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BARROSO, E. J. . Formacao de Estruturas em Larga Escala: de Buracos Negros
Primordiais em Cosmologica com Ricochete até Abundancia de Aglomerados de
Galaxias. 2024. 156f. Tese Doutorado em Fisica — Universidade Estadual de Londrina,
Londrina, 2024.

RESUMO

Esta tese € constituida por trés projetos diferentes: a formacao de buracos negros primor-
diais num universo em expansao; a abundancia de aglomerados dentro da colaboragdo
LSST-DESC; e o desenvolvimento do APES, um algoritmo de ensemble sampler. No
que diz respeito a formacao de buracos negros primordiais, as perturbacdes cosmold-
gicas escalares lineares t€m espectros crescentes na fase de contracao dos modelos de
expansdo. Estudamos as condi¢Oes para as quais estas perturbacdes podem colapsar em
buracos negros primordiais e a hipétese de que estes objetos constituem uma fragao
da matéria escura. Calculamos o contraste de densidade critico que descreve o colapso
das perturbagdes de matéria no modelo de expansdo plana com uma solu¢do paramé-
trica, obtida a partir da métrica de Lemaitre-Tolman-Bondi que representa o colapso
esférico. Discutimos a incapacidade de calibre newtoniano para descrever perturbagdes
em modelos de contracido, uma vez que a hipétese perturbativa ndo se mantém nesses
casos. Realizamos os cdlculos para uma escolha de calibre diferente e computamos
os espectros de poténcia das perturbagdes numericamente. Por fim, assumindo uma
distribui¢do gaussiana, calculamos a abundancia de buracos negros primordiais com o
formalismo de Press-Schechter e comparamos com as restri¢des observacionais. A partir
da nossa andlise, concluimos que a formacao de buracos negros primordiais numa fase de
contra¢do dominada por poeira ndo leva a uma fragado significativa de massa de buracos
negros primordiais na matéria escura atualmente.

Ainda em relag@o aos objetos colapsados das perturbacdes da matéria, podemos usar
aglomerados de galdxias para investigar a cosmologia. Os aglomerados de galdxias sdo os
maiores objetos gravitacionais limitados e sdo formados pelo colapso de sobre-densidades
de matéria. Devido ao seu tamanho e conteido de matéria, sao usados para estudar a
formacgdo da estrutura em larga escala no universo. Especificamente, a abundancia de
aglomerados de galédxias estd fortemente relacionada a densidade de matéria do universo
Q,, e a flutuacdo de massa rms og. Consequentemente, sua abundancia pode ser prevista
teoricamente e depois comparada com dados para ajustar parametros cosmoldgicos e
assim investigar modelos cosmoldgicos. Neste contexto, o Legacy Survey of Space and
Time (LSST) fornecerd uma grande quantidade de dados de aglomerados para serem
usados em andlises computacionais.



O segundo projeto consiste em desenvolver o pipeline de cluster dentro da Dark Energy
Science Collaboration (DESC). Durante o doutorado, trabalhamos no Firecrown, um
pacote Python para implementar verossimilhancgas dentro do DESC. Implementamos
uma verossimilhanca de contagem de nimero de clusters, utilizando previsdes tedricas
com base na riqueza de clusters de galdxias como um proxy de massa. Apds completar
o cddigo do Firecrown, testamos em vdrios conjuntos de dados, incluindo o catdlogo
RedMaPPer, que faz parte do Data Challenge 2 (DC2), um catdlogo simulado de
aglomerados. Validamos a verossimilhanca de abundancia de clusters do Firecrown
usando o catdlogo RedMaPPer ajustando parametros cosmolégicos e de relacao de
massa-proxy e preparamos os dados combinando o catdlogo de clusters de galdxias com
seu catdlogo de halo de simulagdes N-body para atribuir massas médias em cada bin de
riqueza de redshift. A andlise mostrou que os valores verdadeiros do catdlogo estavam
dentro da regido de 2 sigmas.

Por ultimo, o algoritmo APES propde uma abordagem inovadora para gerar amostras
de distribui¢des-alvo que sao dificeis de amostrar usando métodos de Monte Carlo
Markov Chain (MCMC). Algoritmos MCMC tradicionais frequentemente enfrentam
uma convergéncia lenta devido a dificuldade em encontrar propostas que se adequem ao
problema em questdo. Para resolver esse problema, introduzimos o algoritmo Approximate
Posterior Ensemble Sampler (APES), que emprega estimativa de densidade de kernel
e interpolacao de base radial para criar uma proposta adaptativa, levando a uma ripida
convergéncia das cadeias. A escalabilidade do algoritmo APES para dimensdes mais altas
o torna uma solugdo pratica para problemas complexos. O método proposto gera uma
probabilidade posterior aproximada que se aproxima de perto da distribui¢cao desejada
e € facil de amostrar, resultando em tempos de autocorrelagdo menores € uma maior
probabilidade de aceitacdo pela cadeia. Comparamos o desempenho do algoritmo APES
com o ensemble sampler de invariincia afim com o stretch move em vérios contextos,
demonstrando a eficiéncia do método proposto. Por exemplo, na fun¢dao Rosenbrock,
o APES apresentou um tempo de autocorrelagao 140 vezes menor do que o ensemble
sampler de invariancia afim. A comparacdo destaca a eficicia do algoritmo APES na
geracdo de amostras de distribuicdes desafiadoras.Este trabalho apresenta uma solugdo
prética para gerar amostras de distribuicdes complexas, abordando o desafio de encontrar
propostas adequadas. Com novas pesquisas cosmoldgicas preparadas para lidar com
muitas novas sistematicas, este método oferece uma solugdo prética para a proxima era
de anélises cosmoldgicas.

Palavras-chave: Cosmologia, Buracos Negros Primordiais, Modelos de Ricochete,
Aglomerados de Galédxias, Monte Carlo Markov Chain.



BARROSO, E. J. . Large Scale Structure Formation: from Primordial Black Holes
in Bouncing Cosmology to Galaxy Clusters Abundance. 2024. 157p. Ph.D. Thesis —
State University of Londrina, Londrina, 2024.

ABSTRACT

This thesis is constituted by three different projects: the primordial black hole formation
in a bouncing universe; the cluster abundance inside the LSST-DESC collaboration; and
the development of APES, an ensemble sampler algorithm. Regarding the primordial
black hole formation, linear scalar cosmological perturbations have increasing spectra
in the contracting phase of bouncing models. We study the conditions for which these
perturbations may collapse into primordial black holes and the hypothesis that these
objects constitute a fraction of dark matter. We compute the critical density contrast
that describes the collapse of matter perturbations in the flat-dust bounce model with a
parametric solution, obtained from the Lemaitre-Tolman-Bondi metric that represents
the spherical collapse. We discuss the inability of the Newtonian gauge to describe
perturbations in contracting models as the perturbative hypothesis does not hold in
such cases. We carry the calculations for a different Gauge choice and compute the
perturbations’ power spectra numerically. Finally, assuming a Gaussian distribution,
we compute the primordial black hole abundance with the Press-Schechter formalism
and compare it with observational constraints. From our analysis, we conclude that the
primordial black hole formation in a dust-dominated contracting phase does not lead to a
significant mass fraction of primordial black holes in dark matter today.

Still regarding collapsed objects from matter perturbations, we can use galaxy clusters to
probe cosmology. Galaxy clusters are the biggest gravitational bounded objects and are
formed through the collapse of matter over-densities. Due to their size and matter content,
they are used to study the large-scale structure formation in the universe. Specifically, the
abundance of galaxy clusters is strongly related to the universe’s matter density €2, and
the rms mass fluctuation og. Consequently, their abundance can be predicted theoretically
and then compared with data to fit cosmological parameters and thus probe cosmological
models. In this context, the Legacy Survey of Space and Time will provide a great amount
of cluster data to be used in computational analyses.

The second project consists in developing the cluster pipeline inside the Dark Energy
Science Collaboration (DESC). During the Ph.D, we worked on Firecrown, a Python
package for implementing likelihoods within DESC. We implemented a cluster number
counts likelihood, using theoretical predictions based on the richness of galaxy clusters
as a mass-proxy. After completing the Firecrown code, we tested it on various datasets,



including the RedMaPPer catalog, which is part of Data Challenge 2 (DC2), a simulated
catalog. We validated the Firecrown cluster abundance likelihood using the RedMaPPer
catalog by fitting cosmological and proxy-mass relation parameters and prepared the data
by matching the galaxy cluster catalog with its halo catalog from N-body simulations to
assign mean masses in each redshift-richness bin. The analysis showed that true catalog
values were within the 2-sigma region.

Lastly, the APES algorithm proposes a novel approach to generate samples from target
distributions that are difficult to sample from using Markov Chain Monte Carlo (MCMC)
methods. Traditional MCMC algorithms often face slow convergence due to the difficulty
in finding proposals that suit the problem at hand. To address this issue, we introduce
the Approximate Posterior Ensemble Sampler (APES) algorithm, which employs kernel
density estimation and radial basis interpolation to create an adaptive proposal, leading
to fast convergence of the chains. The APES algorithm’s scalability to higher dimensions
makes it a practical solution for complex problems. The proposed method generates
an approximate posterior probability that closely approximates the desired distribution
and is easy to sample from, resulting in smaller autocorrelation times and a higher
probability of acceptance by the chain. We compare the performance of the APES
algorithm with the affine invariance ensemble sampler with the stretch move in various
contexts, demonstrating the efficiency of the proposed method. For instance, on the
Rosenbrock function, the APES presented an autocorrelation time 140 times smaller than
the affine invariance ensemble sampler. The comparison showcases the effectiveness of
the APES algorithm in generating samples from challenging distributions. This work
presents a practical solution to generating samples from complex distributions while
addressing the challenge of finding suitable proposals. With new cosmological surveys
set to deal with many new systematics, this method offers a practical solution for the
upcoming era of cosmological analyses.

Keywords: Cosmology, Primordial Black Holes, Bouncing Models, Galaxy Clusters,
Monte Carlo Markov Chain.
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1 INTRODUCTION

Primordial Black Holes (PBHs) are believed to have been formed in the early
universe through the collapse of density fluctuations [1, 2, 3, 4]. Due to their formation
mechanisms, in the inflationary scenario, PBHs can have a wider range of masses from
around M ~ 5 x 1072 My, if formed at Planck time r = 10™*3s and M ~ 10° M, if formed
att ~ ls, resulting in several different effects. The study of primordial black holes has
yielded insights into various phenomena. They could have contributed to the cosmological
density parameter [5, 6]. Their influence in the Cosmic Microwave Background Radiation
(CMB) was studied in Ref. [7] and some recent works explored the connection between
evaporating PBHs and gravitational waves [8]. There also have been discussions about
whether some measurements of gravitational waves could be attributed to primordial
black holes [9]. Undoubtedly, the possibility that primordial black holes constitute a
significant fraction of cold dark matter remains a focal point in current research [10].
Recent observations of merging binary black holes with unexpected mass ranges by the
LIGO/Virgo collaborations indicate that they could have originated from PBHs as their
mass do not correspond to black holes formed by the death of stars [11, 12].

