosonic Hamiltonian on the HPC lattice that captures
the dynamics of excitations will preserve the topological properties and certain symmetry
aspects in the deep infrared (IR) limit [60]. It is possible to describe the quasi-particle
in terms of matter coupled with gauge fields in a Higgs phase. In this context, the deep
IR limit corresponds to the energy scales where the excitations above the ground state
become inaccessible, and the physics is governed by a BF Lagrangian.

In this system, the allowed processes for quasi-particle creation involves transitions
from the vacuum to two and three excitations, implemented by the Xi and Zi operators,
respectively. A local Xi operator allows the creation or annihilation of excitations along
the ẑ axis, while a Zi operator allows it for three excitations arranged in a triangular
configuration on the xy plane. A bosonic theory with kinetic terms capable to reproduce
this pattern is given by the Hamiltonian

H = −J∑
r⃗

br⃗ br⃗+e⃗1 br⃗+e⃗2 + ρ0 br⃗
† br⃗+ẑ + h.c. + . . . , (8.1)

where e⃗i represents lattice vectors and ρ0 is a dimensional parameter. This effective Hamil-
tonian can be expressed in a gauge invariant form by introducing Higgs fields, br⃗ = ρr⃗eiϕr⃗ .
In the broken symmetry phase, this field acquires a vacuum expected value, ⟨ρr⃗⟩ = ρ0, and
the slow changes of the ϕr⃗ are captured by

H = ∑
r⃗

J̃

2
(∆xyϕr⃗)

2
+
J̃

2
(∆zϕr⃗)

2
+
g

2
Π2

r⃗ (8.2)

where Πr⃗ and ϕr⃗ are canonically conjugated, [ϕr⃗,Πr⃗′] = iδr,r′ , and we introduced the lattice
operators that act as

∆xy fr⃗ =
fr⃗ + fr⃗+e⃗1 + fr⃗+e⃗2

a
and ∆z fr⃗ =

fr⃗+ẑ − fr⃗
a

. (8.3)

It’s important to note that the theory is only invariant under shifts ϕ→ ϕ+α for a function
α dependent of the coordinates if it is annihilated by ∆xy and ∆z.

The gauge fields can be implemented through the minimal coupling with the matter
field,

H = ∑
r⃗

J̃

2
(∆xyϕ −

q

a
Axy)

2

+
J̃

2
(∆zϕ −

q

a
Az)

2

+
g

2
Π2 +

hxy

2
E2

xy +
hz

2
E2

z , (8.4)
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and the dynamics is introduced with the canonical conjugated momenta Ea
k , respecting

the commutation relation [Ak (r) ,Ek′ (r′)] = iδk,k′ δr,r′ , where k = xy, z. This formulation
is invariant under local gauge transformations

ϕ→ ϕ + qf(r), and Ak → Ak +∆kf(r). (8.5)

At this point, ϕ has a general charge q under the gauge transformation.
Using the canonical commutation relations, it is possible to check that there is a

conserved quantity associated with the momenta Ek and Π,

[∆′xyExy −∆zEz +
q

a
Π,H] = 0, (8.6)

where ∆′k corresponds to

∆′xy fr⃗ =
fr⃗ + fr⃗−e⃗1 + fr⃗−e⃗2

a
. (8.7)

Notice that under PBC, it holds the identity

∑
r⃗

fr⃗∆xygr⃗ = ∑
r⃗

fr (gr⃗ + gr⃗+e⃗1 + gr⃗+e⃗2)

= ∑
r⃗

gr (fr⃗ + fr⃗−e⃗1 + fr⃗−e⃗2)

= ∑
r⃗

gr⃗∆
′
xyfr⃗.

(8.8)

The conservation (8.6) is analogous to a Gauss law in presence of matter and can be
enforced energetically with a Lagrange multiplier field At,

H = ∑
r⃗

J̃

2
(∆xyϕ −

q

a
Axy)

2

+
J̃

2
(∆zϕ −

q

a
Az)

2

+
g

2
Π2 +

hxy

2
E2

xy +
hz

2
E2

z ,

−At (∆
′
xyExy −∆zEz +

q

a
Π) .

(8.9)

It is interesting to observe that a term (∆zAxy −∆′xyAz)
2
, analogous to magnetic field

in 2 + 1 d, is compatible with the gauge invariance (8.5) and could be introduced in this
Hamiltonian. However, it will be neglect because it does not contribute at the energy
scales that we are interested in.

The conjugated momenta Ea
k and Πa can be found explicitly using the Hamilton

equation,

Π =
a∂tϕ − qAt

ag
, Exy =

∂tAxy −∆xyAt

hxy

and Ez =
∂tAz −∆zAt

hz

(8.10)

and by a Legendre transformation we find the Lagrangian

L = ∑
r⃗

g′

2
(qAt − a∂tϕ)

2
+

1

2hxy

(∆xyAt − ∂tAxy)
2
+

1

2hz

(∆zAt − ∂tAz)
2

−
J̃

2
(qAxy − a∆xyϕ)

2
−
J̃

2
(qAz − a∆zϕ)

2
,

(8.11)
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where we redefine g a2 = 1/g′ and keep the massive parameters [J̃] = [h] = [g′] = 1. With
this Lagrangian, it is possible to implement fields dual to ϕ in order to find a pure gauge
representation. Defining Ct ≡ a∂tϕ and Ck ≡ a∆kϕ, we get

L = ∑
r⃗

g′

2
(qAt −Ct)

2
+

1

2hxy

(∆xyAt − ∂tAxy)
2
+

1

2hz

(∆zAt − ∂tAz)
2

−
J̃

2
(qAxy −Cxy)

2
−
J̃

2
(qAz −Cz)

2

+
1

2π
[Bt (∆

′
xyCz −∆

′
zCxy) +Bxy (∆zCt − ∂tCz) −Bz (∆xyCt − ∂tCxy)]

(8.12)

The last terms was introduced to enforce dynamically the constraints ∆kCt = ∂tCk and
∆xyCz = ∆zCxy. Integrating out the field C results in a pure gauge Lagrangian in terms
of A and B fields,

L = ∑
r⃗

−
1

8π2g′
(∆zBxy −∆

′
xyBz)

2
+

1

2hxy

(∂tAxy −∆xyAt)
2
+

1

2hz

(∂tAz −∆zAt)
2

+
1

8π2J̃
(∂tBxy +∆

′
xyBt)

2
+

1

8π2J̃
(∂tBz +∆zBt)

2

+
q

2π
[Bt (∆xyAz −∆zAxy) +Bxy (∆zAt − ∂tAz) +Bz (∂tAxy −∆xyAt)] .

(8.13)

The ground state properties become manifestly relevant in the deep infrared limit,
where all gapped excitation become inaccessible to the system. This energy scales cor-
responds to take J̃ , g′, hxy, hz → ∞, and results in a system dominated by a BF theory,
remaining only the symmetries and topological properties of ground state,

L = ∑
r⃗

q

2π
[Bt (∆xyAz −∆zAxy) +Bxy (∆zAt − ∂tAz) +Bz (∂tAxy −∆xyAt)] . (8.14)

From the several forms that the action of the theory (8.14) can be written, let us
consider

S = ∫ dt∑
xy
∑
z

1

π
[Bt (∆xyAz −∆zAxy) −At (∆zBxy +∆

′
xyBz) +Bz∂tAxy −Bxy∂tAz] ,

(8.15)
in which becomes evident the gauge invariance under

At → At + ∂tf, Axy → Axy +∆xyf, Az → Az +∆zf, (8.16)

Bt → Bt + ∂tg, Bxy → Bxy −∆′xyg, Bz → Bz +∆zg. (8.17)

On periodic manifolds, it is possible to define gauge invariant quantities, given by the
extended objects

WA(γI) = exp
⎛

⎝
i qe ◯∑

ẑ∈γI
Az

⎞

⎠
, and WB(γI) = exp

⎛

⎝
i qm ◯∑

ẑ∈γI
Bz

⎞

⎠
, (8.18)

defined on closed lines γI along z direction, and

TA(MI) = exp(i qe ◯∑
r⃗∈MI

Axy) , and TB(MI) = exp(i qm ◯∑
r⃗∈MI

Bxy) , (8.19)
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on MI is a closed fractal membranes on xy directions. These non-trivial gauge invariant
objects are analogous to the Wilson lines and t’ Hooft membranes constructed on the
exact theory. To satisfy the compactness of the fields, the parameter qe and qm must
be integers. For example, the condition Az ∼ Az +

2π
Lz

implies that qe is an integer, and
similarly for Axy, Bz and Bxy.