In the inflationary scenario [13, 14, 15, 16], several studies have analyzed the
formation of PBH at the end of inflation [17, 18, 19, 20, 21] and in the reheating
phase [22, 23] either as a probe for the inflationary model or to analyze the abundance
of PBH in dark matter. When confronting the results with combined probes from
observational data, it was found that the only acceptable PBH mass range that allows these
objects to entirely constitute dark matter is 10_16M@ - IO_IZM@ [24, 25]. Nonetheless,
other mass ranges that lead to a smaller fraction of dark matter have intriguing impacts
to be considered. For instance, in the mass range 10°M,, to 10'°M where PBHs only
represent 0.1% of DM, they could play a role in generating supermassive black holes.
In [26] it was also concluded that the possibility of dark matter being constituted by
supermassive primordial black holes is viable. However, these results led researchers to
study PBH formation in other cosmological models to check the dependency of the mass

constraints on the chosen models.

As is well known, the inflationary paradigm alleviates the initial condition
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problems of the A-CDM model but does not completely solve them [14, 27, 28]. For
instance, one still needs to assume that a small patch of spacetime was of FLRW type and
evolved to become the universe that we now observe, which is modeled via perturbation
theory [29]. Alternative models to inflation have been considered, mainly bouncing
models (see [30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40] for extensive reviews on bouncing
cosmology), which focus on solving the singularity problem by introducing a contracting
phase connected to the present expanding phase trough a minimal scale factor: a bounce.
Classical bouncing models, where exotic matter or modifications of GR are considered,
have been analyzed extensively in the literature, mainly in Refs. [40, 28]. In these works,
one sees that classical bounces are non-trivial to implement and lead to undesired features
such as instabilities and new singularities, which are associated with the violation of the

null energy condition.

One may also consider quantum bounces, where the quantization of gravity
itself eliminates the primordial singularity. In particular, since quantum bounces do not
make use of exotic matter such as the inflaton, there is no need for a reheating phase.
This has been achieved in previous works in the framework of Canonical Quantum
Gravity [41]. Other relevant proposals are Loop Quantum Cosmology [42, 43] and String
Gas Cosmology [28, 40].

Some recent studies have analyzed the formation of PBH in bouncing models [44,
45,46,47,48,49, 50]. In this context, it is believed that the long duration of the contracting
phase plus the diminishing scale factor may lead to an enhancement of PBH formation,
resulting in a more significant contribution to the DM density. In [48] it is concluded
that a dust-dominated bouncing universe (w > 1/3) is robust against the formation of
such primordial black holes. In contrast, for a matter-dominated universe (w < 1), their
formation becomes relevant. A similar conclusion is achieved in [47], where they got
an enhanced production of PBHs near the bouncing point and utilized the abundance of
PBHs in DM to constrain the bouncing model. However, in the same work, it is stated
that these constraints are still not well understood due to a lack of precision in numerical

computations.

Furthermore, it is still not quite clear how to properly define the critical threshold
for PBHs in bouncing cosmology. Different from the inflationary scenario, the contracting

phase dynamics lead to growing perturbations that will collapse before becoming super-
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Hubble. To circumvent this problem, in [48] it is used the argument that the black holes
must be larger or equal to the Schwarzschild radius for the given formation mass seeded
by the perturbations. However, there is still the need for a more precise definition of
the critical contrast in the bouncing scenario. Furthermore, the gauge definition used in
previous works may not be the best choice as it leads to large increasing spectra and thus

a miscalculation of the energy-density perturbations [51].

Still regarding collapsed objects from matter perturbations, we can use galaxy
clusters to probe cosmology. Galaxy clusters are the biggest gravitationally bounded
objects and are formed through the collapse of matter over-densities. Due to their size
and matter content, they are used to study the large-scale structure formation in the
universe [52, 53]. Specifically, the abundance of galaxy clusters is strongly related to the
universe’s matter density €2,,, and the rms mass fluctuation o [54, 55]. Consequently, their
abundance can be predicted theoretically and then compared with data to fit cosmological

parameters and thus probe cosmological models.

In this context, the Legacy Survey of Space and Time (LSST) [56], conducted
by the Rubin observatory during a ten-year interval, will provide a gigantic dataset on
a variety of topics, ranging from solar systems to cosmological scales. The survey will
provide a great amount of cluster data to be used in computational analyses, such that the
codes have been developed by the members of the Dark Energy Science Collaboration
(DESC), an international collaboration preparing the upcoming cosmological analysis
with Rubin data. One of the goals is to analyze the variety of data using Markov Chain
Monte Carlo (MCMC) methods with posterior distributions and find constraints on the
ACDM cosmological parameters.

Markov Chain Monte Carlo (MCMC) methods have become a prominent tool in
Bayesian inference since their inception by Metropolis in 1953 [57]. MCMC has proven
to be a versatile and effective method for generating samples from complicated and
high-dimensional probability distributions, making it popular among scientists across
various disciplines. In particular, MCMC methods have found widespread application in
cosmology and astrophysics for estimating model parameters from observational data, as

evidenced by several studies.

Obtaining samples from the posterior distribution, which is computed using
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Bayes’ theorem with prior distributions and the likelihood function of the data, can be
computationally demanding, especially for high-dimensional problems [58]. However,
MCMC methods offer a viable solution to this issue by enabling the generation of
samples from the posterior distribution, which can then be used to infer properties of
the underlying physical process. The effectiveness of MCMC in this context has been

instrumental in advancing our understanding of complex physical systems.

In this thesis, we study both theoretical and observational effects in cosmology.
Chapters 2 and 3 are devoted to review the standard cosmological model and the dust
bouncing model for contracting universes. Then, we delve in three different projects: the
formation of PBH in a quantum dust non-singular bounce and the hypothesis that these
structures constitute a fraction of DM today (Chapter 4) [59]; the cluster number counts
analysis in LSST-DESC in Chapter 5, where we discuss the development of the cluster
pipeline inside the collaboration and our contribution to it; and in Chapter 6 we have
APES: Approximate Posterior Ensemble Sampler [60], an MCMC sampler algorithm
that uses kernel density estimation and radial basis interpolation to construct posterior

distributions, developed by me and my advisor. We conclude our thesis in Chapter 7.
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2 STANDARD COSMOLOGICAL MODEL

The standard cosmological model describes the universe as spatially homogeneous
and isotropic. This hypothesis is well-known and accepted among the cosmology
community and it is referred to as the cosmological principle. This portrait of space-time
was first introduced by Friedman [61] and later by Lemaitre [62] when studying some
applications of General Relativity (GR). It was then proved by Robertson [63] and
Walker [64] that the metric used by Friedman and Lemaitre was the only possibility for
a homogeneous and isotropic universe. We want to study this model and understand
why it is a good description of the universe. We start this chapter with Sec. 2.1 by
introducing basic concepts about cosmology and the notation used throughout this
work. In Sec. 2.2, we discuss the cosmological principle and make a brief review of the
isotropic and homogeneous universe model. Lastly, in Sec. 2.3, we discuss the conformal
description of cosmological quantities. For extensive reviews on cosmology models and

the cosmological principle, we point the reader to Refs. [65, 66, 67, 68].

2.1 Basic Concepts and Notation

Let us define some notations. In this work, we use SI units and make no
simplifications. As we will later see, the universe is considered to have a spatially
homogeneous and isotropic background with small perturbations around it. Quantities
with an over-bar sign (for example g,,) will refer to background quantities defined in
the perturbed manifold. The absence of the overbar sign refers to the physical/perturbed
quantities around the background ones (check App.A for a review on the perturbation
theory). We are also using the metric signature (—, +, +, +) and the Einstein summation

convention. Let us now define some needed concepts from differential geometry.

2.1.1 Differential Geometry

When describing a universe in the presence of gravitational interaction, one
common approach is to introduce General Relativity (GR). GR depends on differential

geometry as a tool to define the structure of the universe. In such theory, the space-time
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is viewed as a differential manifold M, a topological m-dimensional space whose set of
points are space-time points. There are some key concepts needed in this context and we
shall devote this section to reviewing them, mostly focusing on the explicit notation of
some quantities rather than their demonstrations. For a more complete revision on GR
and differential geometry, check Refs. [69, 70, 71].

We will review some concepts to properly describe the space-time manifold M,
such as the time direction, spatial vectors, derivatives, distances, and others. We first define
the time direction. Suppose that at a time 7y, we choose a spatial surface represented by
%, € M such that all tangent vectors related to curves in this hypersurface are space-like.
In this context, we define a vector field n* that is orthogonal to the hypersurface %,
with negative norm n#n, = —1. The split of the manifold in a time direction and spatial
surfaces allows us to create a sectioning in our manifold and to define time and space-like

vectors.

The next natural concept that we need is a notion of distance in the space-time
manifold M. For that, we use the metric tensor g, such that the line element between
two vectors is given by ds? = guvdx*dx" . For example, the three-dimensional Euclidean

metric tensor in Cartesian coordinates is given by

S = O

1 0
guw=1|0 0. 2.1
0 1

which is basically how we measure the distance between physical quantities in classical

physics. On another hand, we have the Minkowski space-time metric

100 0
0 100

=10 010 2-2)
0 00 1

The metric tensor is a very useful and necessary quantity in our manifold. Since in general
relativity there is no preferable coordinate system, the metric gives us an absolute and
observer-independent quantity, which will be used to construct physical quantities. The

metric tensor also gives us a connection between different tangent spaces as it is defined
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in the entire tangent bundle, the set of all tangent spaces related to the manifold. With the

notion of time and distance, let us now move to derivatives.

We will now introduce the Lie derivative, which is going to be needed in our
calculations. Given a vector field on a manifold M, the Lie derivative of a tensor field!
gives the speed with which the tensor field changes in the direction of the flow generated
by the vector field. For a vector v#2, its Lie derivative regarding another vector [# is
represented by £;v#. We will mostly use this concept when analyzing the change of some
quantities in the time direction. We will refer to the time derivative of a vector %, which

will be represented by
= O = £, (23)

where £, is the Lie derivative in the time direction and c is the speed of light. Note that in
the coordinate system where n* coincides with the temporal direction, the Lie derivative

in this direction is equivalent to the partial time derivative, as stated above.

The next concept will be the covariant derivative, which introduces the notion
of parallel transport and curvature in a manifold3. A vector v# is said to be parallel

transported along a curve defined by w* if
whV v =0, (2.4)

meaning that v remains unchanged. In the above, we are defining the covariant derivative
as the operator V = V, dx"4. In this context, we are now able to define a geodesic as
curves whose tangent vector is parallel propagated along itself, which is the case of n* by

construction. Mathematically, if

V,n" =n'V,n" =0, (2.5)

We will soon not write explicitly the field description for general tensors and vectors fields, which shall
be sub-intended.

Throughout this work, we use abstract index notation, such that we represent a general (m, n) tensor
T =Y vottiopin T gt Oy 2Oy, dxH1 . dxHn by its components T71Ym - ) -

For more information about covariant derivatives, check Ref. [69]

For a given metric, there is only one covariant derivative compatible so that Vg, = 0, which is the
one that we use everywhere in this work.
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then the vector n* defines a geodesic. Also, in the above, we used V,, = n#V 3. The

intrinsic curvature of the manifold is expressed by the Riemann curvature tensor R as
[Va. Vg v = Vo Vv — VaVavy = Rapuvy. (2.6)

Having the time-space splitting, a distance notion and the derivative definitions in our

manifold, we now discuss some properties of the metric tensor.

A useful tool of the metric is that it can be used to interchange vectors for

co-vectors and vice-versa. Explicitly,
gwv' =v, and g"w,=w". 2.7)

We can also use the metric to split our manifold into a set of spatial hypersurfaces. For a

metric g,, in a manifold M, we can define

Yuv = 8uv tyny (2.8)

where n* is the vector field normal to the spatial hypersurfaces. The tensor y,, is a
positive-definite metric in the spatial hypersurfaces and can be used as a projector. Given a
generic (m, n) tensor T, its contraction with this metric will lead to its spatial counterpart,

given by
YT o] =V ¥ 0, ¥ ey 5, T g (2.9)
The covariant derivative applied in the spatial sections is written as
DT "y oy = VIV i) (2.10)
Lastly, the contraction of a vector in the normal direction is given by
T, =T,.n". (2.11)

We now move to some concepts in general relativity.

> Bear in mind that when applied to a scalar quantity f, V,,f = et f
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2.1.2 Einstein’s Field Equations

A key element in GR is Einstein’s field equations as they connect the geometry of
space-time to its matter content. These equations are given by

8nG

G, +gnwA=——T,. 2.12
uy t8u a4 K ( )

Let us analyze term by term. First, G, is the Einstein tensor which describes the curvature
of space-time. It is given in terms of the Ricci tensor R, = R,,,,* and the scalar curvature
R, that is,

1
Guy =Ry, — ERg“V’ with R = g""R,,,. (2.13)

The second term is the cosmological constant A. It can be understood as the dark
energy contribution or the vacuum energy of the universe leading to an accelerated
expansion [72]. Lastly, on the right, the stress-energy tensor 7},,, describes the continuous
matter distribution and G is Newton’s gravitational constant. Eq. (2.12) is the base of
general relativity as it connects the geometry of space-time on the left to the distribution

of matter on the right.

If we consider some regions with different symmetries, the solutions to Einstein’s
equation lead to important results in GR. In the next section, we will study in detail the
case of a homogeneous and isotropic universe, which is viewed as a suitable description

of the real universe.

2.2 Isotropic and Homogeneous Universe

All modern cosmology starts with two main assumptions: the universe is spati-
ally homogeneous (invariant under spatial translations) and isotropic (invariant under
rotations). The combination of both plus a trivial topology is called the cosmological
principle and it is considered to be an acceptable approximation for the universe on large
scales. This model is the simplest one to study and there are some arguments on why it
should be the real case. Isotropy implies that the universe is the same in all directions and
there is strong evidence that supports this affirmation on large scales around the Earth,
including the distribution of galaxies, radio sources, etc. Satellites as WMAP [73] and
PLANCK [74] observed the isotropy on the Cosmic Microwave Background (CMB)
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and large sky surveys as the Sloan digital sky survey [75] and the 2-degree field galaxy
redshift survey [76] also support the same hypothesis.

Assuming that the universe is isotropic around Earth, the Copernican principle
can be used to easily generalize this concept. It states that neither the Earth nor the solar
system occupies any privileged position in the universe, which seems intuitively true
among physicists since there is no reason to choose any preferable . If this principle is
valid, all observers at different places in the universe should also experience the isotropy

property. From there, isotropy in all points also implies homogeneity in the universe.

Of course, locally the universe is not isotropic and homogeneous and we can
consider perturbations around such a model, as done in App. A. However, the cosmological
principle is a good global approximation. In this type of model, the only possible metric that
takes into account all these symmetries is the Friedmann—Lemaitre—Robertson—Walker
(FLRW) metric, given by

ds® = —2di® + @ (1) (d—rz 472 (d92 + sin’ 0d¢2)) , (2.14)
1-Kr?
where 7 is the cosmic time a(t) is the dimensionless scale factor that dictates the expansion
rate of the universe, and K is a constant with dimension of one over length squared that
defines the universe’s spatial curvature. The cosmic time is the proper time of observers
that are free falling in directions tangent to the geodesics defined by n* and we shall
refer to observers in this frame as comoving observers. In other words, it is the time
measured by observers that are in a coordinate system that expands with the same velocity
as the universe and it is constant in each hypersurface. Regarding the curvature, it can
assume different values with the cases K = 1,0, —1 specifying the spatial curvature of

the universe as spherical, flat, and hyperbolic respectively.

In Eq. (2.14), the coordinates r, 8, and ¢ are spherical comoving coordinates,
implying that comoving observers are free-falling and remain at rest in this frame. To
measure physical distances, one must take into account the scale factor when comparing

the difference between vectors in this coordinate system.

Additionally, another quantity that can be used to measure the universe’s expansion

is the redshift, a measurement of the stretch of the light’s wavelength from distant sources.
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This quantity is represented by the letter z and is given by

/10bs — d(tobs)
/lem d(tem) ’

where A,,5 and A, are the wavelengths received by the observed and emitted by the

l+z= (2.15)

source respectively. The redshift can be seen both as a measure of time and distance in a
cosmological model, as it will be higher for sources far in the past or for great distances
separating the source from the observer®-7. Having the metric to describe the space-time,
we also want to analyze the dynamics of the universe. In Eq. (2.14), we are only left with
the scale factor as the dynamic degree of freedom and we will now evaluate its change in

time.

2.2.1 Friedman Equations

The Friedmann equations are a set of equations derived from Einstein’s field
equations in the context of an isotropic and homogeneous universe. They describe the
evolution of the scale factor, which determines the expansion rate of the universe. Luckily,
imposing the cosmological principle, the universe’s symmetries lead to a surprisingly
simple form to deduce these equations. In this scenario, the stress-energy tensor in
Eq. (2.12) can only have the form [77]

Too = p(1)c?, Too =0, Tij = p(1) (2.16)
Therefore the tensor must take the form of a perfect fluid, i.e.,
T,y = p(t)nuny, + p(t)yuys (2.17)

such that p is the energy density and p is the fluid’s isotropic pressure defined by the

comoving observers.

Plugging Eq. (2.17) plus the FLRW metric into Eq. (2.12) results in the Friedmann

equations

=5 (2.18)

7 ca\* & _ R
3 a’

Since in an expanding universe the scale factor always increases when approaching the present time,
z > 0 when comparing the present with sources in the past.

In this work, we will denote the scale factor and other quantities evaluated in the present time #y with a
zero subscript, that is, @y = a(tp).
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and

. — 4 2
cHrA? =22 - X (543p). (2.19)
a 2
ca(t)
a(t)
Eqg. (2.18) is not a dynamical equation. It works as a constraint for the initial conditions

In the above, « = 8?—46 and we introduced the Hubble function H(t) = . Note that

of the system given by the dynamical equation in (2.19). It is also convenient to write

them as
0 =3kp - 3K (2.20)
and

- 3 _
6= —7"(,3+p)+31<, 2.21)
where © = 3TH and K = (_52)
a
With these relations, one can analyze how the scale factor evolves in an isotropic
and homogeneous universe in the presence of a perfect fluid. We shall now discuss the

type of fluids in our cosmological model.

2.2.2 Universe Energy Density

In the FLRW model, the fluids present in the universe are taken to follow an

equation of the state of the form

w="L, (2.22)

el a1

where w is a constant. We call dust-like fluids the ones with w = 0, valid for fluids with

mc? > kgT, where m is the fluid’s mass, kp the Boltzmann constant, and T the fluid’s

L=

temperature. We call radiation fluids with mc? < kgT and they have w =

For fluids described by Eq. (2.22) in our model, we can assume a thermodynamic
equilibrium in the universe, which is seen in the CMB and we assume it to be true in the
early universe as well. We can use the energy conservation equation V,T*" = 0 to obtain

an explicit form of the fluids’ density,

p = pox W), (2.23)
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with x = % Let us now discuss the different matter components.

It is useful that we introduce dimensionless densities to describe the types of
matter in the universe. From Eq. (2.18), we define a critical density at a time ¢ as the
universe density for a flat universe (K = 0). Explicitly,

3H?

pe(t) = ——, (2.24)
C°K

such that we can now define dimensionless densities Q; = %, where i refers to different
fluids. In our model, we consider a matter contribution €, constituted by cold dark matter
and baryons, a radiation contribution €2, from photons and neutrinos, a cosmological
constant contribution £, to explain the accelerated expansion of the universe as given by

a fluid with negative pressure (w = —1). Thus,

Q; = BL00), foriw = (m.0), (7. 3). (A1) (2.25)

c

and the total density of the universe is
Q=0Q,+Q,+Q\. (2.26)

In this context, we can rewrite Eq. (2.18) by defining a normalized variable E(t) as

_ H(1)?
E(r) = f(ﬂ) = Q+Qp = Q,0x* + Quox® + Quox” + Qao, (2.27)
0

where E(t9) = 1, Qo = % and Q; = -K R%I is the curvature density with Ry = HLO In
the case of the cosmological constant, we define its value today as Qg = %. This
description of the matter content is known as the A Cold Dark Matter (ACDM) model
since it includes the cold dark matter contribution in €2, and the dark energy in through
the cosmological constant. For different times, we may consider that the universe is
dominated by one of the fluids components and to analyze its behavior, although all
contributions may be taking into account in Eq. (2.27). For an expanding universe, x
decreases as we approach ¢y, meaning that the universe was first dominated by radiation,
followed by matter and we are now at a cosmological constant epoch. As we will discuss
in the next chapter, the universe is believed to always have been flat, and thus there was

no curvature epoch. The last topic in this chapter is devoted to the conformal description.
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2.3 Conformal Description

In some cases, it may be interesting to rescale the time coordinate in Eq. (2.14)

to simplify some calculations. Therefore we define the conformal time 7 as

"odt
-m=c [ 25 (2.28)
1o Cl(t)
such that the metric is given by
d 2
ds® = @(n) (d;f + 1—}2 +r2 (d92 + sin? 9d¢2)) . (2.29)
- Kr

In this coordinate system, we can define a constant spatial metric ¥, = % that is the
same in all the spatial hypersurfaces. Also, for a flat universe, the resultant metric is

conformal to the Minkowsky metric in these coordinates, that is,
ds® = @(n) (dn2 +dP +dy? + dzz) . (2.30)

Thus, any geometric properties of objects defined in the Minkowsky space are preserved
in the flat FLRW model.

The conformal time derivative of a general quantity f can be related to the

cosmological time derivative through

. Of
= —. 2.31
aon ( )
Very often we will utilize the Hubble function in conformal time /H and its respective

Friedman equations, given by

da
H = % _ % (2.32)
H? = ?p —a’Kc? (2.33)
and
™ T (pa3p). 234)

With the basic concepts developed in this chapter, we now begin to study Bouncing
cosmology. We are interested in analyzing the Primordial Black Hole formation in a
bouncing cosmology. For that, we first need to study the bounce model for the universe.
In the next chapter, we start with well known cosmological problems and see how the

inflation model may solve them and then move to the bounce model.
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3 BOUNCING COSMOLOGY

Due to physical constraints such as the cosmological horizon debilitating the
observable universe or technology restrictions, we are not able to access data from the
beginning of the Universe to define its formation. Therefore we must propose models that
can describe the early Universe while being able to predict its state in the present time.
In this context, the Standard Big Bang (SBB) model with an inflation phase is the most
used among the cosmology community [78]. However, despite its prediction capability,
the SBB plus inflation model does not completely describe the Universe formation. For
example, it leads to a singularity when we extrapolate the model in the past beyond the
validity of classical GR [79]. Hence it is worth studying other models for the Universe
formation, either for their own capability of describing the Universe or to compare with

the inflation predictions.