Considering the Lagrangian (8.11), the canonical momentum is given by

Exy =
∂L

∂ (∂tAxy)
=

q

2π
Bz and Ez =

∂L

∂ (∂tAz)
= −

q

2π
Bxy, (8.20)

therefore the fields Ak and Bk are canonically conjugated to each other

[Ak(r),Bl(r
′)] =

2πi

q
ϵlkδrr′ . (8.21)

As a consequence, the algebra among Wilson lines and t’ Hooft membranes are

WA (γI)TB (MJ) = e
− 2πiqeqm

q
δIJTB (MJ)WA (γI) , (8.22)

and analogously to WB and TA. There are some operators that induces the same holo-
nomies and can be identified as the same, qe ∼ qe + q and qm ∼ qm + q. The nontrivial
commutation of the gauge operators suggests that the Higgs phase spontaneously break
the U(1) symmetry down to Zq and gaps out the gauge fields. In order to recover the Z2

algebra we can set the charge q = 2 and them qe and qm are constrained to be qe = qm = 1.
Introducing physical boundaries on the system described by the Lagrangian (8.11),

it is possible to understand the edge modes from the perspective of an effective field
description. Suppose we place the theory (8.15) on a manifold periodic in x and y directions
but with an open boundary boundaries in z direction, at z = 0. Under these conditions,
the bulk action is no longer invariant under the gauge transformation (8.16) and (8.17),
but changes by a boundary terms,

SBulk =
1

π ∫
dt∑

xy

0

∑
z=−∞

∂tg (∆xyAz −∆zAxy) − ∂tf (∆zBxy +∆
′
xyBz)

+∆zg ∂t (Axy +∆xyf) +∆
′
xyg ∂t (Az +∆zf) +Bz ∂t∆xyf −Bxy ∂t∆zf

=
1

π ∫
dt∑

xy

0

∑
z=−∞

∆z (g ∂tAxy + f ∂tBxy − ∂tg∆xyf)

=
1

π ∫
dt∑

xy

g ∂tAxy + f ∂tBxy − ∂tg∆xyf ∣
z=0

.

(8.23)

This implies that gauge degrees of freedom become physical degrees of freedom at the
edge. The action of the complete system, given by

S = SBulk + SEdge (8.24)

is still invariant under the gauge transformations, which allows us to infer

SEdge =
1

2π ∫
dt∑

xy

θ (∆xyAt − ∂tAxy) − φ (∂tBxy +∆
′
xyBt) + (AxyBt −AtBxy) . (8.25)
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In this setup we can check that S is invariant under (8.16) and (8.17) combined with the
boundary transformations φ→ φ + f and θ → θ + g.

The the equation of motion of SEdge are solved by

At = a∂tφ, Axy = a∆xyφ, Bt = −a∂tθ Bxy = a∆
′
xyθ, (8.26)

that reduces the action to

SEdge =
a

π ∫
dt∑

xy

∂tθ∆xyφ. (8.27)

In this scenario, the canonical conjugated momentum is
δL

δ ∂tθ
=
a

π
∆xyφ and

δL

δ ∂tφ
=
a

π
∆′xyθ, (8.28)

and the commutation relations become

[φ(r),∆′xyθ(r
′)] = i

π

a
δr,r′ and [θ(r),∆xyφ(r

′)] = −i
π

a
δr,r′ . (8.29)

Applying the solution of the equation of motion (8.26) to the gauge invariant operators
reduce the Wilson lines to local operators at the boundary,

WA = e
iφz=0 , and WB(γI) = e

i θz=0 , (8.30)

and the t’ Hooft membrane operators become

TA = exp
⎛

⎝
i a ◯∑

r⃗∈M ′

I

∆xyφ
⎞

⎠
, and TB = exp(i a ◯∑

r⃗∈MI

∆′xyθ) . (8.31)

Therefore, at the boundary the symmetry operators acts on the fields as

TA
† θ TA = θ + π and TB

† φTB = φ + π. (8.32)

The boundary exhibits fluctuation of the two scalar fields, φ and θ, with fractal
dynamics. The perturbations invariant under θ → θ + π and φ → φ + π do not break the
symmetry explicitly. In the action, it equivalent to perturb as