We want to explore the Bounce model, which proposes the existence of a
contraction phase with a decreasing scale factor before the current expansion phase [80, 81].
Although there are Bounce Inflation models based on a contraction phase followed by an
inflating phase(see [82, 83]), in this work we focus on a Bounce with only a contracting
phase, as discussed in Refs. [40, 28]. The latter provides a well-suited explanation for
the universe formation, while the addition of inflation to the model would add more
uncertainty since it needs the inflaton to be achievable. In the following sections, we first
analyze some cosmological problems used as guidelines for the formation models and
analyze how Inflation deals with them. Next, we discuss the Bounce model and how it

approaches the same problems.

3.1 Cosmological Problems

Before the proposal of inflationary models, the cosmology community was
searching for ways of justifying some properties of the universe that were not well
described by the Standard Big Bang model, which we may conceive as "problems"that
should be explained by any theory of the beginning of the Universe. In this work, we

focus on the Flatness, Horizon, and Large Scale Structures problems [84, 85, 79], that we
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shall now discuss.

3.1.1 Flatness

Let us analyze the curvature of the universe. To conclude if the Universe is
spatially flat or not, we can use Friedman‘s equation to define the curvature density, given
by
_ -K

a’ld*

where € is the critical curvature density of the universe and K is the conformal curvature

Qi (3.1)

parameter. Assuming that the universe is governed by one fluid with an equation of state

defined by w, if we take the first derivative of Eq. (3.1), we have
Qi = HQ (1 +3w). (3.2)

Thus, for fluids with w > —%, if Qi < 0 the curvature will always decrease with time and
if Q; > 0, the curvature will always increase with time. The case where Q; = 0 is an
unstable solution, that is, any perturbation will break the equilibrium and the system will

culminate in one of the other two cases.

The results from the Planck satellite show that the universe is nearly flat today,
that is, Qo =~ 0 [74]. Thus, since the universe is basically flat in the present time, it had to
be fine-tuned to a very small value in the initial of the universe, otherwise it would have
grown to higher scales and dominated over other parameters. For example, the universe
is estimated to have started 13.787 Gyrs ago and so at the Planck scale (1 ~ 107*s) for a
matter-dominated universe, we need [Qx| $ 1073 to assure that the curvature would not

have evolved to higher values today [84].

This fine-tuning is not per se a problem, however, it is odd that we must set a
parameter small as 1073 to explain the evolution of the Universe. Also, it is possible
that initially €; = 0, although there is no evidence of it. Let us now move to the Horizon

problem.

3.1.2 Horizon

There are regions of the universe that had never been in causal contact, yet they

have similar properties. The Big Bang model describes the universe as isotropic and
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homogeneous, but how is this possible in this scenario? This is called the horizon problem.
Let us look at the Cosmic Microwave Background (CMB) radiation to better understand

the scenario.

According to standard cosmology, photons had decoupled from the matter
content present in the Universe at recombination time when the universe was close to
tagec = 380,000 years old [86]. After their decoupling, these photons have been traveling
through the universe and are responsible for the CMB radiation that we see today. Thus
the CMB is a snapshot of the universe at that time. Connecting to the horizon problem,
we have seen that the CMB coming from multiple directions separated by large angular
apertures on the sky has a homogeneous temperature up to fluctuations around 10K [87].

We will now study if these regions had been in causal contact.

The particle horizon, the maximum distance that a photon could have traveled

since the origin of the universe, is given by

- tdec dtl
d ec = C/ -
. a(t)
Addec d_
—c / _da_ (3.3)
aH (a)

Assuming that the universe was dominated by radiation until the recombination, we can

compute this integral to be

H!
dgec = 2¢ a,. ~2cHy' x 1072, (3.4)
V@ €

where we used dg.. = 1073 and VQ,0 ~ 9.6 x 1073. Thus, at recombination time, any

regions separated by a radius of more than d .. could not have had a causal contact. We
can also measure the comoving distance between us and the recombination time, which

is given by

71
Hy

ddec—tO =2c

(\/a_— W) ~ 2¢H7, (3.5)

m0
where we set ap = 1 and consider the universe to be dominated by dust in this interval.
Thus, we are seeing a homogeneous volume element with a comoving radius of dec—10-
However, there are about 10° disconnected regions in this volume, that is, regions that had

never interacted between themselves. Why do these regions have the same temperature



32

and properties? This is a major issue not explained by the classical cosmological approach.

Lastly, we are going to discuss the large-scale structures problem.

3.1.3 Large Scale Structures

For several years, many scientists studied the origin of large-scale structures in
the universe, such as a galaxy, galaxy clusters, and other cosmological objects, which led
to the conclusion that the universe itself is not actually homogeneous and isotropic [88].
This homogeneous hypothesis shall be interpreted as a first approximation, such that the
real universe is explained by a perturbation theory around it (which can be seen in details

in App. A). In this context, we want to analyze how these fluctuations evolve.

The dynamics of the primordial perturbations in the matter content of the universe
can be expressed in the Fourier space as
¥ 2
6q§k+¥6¢fk+%6¢k =0, (3.6)
where 0¢x is a scalar field perturbation in the Fourier space and k are the modes. For
perturbations with a wavelength smaller than the Hubble radius (% > @), different
modes evolve differently, following a harmonic oscillator solution. For perturbations
with (% < g) and in a de Sitter universe, we have a constant mode solution and a
decreasing contribution. A decreasing contribution would imply that the perturbations
were large enough at the beginning of the universe such that they were reduced to small
values today. This would not agree with any linear perturbation theory where we require
the perturbations to be small [89]. On the other hand, the lack of concrete evidence of
such large perturbations leads to the discard of such modes.

5. _
If we analyze both limits, we can see that for large wavelengths (ka_—f" < @),

the modes are constant and are considered to be frozen, while for wavelengths smaller
than the Hubble radius (% > “5"6—??), each mode evolves differently in time. For the
frozen modes, considering a fluid with w > —%, we can trace back their evolution to the
origin of the universe and conclude that these modes have always been frozen [90]. This
behavior is not predicted by the standard big bang model and we would have to place
these correlations at the initial condition of the universe. Also, there is no explanation
for why the modes behave differently for different scales. In the next section, we briefly

going to see how inflation approaches the problems above.
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3.2 Inflation Approach and its Solution to Cosmological Problems

The theory of inflation was first proposed in the 80’s to improve the Big Bang
model as an attempt to solve the cosmological problems [91, 92, 93]. The usual inflation
model consists in a accelerated expansion phase in the early universe seeded by an scalar
field such that the Hubble function is almost constant and the universe is governed by
a scale factor that growths exponentially. To achieve this regime, some models use the
slow-roll approach based in an attractive potential that forces the scalar field to decay
slowly assuring that the Hubble function is almost constant. Note that there are several
inflation models with different assumptions. We will not get into much details in this
section since our goal is only to analyze how inflation solves the problems above. For a

more complete review, see Refs. [94, 84].

Let us go back to the flatness problem and analyze Eq.(3.1). In inflation, the
Hubble is function is considered to be constant and the scale factor follows an exponential

relation, that is,
1 =a,exp(Hr), (3.7)

where d, is a constant. In this model, the scale factor is rapidly increasing and from
Eq.(3.1) we can see that the curvature density will decrease in this regime. At the end
of inflation, the curvature begin to grow in the standard Big Bang model. As long as
inflation endures a sufficient amount of time, the curvature density will be close to zero
at the end of this regime and despite its growth in the following epochs, it will remain

negligible if set to smaller enough values initially.

Regarding the horizon problem, inflation solves the issue in a similar manner. We
need that the particle horizon at the end of inflation to be bigger than the event horizon

from recombination until today. Explicitly, we need

ddec > Jdec—tO or
ldec  dt 0 dt
c/ _IZC/_I. (3.8)
alt) tgee @ (11)

The second integral remains the same since inflation takes place in earlier times. For the

integral on the left, we can divide into three intervals, the beginning of the universe until
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the start of inflation, the inflationary period, and the time between the end of inflation

and recombination. Thus the integral is given by

- o dry / rdn / fdec  dpy
djec = C +c +c _ 39
w=e [ 36 . aa T am 39

where 7, is the beginning of inflation and 7, is the end. Consider that all intervals are

radiation dominated, the first and third integrals are negligible and we can compute the

particle horizon to be

~ i dtl
d ec = C/ -
‘ o an)

/tf dry c ( 1 1 )
=c _— === -
‘ C_l/lthl ([1) H C_ll‘,- &,f

c 1
= 3.10
i (3.10)

such that we used Eq.(3.7) in the second passage and considered that inflation lasted a

good amount of time, that is, #; < ty. We also used the fact that H is constant during

=2
inflation. We can replace the Hubble constant’s value given by H = I:Io\/ﬁr();% in

°f
Eq.(3.10) such that
~ C xl
djec = =——. (3.11)
Hy xtzf
Going back to Eq. (3.8), we need
= 2
dee _ 102, T s o
ddec—tO Xt
N> 1n(10-2><x,f) (3.12)

such that we define the number of e-folds N with x;, = e x;,. This variable dictates the
necessary rate of expansion of the universe during inflation such that the cosmological
problems are solved. Supposing that inflation ends close to the Big Bang Nucleossintesis
(xp =~ 10'"), N > 21. The more in the past we put the end of inflation, the bigger N has
to be.

For the large scale structures problem, regarding the inflation scenario where

the Hubble radius is constant, during the exponential expansion of the universe the
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perturbation’s wavelengths increase until they reach the size of the Hubble radius while
its amplitudes decrease. Then, their amplitude is frozen while the wavelengths continue to
growth with the expansion rate of the universe. At the end of inflation, these perturbations
reenter the horizon with the same amplitude that they had when leaving the Hubble radius.
Therefore this mechanism predicts the behaviors expected by the solutions discussed in

Sec. 3.1.3(see Ref.[95] for a more detailed review).

Although inflation solves the above problems, the model predicts some behaviors
that are not well explained by the standard Big Bang model. The most outstanding problem
is that if we extrapolate the inflation model to the very beginning of the universe, the scale
factor becomes infinitesimally small and the universe is seeded by a primordial singularity.
In the next section, we will see how a bouncing cosmology can be an alternative to

inflation.

3.3 Bounce Model

In this section, we briefly discuss our adopted quantum bouncing background
model, for which we follow mostly Refs. [41, 27]. The primary motivation behind
considering quantum bounces lies in the necessity to evade the primordial singularity
at the end of the contracting phase. Classical General Relativity, as described by the
Penrose-Hawking singularity theorems, requires the violation of the null energy condition
o+ p > 0 to avoid the singularity, a condition that often leads to instabilities in classical

bouncing models.

Our quantum bouncing model is established through the canonical quantization
of General Relativity. The flat-dust bounce is thus a contracting universe model with a
negative effective energy density that dominates near the bounce, while classical behavior
prevails on larger scales. Nonetheless, the quantum contribution is sufficient to avoid
the singularity. This approach represents a conservative method in addressing quantum
gravity, as it applies the usual Dirac quantization techniques of constrained systems to
General Relativity [96].

To apply canonical quantization to GR, we adopt the standard Hamiltonian
formalism. The complete Wheeler-De Witt (WdW) equation that will arise from the Dirac
quantization poses several challenges that can be solved by assuming some additional
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hypothesis [97, 98, 27, 99], which we now discuss. However, we should emphasize that
the actual bouncing mechanism is irrelevant to our results since the PBHs with relevant

scales are formed way before the quantum phase.

3.3.1 Additional Hypothesis for Quantization

The first problem arises because the WdW equation is formulated on superspace,
which represents the space of all possible metrics modulo diffeomorphisms and remains
poorly understood [98, 100]. Therefore, we shall only perform quantization on a well-
behaved sub-space that possesses the required symmetries, a procedure that is known as
a mini-superspace quantization. Thus, we quantize only the sub-space of all possible flat

FLRW geometries whose line element is given by the form
ds* = —N?dt* + a*6;jdx’ dx’ (3.13)

where a is the scale factor, N is the lapse function and ¢;; is the Kronecker delta. In this

case, all information about the metric is stored in only one degree of freedom, the scale
factor a(r) [27].

Another problem is the lack of an explicit time evolution in the Hamiltonian of
the theory. This can be seen by attempting to write the conventional Schrodinger equation
for the total Hamiltonian and stating the lack of a clear time evolution parameter. This
fact is commonly referred to as the Problem of Time in Quantum Gravity [101, 41, 102].
To define a non-trivial propagator, we shall use an intrinsic variable of the system whose
classical evolution is monotonic. Subsequently, we require that the classical concept of
time emerges from this variable in the classical limit. Let us now apply such considerations

and discuss the solutions for this quantization procedure.

3.3.2 Wheeler-DeWitt Equation Solutions

We start by applying the aforementioned considerations to a flat, homogeneous,
and isotropic universe containing a single perfect fluid characterized by the equation
of state p = wp, with a constant w. Subsequently, we specialize in the dust case where

w = 0. In this framework, the total Hamiltonian takes the form
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2z
H=N|--—2+=-1], 3.14
4a g G-19
where

oL
Ha- = —, 3.15
oa ( )

L
m, = 9L (3.16)

oT

are the canonical momenta associated with the scale factor @ and 7', the latter being a
variable that describes the fluid’s evolution. Also, we denote the cosmic time derivative
as % = ¢, which has a dimension of one over length. Remarkably, I17 appears linearly
in the Hamiltonian, and its classical equation of motion is given by T = N/a@",
implying 7 > 0 and making 7 a monotonic function of classical time. Hence, T can be
used as a time variable, allowing us to write a Schrodinger-like equation by choosing
N =a@" = T = 1. For the details, see Ref. [27].

Canonical quantization is then performed by promoting classical variables to
operators satisfying the canonical commutation relations. This process yields the following

Wheeler-DeWitt equation for the wavefunction of the universe ¥(a, T') [41]

9 Y(q,T) L& Y(q,T) (3.17)
l— s =~ s s .
ar T T e M
such that a specific operator factor ordering was chosen to preserve the symmetries of the

classical system [98]. Also, we introduced the change of variable

220~

3(1——w)' (3.18)

q =

Eq. (3.17) resembles a time-reversed free particle Schrodinger equation and, with
appropriate boundary conditions, its solutions are wavefunctions of the scale factor a(T).
We turn to the De Broglie-Bohm interpretation [103, 97], such that assuming a Gaussian

wavefunction W (a, T), the Bohmian trajectory solution reads

T 2
( )
’zB

11
3 (T-w)

a(T) = ag , (3.19)
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where dp is an integration constant that represents the minimum scale factor value and
Tp is a small arbitrary constant related to the time scale of the bounce. Remarkably,
a(t) # 0 for all ¢, which means that this model is non-singular and represents an eternal

universe [41]. For a detailed derivation, see [27].

Given that we focus solely on a contracting universe model filled with dust, we
set w = 0, simplifying the time variable T to the conventional cosmic time 7. With the

scale factor obtained in Eq. (3.19), we derive its associated Hubble function

lda 2 t

Hi) = ——=2—, (3.20)
adt 3 (12 + tl%)
and invert (3.19) to obtain
a\3
t(a) =+t (_—) - 1. (3.21)
ap
Eliminating the time ¢ using (3.21) in (3.20), we find
) 4 (@ a°
A= —|L2-2L, 3.22
17 (d3 d6) (522
which is equivalent to the Friedmann equation
2
a2 = %p — A2Qga", (3.23)

where k = Sf—f and G is the gravitational constant. In the above, there is an additional term

—I-_I(%qud_6 when compared to the usual Friedmann equation for a classical universe.
In our model, the scale factor dynamics mirrors a typical Friedmann equation with a
total energy density pr = pg + pg, Where py represents the dust energy density and
Pg = —Qp.a~® denotes an effective negative energy density accounting for quantum
effects that circumvent the primordial singularity [51]. For large-scale factors a > ay,
Eq. (3.23) and Eq. (3.19) reduce to the classical dust dominated flat FLRW universe.
Thus, far from the bounce, we still have a classical behavior, and the quantum corrections
only become relevant when ¢ = 1;,. With this, we conclude the analysis of our background
quantum bouncing model and move to its associated perturbations. In the next sections,
we will consider the above quantum bouncing model with w ~ 1071 and x;, = 10*> and
we solve the equations numerically without any approximation. We will also analyze our

results for different equations of state.
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3.3.3 Solution to Cosmological Problems

We now analyze how the same cosmological problems can be solved via bounce.
To facilitate comparison, we focus on a bounce phase dominated by radiation, enabling a

direct analogy to previous computations. This implies that

() -Q,x* fort; <t <t G.24)
1) = , .
Q,x*  fort >t

where #; is the time at the beginning of the universe before the contracting phase and #;, is

the bounce time.

Let us first examine how this model resolves the flatness problem. According to

the standard cosmological model, we know that
Q= Qp x° (3.25)
and
E? = Qx* + Q7 + Qi X2 + Q). (3.26)

At t;, even if there is a significant contribution from €2, it quickly becomes negligible
compared to radiation and matter as x increases during the contracting phase. Thus we

expect a small curvature density at the beginning of the expansion phase.

For the horizon problem, we use a similar approach. Going back to Eq. (3.8), we

must re-evaluate the left side for the contracting phase, that is

- o dt
dbounce :/ ! (327)
ti

a(n)

Considering that #; > ¢, we have

(3.28)

dbounce =

Ru (1 I)N Ry 1
Vs, Qroxi.

In the above expression, we consider that the bounce occurs at smaller scales, such that

Xi Xp

Xp > x;. Assuming that the interval between the beginning of the universe and the bounce
is large enough, t; = —c0 — a; = oo, such that dpounce — 0. Therefore the distance that a

particle could have travel since the beginning of the universe is large enough such that the



40

inequality in Eq. (3.8) is satisfied and there is causality effect between the disconnected

regions that we see today in the CMB.

Lastly, regarding the large scale structures problem, we need to analyze the
evolution of the wavelength of the perturbations in the bounce model. From Eq. (3.6),
the wavelength evolve with the inverse of the scale factor. Thus, for ¢ = ¢;, all the large
scales will remain smaller than the Hubble radius since a@; = oo and % > g and
thus there is no prediction of frozen modes. In the next chapter, we begin the study of
primordial black holes. We later intend to analyze the formation of these objects in the

bounce scenario.
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4 PRIMORDIAL BLACK HOLE FORMATION IN A DUST BOUN-
CING MODEL

In this chapter, we consider the single barotropic fluid quantum bouncing model
developed in [41, 97, 27] using Canonical Quantum Gravity. This is a conservative
approach to the quantization of General Relativity and should hold as an effective theory
up to a certain energy scale [27]. We shall focus on the critical collapse of matter
perturbations characterized by the density contrast ¢, such that perturbations collapse to
form black holes when they achieve a given threshold (6 > ¢.). To perform this analysis,
we need to compute the spectra of the perturbations and the critical threshold needed for
the distribution of PBHs. We compute the critical threshold in a more detailed approach,
using the Tolman-Bondi-Lemaitre metric [104, 105] in a similar way as done in [23]. The
perturbations’ power spectra will be obtained through an algorithm that computes the
valid interval for the adiabatic approximation and solves the dynamics of the perturbations.
With these results, we will compute the abundance of PBHs and its fraction that can

constitute dark matter.

4.1 Primordial Black Holes

Primordial Black Holes (PBH) are black holes formed in the early Universe
through the collapse of density fluctuations. The investigation of these objects began in
1966 with Zeldovich and Novikov [1]. In their work, it was discussed that for a PBH to
be formed at a time ¢ after the Big Bang where the Universe density was p ~ 1/G#?, it
would be necessary a density of p ~ ¢%/(G>M?) for an object with horizon mass M to
fall into the Schwarzschild radius. Thus, the black holes formed in such times would have
masses of the order

3t

t
M~—~5x10—19(
G

10-235

)M@. 4.1)

In contrast to stellar black holes, which can only present masses above 3M due to
the Tolman—Oppenheimer—Volkoff limit [106, 107], the formation mechanism of PBHs

allows for a wider range of masses.
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Initially, Zeldovich and Novikov concluded that the existence of PBHs was
improbable. Considering Brandi’s accretion, PBH of the size of the horizon would have
grown at the same rate as the horizon and would reach a mass of 10'” M, by the end
of the radiation-dominated era. However, the absence of evidence or detection of such
massive black holes led to the rejection of the existence of PBHs. The PBH formation
was later revisited by Hawking in 1971 [2]. He explored the possibility of primordial
black holes of the size of elementary particles, which motivated Hawking’s investigation
on quantum corrections in black hole formation and eventually led to the discovery of
Hawking radiation in 1974 [3]. In the same year, Carr and Hawking demonstrated that
there is no self-similar solution in which black holes would grow as fast as the horizon in

an expanding Universe [4]. This rekindled interest in the study of primordial black holes.

The existence of Hawking radiation has set a lower bound for the detection of
primordial black holes in the present era. Black holes with masses M < 10! M would
have completely evaporated due to Hawking radiation, making their direct detection
impossible!. Consequently, attention has shifted towards PBHs with M > 1077 M,

which could exhibit observable gravitational effects.

The study of primordial black holes has yielded insights into various phenomena.
They could have contributed to the cosmological density parameter [5, 6]. Furthermore,
their influence in the cosmic microwave background was studied in Ref. [7] and some
recent works explored the connection between evaporating PBHs and gravitational
waves [8]. There also have been discussions about whether some measurements of
gravitational waves could be attributed to primordial black holes [9]. Undoubtedly, the
possibility that primordial black holes constitute a significant fraction of the cold dark
matter remains a focal point in current research, which we will elaborate on in the next

section.

4.2 PBH as a probe for dark matter

The nature of Dark Matter (DM) remains a fundamental mystery in modern
cosmology. Extensive measurements conducted by Planck and WMAP have revealed

that DM accounts for up to 85% of the total matter density of the present Universe [110],

I References such as [108] and [109] have extensively studied the effect of this evaporation.
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demonstrating its importance. Over the years, various candidates, including axions, inert
Higgs Doublet, and others, have been proposed for DM [111]. Among these, primordial
black holes emerged as an intriguing suggestion for DM, first proposed by Chapline in
1975 [10]. Since then, numerous researchers, such as Carr and Kiihnel [24] and Villanueva

et al. [25], have extensively explored this idea.