SEdge = ∫ dt∑
xy

1

π
∂tθ∆xyφ +K1 (∆xyφ)

2
+K2 (∆xyθ)

2
+ λ1 cos (2φ) + λ2 cos (2θ) . (8.33)

The terms cos(2φ) and cos(2θ), even preserving the Z2 symmetry, they lead to a spon-
taneous symmetry breaking by pinning the fluctuation. Consider, for example, the term
cos (2φ) fixing the value of φ to 0 or π. These values make the operator cos (φ) to acquire
a vacuum expected value. It is odd by the symmetry φ→ φ+π and plays the role of order
parameter. In the meantime, pinning the value of φ implies that WA and TA are also
pinned. The relation (8.22) indicates that if ⟨WA⟩ ≠ 0 and ⟨TA⟩ ≠ 0, (or, in other words,
Higgsing Axy and Az,) infers that the gauge potential Bxy and Bz is strongly fluctuating.
In other words, while a field is pinned, its conjugated is strongly fluctuating, and both
cannot be pinned simultaneously, consequently the symmetries cannot be spontaneously
broken at same time. Thus, there is no way to gap out the gapless modes at the surface
due to the subsystem symmetries.
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9 Conclusions

We have reported on a model that presents exotic topological order due to an
intricate interplay between fractal subsystem symmetries and the lattice size. The fractal
subsystem symmetries are quite sensitive to the lattice size and exist only for system sizes
Lx × Ly of the form Lx = k (2n − 2m) and Ly = Lx/r, with integers k ≥ 1, r ≥ 1, n > 2, and
m ≥ 0, satisfying n >m+1. The fractal symmetries possess mixed ’t Hooft anomalies with
the line subsystem symmetries, which lead to a nontrivial ground state degeneracy. This
amounts to the spontaneous breaking of the fractal symmetry. For the remaining sizes,
the fractal symmetry is explicitly broken and there are no fractal membrane operators
that commute with the Hamiltonian. Consequently, there are no mixed ’t Hooft anomalies
and the ground state is unique. Despite the unique global anyonic superselection sector,
such cases are topologically ordered, since the ground state is still long-range entangled.

We have also described the physics of these phases in a manifold with boundaries.
The truncated stabilizer operators at the edge can be connected with symmetries that
extend into the bulk, which enlightens our understanding of anomaly inflow. By conside-
ring only the boundary physics, we can connect this phase either with an SPT phase or
an SSB phase, depending on whether the boundaries condense different or the same type
of excitations, respectively. With the effective theory, we demonstrate that the mutually
anomalous symmetries at the boundary cannot be simultaneously broken at same time.
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A Fractal Configurations

The configurations given by Eq. (2.21) behave as basis elements of the set of first
lines, {S1(x)}, in the sense that it forms a Module (a generalization of the notion of a
vector space for fields defined in a ring1). As discussed in Sec. 2.1, for a size L = 2n − 2m

there are 2n − 2m+1 configurations Si
1(x) that spam the set of all first lines that respects

the PBC. Let us examine the details with some illustrative examples.

Example 1: Consider a system size L = 7. This size can only be achieved with n = 3

and m = 0 (resulting in L = 23 − 20 = 7). Consequently, from Eq. (2.21) we find the basis
element

S1
1(x) = x + x

2 S2
1(x) = x

2 + x3 S3
1(x) = x

3 + x4

S4
1(x) = x

4 + x5 S5
1(x) = x

5 + x6 S6
1(x) = x

6 + x7
, (A.1)

represented in Fig. 17. These configurations are “linearly independent” elements in the
sense that it is impossible to construct any of them as a combination of the other five.
One might wonder why S7

1(x) is excluded from (A.1), and the reason is that it is not an
independent configuration, it can be constructed as

S7
1(x) = x

7 + x =
6

∑
i=1

Si
1(x). (A.2)

In fact, any other configuration that respects the periodicity can be constructed
as combination of the Si

1(x) defined in (A.1). For example, the configurations

x + x3 = S1
1 + S

2
1 ,

x + x2 + x4 + x6 = S1
1 + S

4
1 + S

5
1 ,

x2 + x3 + x4 + x5 = S2
1 + S

4
1

(A.3)

are depicted in Fig. 18. Since the elements of (A.1) spam the space of configurations, for
L = 7 the dimension of {S1(x)} is 6.