As primordial black holes are formed before the Big Bang Nucleosynthesis
(BBN), when particles condensed into protons and neutrons, they are not constrained by
the fact that baryonic matter can only account for up to 5% of the total critical density of
the Universe [112]. Unfortunately, there is no concrete evidence that PBHs constitute
DM. The search for massive halo objects (MACHOSs) through microlensing suggested
that objects with mass M ~ 0.5M¢, could constitute cold dark matter [113], which points
to the possibility of PHBs. Additionally, recent observations of merging binary black
holes by the LIGO/Virgo collaborations indicate that they could have originated from
PBHs [11, 12]. They detected black holes in the unexpected mass range (10My — S0M),
which can be explained by PBH.

Several studies have investigated the fraction of dark matter that could have
been constituted by PBHs (f(M)) depending on their formation mass. Not all ranges
are relevant to this hypothesis and according to Carr et al. [114], the interest relies on
the asteroid to sublunar mass range (2 x 107!7 — 2 x 107! M), the intermediate range
(10 = 10°M,,) and the large range (M > 10''M,).

PBH has the potential to impact various areas of cosmology, resulting in diverse
observational effects, which can be utilized to constrain their possible contribution
to dark matter. In a recent study by Villanueva [25], a comprehensive analysis was
conducted considering a variety of effects such as the evaporation of PBH, microlensing,
gravitational waves, dynamical constraints, and others, aiming to obtain bounds for the
fraction of PBH in dark matter f = Qppgy /.. When combining the probes, it was found
that the only acceptable range that allows PBHs to entirely constitute dark matter is
within the mass range 10~'°Mg — 10712M,, as we can see in Fig. 1. Nonetheless, even for
mass ranges in which PBHs represent smaller fractions of DM, there remain intriguing
impacts to consider. For instance, in the mass range 10°Mg, to 10'°M where PBHs only
represent 0.1% of DM, they could play a role in generating supermassive black holes.

Finally, it is worth noticing that their mass depends on the formation mechanism. In this



44

work, we assume the formation through spherical collapse, which will be further explored

in the subsequent section.
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Figura 1 - Constraints on the PBH fraction constituting dark matter. Each color correspond to a
different probe considered to constrain PBH abundance. The uncolored area of the

graph correspond to the possible fraction values that are in agreement with all probes.

Figure from Ref. [25].

4.3 Gauge Invariant Perturbations
We follow mainly the perturbation theory developed in Refs. [29, 38] and studied
in App. A and B. In this section, we summarize some relations between our perturbation
variables that will be needed and discuss our Gauge choice. Assuming only scalar

perturbations, the total metric of the physical space-time is given by
ds* = —(1-2¢)c*dt* + aD;Bedtdx' + @*(1 — 24)6;;dx'dx’ — D;D ;Edx'dx’. (4.2)
Here, ¢, ¥, B and & denote the scalar metric perturbations that we will assume to be much

smaller than one [51]. Also, D; is the spatial covariant derivative in the i-th direction.

Note that our barotropic fluid has no anisotropic pressure.
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The metric perturbations are gauge-dependent variables. In cosmology, a gauge
can be seen as the freedom in how we connect, or map, the background and physical
manifold, and how we choose our coordinate system [51]. Since GR is a covariant theory,
this freedom may then be interpreted as a gauge, which may lead to an ambiguous
description of perturbations. Depending on the foliation that characterizes the manifold
hyper-surfaces and how we define the perturbations around our background, the physical
quantities may have different values [29]. Thus, it is recommended that we work with
gauge independent variables to carry out our computations and go back to the physical

variables at the end when necessary [103].

We define gauge invariant quantities by analyzing their transformations under
gauge transformations, such that we can combine different gauge-dependent quantities to
form new invariant ones [29]. However, this leads to a freedom on the variable definitions
since many combinations of variables may lead to gauge invariant quantities. With this in

mind, we define the Bardeen gauge invariant variables [115]

®=¢+60, (4.3)
Y=y - @%, (4.4)

with
So = _(8—8)+2®T‘8. (4.5)

It is important to notice that the new variables in Eqgs. (4.3)-(4.4), and other gauge
invariant variables do not have a physical meaning unless a gauge is chosen. For instance,
in the case of the Newtonian gauge, 60 = 0 and ® represents the Newtonian potential.
Hence we must define our gauge invariant quantities such that they represent our desired

physical variables when we assume a particular gauge choice.

We are mostly interested in the energy density perturbations that collapse to form

PBHs. These perturbations can be examined using the density contrast, defined as

1)
0= — p_.
p+p

(4.6)

This variable provides a normalized measurement of the energy density perturbation 6 p

around the background matter density field. However, once again we are interested in its
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gauge invariant form
~ F -
5o = 5p - Vp, (4.7)
where YV is the velocity perturbation of the fluid, which has its gauge invariant form

V=V+60. (4.8)

Using the background Einstein equations, we can relate the density contrast to the
Bardeen variables and the gauge invariant curvature perturbation { through the following
relations [116, 39]

¥ = o, 4.9)
=1 ~ F
_ e op 4.10)
3k(p+p)  3(p +~p_)

§ET+? 4.11)

3a’ o (®\ @
= A ) P 4.12
N2z%c5 [Caf (®)+ 3] 12

_ 20 . Q)

D*o=-""¢-_ 211, 4.13
333 6a3 ¢ “4.13)

For completeness, we also write its relation to the usual Mukhanov-Sasaki variable v,

that is,
/2
vV =—={7+]—, 4.14)
KC

with k = SZ—4G. We will establish a connection between PBH formation and the density
contrast in the next section. For now, it suffices to understand that the excess energy
density associated with the perturbations leads to black hole formation, and we can
measure such excess through the density contrast. Thus our definition in Eq. (4.7) is

extremely important and we will now analyze it.

Note from Eq. (4.7) that if we choose a gauge where V = 0, 6p becomes the
physical density perturbation, which leads to an easier interpretation of this quantity.

Also, the choice of V = 0 will be well suited to connect our perturbation theory with the
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Lemaitre-Toman-Bondi metric discussed in App. A.5.4. Other works have defined the

gauge invariant density perturbation as
~ N -
0p =0p—00p, (4.15)

so that this quantity becomes the physical variable in the Newtonian Gauge, where
60 =0 and ® = ¢. However, in Ref. [51], it was shown that for bounce models with long
contracting phases, regardless of the bounce type, the Bardeen perturbation ® grows
larger than one and invalidates the perturbative series, as ¢ also grows larger than one in

the Newtonian Gauge. Additionally, the definition in Eq. (4.15) leads to
, 2D sp"
3k(p+p) 3(p+p)

(=D (4.16)
which implies that 670N grows with @ and thus has larger spectra as well in this gauge.
Hence, the Newtonian gauge is not a valid choice for bounce models as it would lead
to miss-calculation of the physical quantities whose values would be inflated. We shall
avoid this choice in this work and stick with the definition in Eq. (4.7). We now compute
the density contrast modes, which require the perturbative equations of motion of the

model, displayed in Sec. B.1.1.

4.3.1 Numerical Solution

The equations of motion for the curvature perturbation modes are solved nume-
rically using the Numerical Cosmology library (NumCosmo) [117]. Specifically, the
NemCSQI1D and the NcHIPertAdiab algorithms are employed for this purpose. The
equations are split into two parts: one representing a harmonic oscillator with a mass
my and the other representing the time evolution of the conjugate momenta Iy, 4 of the

modes. Explicitly,

y,n = mali,n (4.17)

and

4 = —maw?ilis s (4.18)
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The adiabatic vacuum prescription is considered, and the initial conditions for the modes
are set according to Eqs. (B.34) up to the fourth order2. These initial conditions are used
as inputs for the numerical algorithm to compute the Fourier modes of the curvature
perturbation modes i, 4 and their conjugate momenta Il , 4. Also, the numerical code
computes the validity of the adiabatic approximation for different intervals of time. To
assure the veracity of the code, the algorithms have been validated with unit testing and

we compared them with analytical solutions (see GitHub)3

4.3.2 Spectra

To compute the spectra, we use Eq. (B.37), i.e.,

k3|§k(li)|2'

P{(k) = 27{2

(4.19)

With the above expression and the numerical code described in the last section, we can
plot the spectra of the theory in Fig. 2. Once again we have different initial times for the
adiabatic limit for distinct modes. We also notice an increasing spectra for all the modes,
such that they peak at the bounce time.

As known from the literature, the dust bouncing model has an approximate

scale-invariant spectrum, that is
Py(k) ~ Ak"™™!, (4.20)

where n; is the spectral index. This is a general feature of single barotropic fluid quantum
bouncing models, and the spectral index is related to the equation of state parameter w
by#

12w
143w’

which is nearly scale invariant for |[w| < 1. However, the usual positive values of w lead

ng(w) =1+ 4.21)

to a blue tilted spectrum ng > 1, which differ from CMB observations [119], consistent

with the inflationary scenario prediction of a red tilted spectrum with ng =~ 0.96. Although

2 This is because the adiabatic approximation leads to an asymptotic series, whose precision drops as

one goes up to a certain definite order [118]. In particular, the code determines the order of optimal
precision.

Also, see the Jupyter Notebook for an example on the usage of the code.

For an explicit semi-analytic derivation, see [41].


https://github.com/NumCosmo/NumCosmo/blob/master/tests/test_py_hipert_adiab.py
https://github.com/NumCosmo/NumCosmo/blob/master/notebooks/primordial_perturbations/single_fluid_qb.ipynb
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the initial power spectrum is not consistent with observations, one must recall that our
model is considering a pure dark matter-dominated universe, neglecting the effects of
radiation. In particular, it has been suggested [27] that the inclusion of radiation may
lead to a red almost scale-invariant spectrum. Therefore, this model must be understood
as a first approximation to a more complete model, which is still under development.
Furthermore, since most of the modes that influence our universe have crossed the Hubble
horizon during dust domination, this means that this model, even with its simplicity, may

still cover relevant information for the future complete model.

This result should not advocate for the prediction failure of the contracting scenario
since some works also suggest a blue-tilted spectrum for inflationary models [120, 121].
For instance, in Ref. [122] they discuss the possibility of explaining the recent NANOGrav
results with a blue-tilted specrta [123]. Also, the spectra are only dictated by a power law
for narrow intervals of momenta, which implies that corrections to Eq. (4.20) must be
applied. Nonetheless, we see that the contracting phase produces a nearly scale-invariant
spectrum. In the next section, we begin to analyze the primordial black hole formation

seeded by the scalar perturbations in our cosmological background.

The resulting plots in Fig. 2 depict the power spectra for a single momentum
mode (k, = 0.1) of the curvature perturbation, the Bardeen field variable, the density
contrast, and the evolution of the scale factor over time. For visualization purposes, we

use the same time parameter as the one in the numerical code, namely,

SR PN (1)2 4.22)
cosh(t,)? - w) | '

such that 7, is dimensionless by definition. The plots show an increasing power spectrum
for all fields, peaking at the bounce. Note that ® has highly divergent spectra, as discussed
previously, which shows the inapplicability of the Newtonian Gauge in this model.
Additionally, the scale factor decreases with time until reaching its minimum value at the

bounce.
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Figura 2 — Plot of the power spectrum of the curvature perturbation modes (i, the Bardeen field
variable @ and the density contrast 6 computed with the NumCosmo library for
w = 1071 and x;, = 10*>. The red plot represents the scale factor evolution in time.
The time parameter in the x-axis is given by Eq. (4.22).

4.4 Formation Criteria

In our context, critical collapse is the collapse of matter perturbations when
they achieve a given threshold. The energy-density perturbation is characterized by the
density contrast ¢ defined in Eq. (4.6). We assume that if 6 > 6., where ¢, is the critical
threshold, the perturbations will collapse into a black hole. This critical threshold relies
both on the cosmological model and the shape of perturbations (see Ref. [124, 125] for a
comprehensive analysis of this effect) and therefore must be carefully studied as it will

heavily impact the formation of black holes.

The critical collapse model assumes the existence of a region of radius » with an
overdensity ¢. To compute the probability of the existence of this overdense region, we
will need to compute the variance of our random variable 6. Instead of working with the

original density contrast, we work with its filtered version 9,, defined by

5,(1) = / X651, X)W, (x—x'), (4.23)

3 -
where r is a smoothing scale in comoving units related to the mean density by M = 4’"%
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and W is the top-hat filter

ifx<r

W, (x) = W, (x| = x) = { ¥ (4.24)

otherwise

The filter function is used to select a desired scale such that we would only analyze
collapsed objects that lie in this interval3. In this work, we are using a simple top-hat
windowed function for the filter. We usually work on the Fourier space with comoving

wave-number k, such that the filter is given by

3 [sin(kr)
~ (kr)? kr

—cos(kr)| = %jl(kr). (4.25)

We will see that the filter is necessary to analyze scales where the PBH formation is most

likely to happen.

Coming back to d,, we know from our quantum fields that the density contrast is
a random field following a Gaussian distribution with a zero mean. This is also supported
by significant research on the statistics of peaks in random Gaussian fields, which can
give rise to collapsed objects, as explored in Ref. [126]. Mathematically, the probability

of a region with radius r having an overdensity ¢; is given by

1 52
P(6;) = > exp —27’_2 . (4.26)
V2ro, -

This Gaussian is completely defined by its variance

o= () =55 [ [P oP]. 427)

T2y Tk

where Pj(k) is given by Eq. (4.19) with the density contrast modes computed with
Egs. (4.6) and (4.7). Unfortunately, for our bounce model, this integral does not converge.
Before we perform this calculation, we will analyze the critical threshold for PBH

formation, which will lead to scale constraints that will help us solve this problem.

> Frequently we will refer to such scale in terms of the mass M instead of the comoving radius r that

encloses this mass.
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4.5 Critical Threshold

In inflationary models, the frozen super-Hubble density perturbations re-enter
the Hubble horizon at the end of the potential decay and collapse into a black hole
if they have values above the critical threshold [127]. Hence the Hubble horizon is
viewed as a characteristic scale for their formation and the threshold (6.) is obtained
via the Minster-Sharp equations (see Ref. [125]). However, in the bounce scenario, the
perturbations constantly evolve in time and there is not only one characteristic scale for
the formation, since any perturbation above a critical threshold may collapse as they are
not frozen. Thus, we must carefully analyze how to obtain this critical value starting with

a local metric for the collapse.

In App. C, we find the solutions for Einstein’s equations of a critical collapse

represented with a local metric, which led to the LTB set of solutions

L+6ini) . (6
RO.r) = U H0mi) o (_) , (4.28)
Oini 2
1 6im' .
f(g,r)=f1(r)+%(9—7r—sm9). (4.29)
2H;ni62 (tini)

In this section, we wish to impose some constraints on those solutions to find the exact
point at which the perturbations will form a black hole. Consequently, this will lead to a
critical value for the density contrast. First of all, let us analyze the parameter 6. From
Eq. (C.39),

Opni = £2 arcsm( ; +"gmi). (4.30)

To choose between the positive or negative value, we use our initial condition in Eq. (C.35)
and Eq. (C.34) as a test, such that replacing Eq. (4.30)

3 OR
R g _
= R‘E = +H,i. (4.31)
mi 39 l}’ll

From the above, we note that the positive sign in Eq. (4.30) leads to the right definition
of our initial conditions. If one chooses the negative sign, and as H,,; is negative in the
contracting phase, we would end up with an initially expending patch. This feature can

be seen in Fig. 3, where Eqgs. (4.28) and (4.29) were solved analytically with Wolfram
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Figura 3 — Plot of R vs . We have chosen a dimensionless Hubble function, H;,; = —1, for

simplification purposes, which implies that 7 is in units of 1/H;,;. On the left side,
we see the case for a large initial density contrast while the right side indicates a
small initial density contrast. The blue and the orange lines indicate the positive and
negative initial conditions for 6;,; respectively. The blue line represents the right
choice and a contracting model while the orange line indicates an expansion model.
We chose different values of ¢;,; for both graphs as the difference between both
choices becomes more evident for a smaller initial density contrast. The data was
computed with Wolfram Mathematica [128] and the graphs were generated in Python.

Mathematica [128]. The blue lines represent the positive choice that leads to the LTB
collapse model in a contracting universe, while the orange lines describe an LTB collapse
model with an initially expanding patch. On the left side of the figure, for a larger value
of d;,:, we see that both solutions are similar as the orange plot has an insignificant initial
expansion. For a smaller value of ¢;,; on the right, the model in orange first goes on an
expansion phase followed by the collapse, while the blue plot is already in a contracting

phase and collapses much earlier.

Let us now analyze the PBH formation. The collapsed object will form a singularity
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when %—If = R’ = 0[129]. From Eq. (4.28) we see that
1+ 0 0
g = L+0m) :; in) G2 (5) =0 (4.32)
mi

if 8 = 0. Consequently, we want to analyze the necessary time for a black hole to form,
which takes place at 6 = 0. From Eq. (4.29) we have that the final time 7, i.e., the time at

formation is

1+ 0ini
tr=1(0,r) =1, (r) ”(—3’”’) (4.33)
2H ;302 (tin;)
We want to compute the formation time At = ¢ —t;, such that #; = #(6;,;, r) with
_ . Oini
0, = 2 arcsin . (4.34)
+ Oini
Hence, from Eq. (4.29), we have that
At =tp—1t;
1 +0ipi .
= (_—m;) (=0Oini +sin ;)
2Hi”i6£1i
1+ 6ini : Oini . . Oini
= Q (—2 arcsm( T )+sm(2 arcsm( Y ))) . (4.35)
2H,,; 5; i + Ojni + Ojni
Assuming that 6;,; < 1, we can expand the above relation such that
2 20ini
At = ———+ = L 0*(6im). 4.36

We now know how to compute the time interval with the right side of the above equation.
We shall now study the left side of Eq. (4.36) as we want to find a constraint on the final
formation time # . Supposing that the PBH is formed way before the bounce$, we can
approximate Eq. (3.20) to

o2
H=_—. 4.37
3 (4.37)

6 We do not make this approximation in the numerical code. This approximation is only used to

demonstrate our calculations.
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Plugging this result for #; on the left side of Eq. (4.36) leads to
26ip;

tr=———mu. 4.38
L 15 (+:38)
Let us rewrite the above expression in terms of the redshift function x defined as
aop
t) = —, 4.39
x(1) = — 0 (4.39)
such that the Hubble function can be written as
H = —Hp\/Q, x*/? (4.40)
and thus Eq. (4.38) becomes
26ini
tp = (4.41)
15SHoVQ,x;,

We need to impose a limit on the formation time to find the critical values of delta.
For collapsed objects larger than the Hubble radius, their dynamics will be dominated by
the FLRW metric and not the LTB approximation. The supper-Hubble perturbations will
be frozen and thus there is no collapse for these scales. This sets the Hubble length as
an upper cut-off, i.e., their formation time must be at most the time for the perturbation
to achieve the Hubble radius, labeled as 7y. The radius is related to the perturbation’s

wavelength A4 and comoving wavenumber k by [48]

A
= — 4.42
r=2 (4.42)
2
1= 4.43
. (4.43)

We want to analyze when a perturbation with wavenumber k has the same size as the
Hubble radius, that is,

1,
ky =—|H|. (4.44)
xc
From Eq. (4.44) and Eq. (4.40), we have that the redshift function associated with this

scale is given by

kZ
XH = Q—L:V, (445)
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where k, is the comoving dimensionless wave number and the subscript H indicates the
Hubble scale. In terms of time, we can rewrite Eq. (4.45) with Eq. (4.37) and Eq. (4.40)

such that
2Q,,

tH=——7. 4.46
H=73 Hok2 (4.46)
Finally, we must ensure that
ty <tgor
303
5Qyx,
ini 2 —k3 ) 4.47)

where we used Eq. (4.41) and Eq. (B.7). From the above, we can see that the critical
threshold depends both on the scale and time and it can be set from the saturation of the

inequality as

303
SQyX
===, (4.48)

Let us now evaluate two cases: one considering the dark matter as a pressureless fluid

c =

and another considering really small but finite pressure.

46 p=0

A pressureless fluid representing dark matter is a good starting point due to
its simplicity. In this case, Eq. (4.47) tells us that, for every scale k, we can always
find a sufficient time in the past such that x;,; < 1, leading to the collapse of all
density perturbations. In other words, if the universe is old enough, all perturbations will
eventually collapse into a black hole until the universe reaches the bounce. If there was
no bounce, the universe would completely collapse into black holes and our model would

be highly unstable.

It is indeed expected that a fluid with no pressure leads to a total collapse since no
forces are opposing the collapse and dust only interacts via gravity. Thus all dark matter
that we see today would indeed be contained in primordial black holes. However, this
hypothesis was already refuted by some works by constraining the PBH abundance in
dark matter based on observational effects (see Refs. [25, 114]). Hence we must consider

a dust fluid with a small but nonvanishing equation of state.
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In the presence of pressure, it is well known that the Jeans’ length determines
the smaller scale sufficient for a black hole to be formed. The pressure forces oppose the
collapse and only for scales above this limit a black hole can be formed. Thus, we are
interested in the physical radius in Super-Jeans/Sub-Hubble scales, that is, r; < r < rg.

The Jeans comoving scale k; is given by [48]

_ 31 4|
ky= \/;;C_s (4.49)

Thus, no structure smaller than the Jeans length can collapse and we have a lower momenta
cutoff k < k;. Plugging this requirement plus our upper limit in Eq. (4.49) leads to

kH<kSijI'

2
( ! )2>x_§2( 26 )2 (4.50)
va,) 3V,
where we have used Eq. (4.37) and Eq. (4.40). The above relation indicates that for
scales/times that do not satisfy the inequality, the perturbation modes do not contribute to
PBH formation. Hence we must evaluate the collapse starting between the Jeans-Hubble
time and always ending when the perturbations reach the Hubble length. We can see in
Fig. 4 the respective Jeans and Hubble time for each different scale. Note that the interval
between both times is always constant for all modes, as it depends only on the dark matter
equation of state w. Thus, for smaller w, the gap between the times increases and the

PBH formation is enhanced as there is more time for them to be formed.
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Figura 4 — Plot of the Jeans and Hubble time computed with the NumCosmo library for w = 10~1°
and x, = 10%. These times correspond to when the matter density perturbations
reach either the Jeans or the Hubble length respectively for each mode k. The time
parameter in the y-axis is given by Eq. (4.22).

Finally, we have the critical threshold in Eq. (4.48) with Eq. (4.50) corresponding
to the allowed scales. Hence, not all perturbations will collapse into primordial black
holes. Note that for smaller values of c?, there is more time between the Jeans and the
Hubble scale, which allows for more perturbations to collapse. Thus the abundance of
PBH in this model is directly related to the equation of state of dark matter, as we will

see in the next section.