Configurations that cannot be constructed as combination of the elements of
Eq. (A.1) do not form closed structures under PBC. For example, consider the configura-
tion S̃1(x) = x+x3+x4, that cannot be construct combining the Si

1(x). This configuration
do not satisfy S̃1+7(x) = S̃1(x), instead

S̃1+7(x) = (1 + x)
7
S̃1(x)

= (x2 + x3 + x4 + x5 + x6) (x + x3 + x4)

= x2 + x5 +6 +x7 ≠ S̃1(x), (A.4)
1 These elements can be added and multiplied by a Z2 scalar α. The addition respect all axioms,

including associativity and commutativity, which hold trivially. The identity element is S0
1 = 0 (given

by the “repetition code” t1,i = 0 for all i)and each element is its own inverse. Scalar multiplication by
α = 0 or α = 1 respect the axioms trivially.
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Figure 17 – The membranes generated by Si
1(x), where i = 1,2, . . . ,6, respectively, in

system of size L = 7.

Figure 18 – The first three configurations are generated by the Eq. (A.3) and the last
one by Eq. (A.4). The configurations are depicted with eight rows and seven
columns, the extra row included in the end is equivalent to the first one
by periodic boundary conditions. We can check that while the first three
configurations are periodic in a size 7 × 7, the last one to not respects the
periodicity.

as depicted in Fig. 18.

Example 2: Consider a system size L = 6. The basis for this size is defined Eq. (2.21)
with n = 3 and m = 1. Consequently, the basis elements are

S1
1(x) = x + x

3 S2
1(x) = x

2 + x4

S3
1(x) = x

3 + x5 S4
1(x) = x

4 + x6,
(A.5)

and they are represented in Fig. 19. Once again, none of this element can be constructed as
combinations of the others. The other configurations that could appear as basis elements,
S5
1(x) and S6

1(x), are excluded from Eq. (A.5) because they are linear combinations,

S5
1(x) = x

5 + x = S1
1(x) + S

3
1(x) and S6

1(x) = x
6 + x2 = S2

1(x) + S
4
1(x). (A.6)

Any other possible first-line configuration that can be constructed as combination (A.5),
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Figure 19 – The membranes generated by Si
1(x), where i = 1, 2, 3, and 4, respectively, in

system of size L = 6.

Figure 20 – The first and second configurations are generated by Eq. (A.7) and the last
one is generated by Eq.(A.8). The configurations are depicted with seven rows
and six columns, the extra row included in the end is equivalent to the first
one by periodic boundary conditions. We can check that while the first two
configurations are periodic in a size 6 × 6, the last one to not respects the
periodicity.

such as

x + x5 = S1
1(x) + S

3
1 and x2 + x3 + x4 + x5 = S2

1(x) + S
3
1(x), (A.7)

are periodic, as depicted in Fig. 20
Configurations that cannot be expressed as combination of basis elements are

excluded from the set of first lines because they do not form closed structures under
PBC. For example, consider the configuration S̃1(x) = x + x2 that cannot be construct
combining the Si

1(x) from Eq. (A.5). This configuration do not satisfy S̃7(x) = S̃1(x),
instead

S̃1+6(x) = (1 + x)
6
S̃1(x)

= (1 + x2 + x4 + x6) (x + x2)

= x3 + x4 +5 +x6 ≠ S̃1(x), (A.8)

as depicted in Fig. 20.

Example 3: For system sizes where k ≠ 1, the first line is constructed with k copies
of the 2n − 2m configuration, and it reflex on the degeneracy. Let us discuss an example
to clarify this discussion. Consider L = 9, achieved only by (k = 3, n = 2,m = 0). For this
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Figure 21 – Periodic configurations for 3 × 3, 6 × 6, and 9 × 9 respectively.

system size, the first line configuration, given by Eq. (2.21), is equivalent of 3 copies of
the Si

1(x) of L = 3 as depicted in Fig. 21.
In a size 6×6 it is also possible to construct as copies of 3×3 configurations. However,

the basis elements are given by the size 6 configuration, instead of two cpoies of size 3.
Indeed, the 6 × 6 configuration depicted in Fig. 21 is generated by S2

1(x) + S
2
1(x) + S

3
1(x)

from Eq. (A.5).
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