In this context, let us now analyze Eq. (4.48) for the super-Jeans/Sub-Hubble
scales, depicted in Fig. 5. Each plot begins for 6. being computed for #; = ¢; and goes
until #; = ty. The first case corresponds to the collapse starting when the modes just
achieved the Jeans length and thus have the maximum amount of time to collapse until
reaching the Hubble length. The end of the time interval corresponds to a collapse taking
place right before the perturbation reaches the Hubble length, which leads to a maximum
value of the critical threshold since there is a minimum amount of time for the collapse
of the perturbations. We can see that all plots go from 6. ~ 107!* at Jean crossing time
to 6. ~ 5.0 at the Hubble scale. However, the closer we get to the Hubble time as the

initial time, the worse the approximation d, < 1 gets and thus this should be disregarded.
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Figura 5 — Plot of the critical threshold vs time computed with the NumCosmo library for
w = 10710 and x;, = 10%. Each plot refers to a different scale k, while points on the
same plot represents a different initial time for the collapse. The time interval for each
mode starts at the Jeans scale, leading to the smallest threshold values, and ends for
initial times when the perturbations reach the Hubble scale, which leads to higher
threshold values. The time parameter in the x-axis is given by Eq. (4.22).

If t; = ty, we have that 6, ~ oo, since there is no time for the collapse to happen. In Fig. 3
we have solved Eq. (4.48) analytically for larger values of 6. Nevertheless, such values of

density contrast will never be achieved during the contracting phase.
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4.8 Filtered Variance

Let us now compute the variance which will determine the distribution for PBH.
Since sub-Jeans and super-Hubble scales do not contribute to the PBH formation that we
are interested in, we want to compute the integral in Eq. (4.27) between ky and & ;. To do
so, we first need to evaluate Ps(k) using Eqgs. (4.10)-(B.13) and the field expansions in
Egs. (B.25) and (B.26). Explicitly,

- &’k A : . i
Y(n,x) = / Wm [Hgke’kxak +1I; e ’kva], (4.51)
n
23 d3k H ikx % —ikx T
D*W(n,x) = - o2 [Hgke ar +1T e ak] 4.52)
n
and
. ~ &k (( H :
6p(x) :/ (20} {(cme;)n{kelkxaﬁ
—00 JT)2
H x —ikx T
(c1<a3) I e ! Xak}. (4.53)
Thus, the two-point function and the variance are given by
2 2 1 © dk sin kR
(b6 ) = 55 /0 - [P5<k) - ] (4.54)
and
2
2 c
Ps(k) = |11 = , 4.55
(k) =g (9a6H2(1+w)2) (45)

where we used the flat Friedmann equation

I_-IZ CZK/5

K

(4.56)

We are now able to compute the variance modes numerically using the above relation

together with Eq. (A.66) in the fluid gauge and our numerical code.
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Figura 6 — Plot of the filtered variance computed with the NumCosmo library for w = 107'° and
xp = 10%. Each point corresponds to the variance computed when the perturbations
become either the Jeans (blue plot) or the Hubble (orange plot) size for each scale.

The values for the filtered variance computed with Eq. (4.27) from kg to k; are
displayed in Fig. 6. We have plotted the values of o for two different times versus radius.
The sub-indexes H and j indicate that we are computing the variance at a time when the
perturbations are the size of the Jeans length or the Hubble horizon respectively. We
can see a linear relation between the filtered variance and the scale radius, such that
the former decays with the latter. Larger values of variance indicate a broader Gaussian
distribution, which enhances the PBH formation. Thus, from this figure, we see that the
formation of PBHs on smaller scales is prioritized rather than on larger scales. We now

shall compute the PBH abundance in this model.

4.9 Mass Function

To analyze the abundance of collapsed objects, we use the Press-Schechter
(PS) formalism, first proposed in [130]. This ansatz presumes that the objects are
formed through a nonlinear collapse and have the property of being universal regarding
different cosmological models. Other works have proposed specific mass functions for

the primordial black hole production for specific mass ranges, for example [131, 132].
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However, in this work, we restrain ourselves to the universal PS formalism to analyze all
possible scales. Following this approach, the density of collapsed objects per mass scale

is given by the mass function

dn(z, M) _ _ pm(2) df(z, M)
aM M aM "’

(4.57)

where % is the mass function, z is the object’s redshift, M is the object’s mass, and

[ is the fraction of collapsed objects in the mass range of M + dM.

Assuming that the objects will collapse when § > d., we can measure the mass

fraction inside spheres of radius r for a time ¢ that is constituted of collapsed objects as

PPBH
B(t,r) = = do P(o,
(t.r) P /5 ()

c

= erfc ( c ) . (4.58)
V20, (1)

However, this function is a probability density of how likely are perturbations to collapse

after a time ¢. For instance, if we compute it at the time when the perturbations reach the

Hubble size, §, = oo, this integral will vanish, denoting that there are no more PBHs to

be formed after this time. In our context, we are interested in analyzing how many PBHs

were formed in the whole contracting phase so we can compute its abundance today. This

function shall be given by
F(t, r)PBH = rnax(,B(tl-,r)), fore; <t. (4.59)

The maximum of the beta function indicates for which time there is a higher probability
of PBHs to be formed, which will be given by the Jeans time ¢;. Thus F(¢,r) with t; = ¢;
denotes the actual mass fraction of PBHs formed during the entire bouncing phase. Hence,
as an approximation, we will compute the mass fraction for the maximum probability of

forming PBHs, i.e., always beginning at 7;, to find the abundance of PBHs today.

Another crucial quantity is the abundance of collapsed objects in the universe
Qppy, defined in Ref. [133] as the ratio between the density of PBHs and the background
universe’s density today. This parameter will serve as a guide to compare our theoretical

predictions with observational data [25]. Since both the background and the PBHs are
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formed by dust, both grow with the same power of the scale factor and thus the PBH

abundance today will be given by

Qppy = F(t, I’)QDM = erfc ( Qpuy. (4.60)

¢
‘/50' - (1 j)
In Fig. 7 we can see the values of the density function in Eq. (4.59) for different mass

scales. Keep in mind that everything is being computed for the collapse starting at the

Jeans time for every scale.
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Figura 7 - Plot of the mass fraction of PBHs forming during bounce versus their formation mass
in solar masses for w = 10719 and x;, = 10*°. The computations were done using the
NumCosmo library.

The complementary error function in Eq. (4.58) has higher values when the
argument is closer to one, i.e., when the filtered variance and the critical density contrast
are in the same scale. We can see in Fig. 7 that this is only true for small mass scales,
where the density function is equal to one. However, at these mass scales, every formed
PBH black hole would eventually evaporate. From Ref. [25], the evaporation constraint
determines that only black holes with masses M > 10718 Mg would have not completely
evaporated today. Thus, for larger scales, the density fraction equals zero, and there is no
relevant PBH formation in this model. Nonetheless, since we are dealing only with dust,
which has a small and not completely determined equation of state, let us analyze the

same function for different values of w, depicted in Fig. 8.
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Figura 8 — Plot of the mass fraction of PBHs forming during bounce versus their formation mass
in solar masses for different value of w and x;, = 10%. The computations were done
using the NumCosmo library.

For smaller values for the equation of state of cold dark matter, we can see an
enhancement in the density function. This case reflects our previous discussion of a
pressureless fluid. As we go further into the smaller values, almost every scale will

collapse into a black hole and thus the density function equals one.
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4.10 Discussion and Conclusions

In this study, we investigated the formation of PBHs in a flat quantum bouncing
model containing only dark matter with a small equation of state parameter w. Despite
the spectra from this model exhibiting a slight blue tilt, which deviates from observations
of the Cosmic Microwave Background (CMB), this discrepancy should not preclude the
model, as the inclusion of radiation is expected to induce a different spectrum that may
be compatible with observations [38]. The dark matter-only model serves as an initial

attempt to quantify PBH formation during the contracting phase.

Constraints for PBH formation were established, requiring their lengths to fall
between the Jeans and Hubble scales. These upper and lower bounds enabled the
computation of the critical density contrast, detailed in Sec. 4.5 and App. C. We obtained
a time/scale-dependent critical threshold different from the usual constant due to the
contracting dynamics. This behavior was expected as there is not only one characteristic
scale for the collapse in the bounce model since the perturbations may collapse for any
scale between the Jeans and the Hubble scale, which affects the threshold calculation.
For the case of a pressureless field, perturbations for all scales may collapse and the

bounce/contracting phase duration would be the only constraint for PBH formation.

For a small but non-zero pressure, we computed the mass fraction of primordial
black holes in the universe today, given by Eq. (4.59). In Fig. 7, for a fixed value of w, we
can see an enhancement of the density function for smaller mass scales of PBHs. However,
for w = 10719, the formed primordial black holes would have such small masses at
smaller scales that they would have evaporated completely today. Figure 1 was generated
in Ref. [25] by imposing observational constraints on the mass fraction of PBHs. They
considered a range of effects such as black hole evaporation, microlensing, gravitational
wave measurements, and others. The white regions of the graph correspond to accepted
values of the mass fraction and the colored represent physical observational effects that
exclude the possibility of PBHs constituting DM in that mass range. We can see that
PBHs under the mass range M < 1078 M, are disregarded due to evaporation, which

implies that the formed PBHs depicted in Fig. 7 would have completely evaporated today.

Still on Fig. 7, for larger scales, there is no significant formation as the time

interval for the collapse is not sufficient nor is the variance large enough. Also, the variance
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decreases with scale, as seen in Fig. 6, while the critical threshold remains constant as it
is always computed for the Jeans time at the given scale. Hence the complementary error

function decreases since the argument grows and the PBH fraction becomes insignificant.

We have seen in Eq. (4.50) that the time interval for which the perturbations
become super-Jeans/sub-Hubble is proportional to ¢ = w?. Thus smaller values for
the equation of state allow for more time for the perturbations to collapse and therefore
enhance the primordial black hole formation. In Fig. 8, we see that only models featuring
sufficiently small values for the equation of state of dark matter (w < 10~!7) may lead to a
non-vanishing mass fraction of primordial black hole at relevant scales (M > 10713 M,,).
If we go even further on small values of w, more scales start to collapse as we have F' ~ 1

for all scales as we approach the pressureless fluid scenario.

Another approach for dark matter would be to consider a non-zero temperature. In
Ref [134] dark matter is treated as a non-relativistic gas and, even for cases where w < 1,
the non-vanishing temperature would erase structure formation for scales smaller than
the corresponding free-streaming length, which once again would contribute to decrease
PBH formation in this model. If we treat DM as a relativistic gas, its temperature grows
with @2 [116]. Thus, its temperature and pressure would diverge close to the bounce and
prevent the collapse and PBH formation. We conclude that the formation of PBHs in the
flat-dust bounce in observable scales is improbable as the analysis is robust against the

formation on larger scales, leading to an insignificant fraction of PBHs as DM today.

The next phase of this research would be to apply the same methodology to a
universe populated with radiation and dark matter, which more closely resembles the
physical universe and the interaction between both fluids may affect PBH production. If
such a model proves reasonable, it would also be interesting to improve the computation
of the LTB model in App. C for larger values of the equation of state. Despite the Jeans
scale being a good approximation, the introduction of a non-pressureless fluid would
also require the study of the pressure impact in our characteristic scales. Furthermore, in
a radiation-dominated quantum bouncing model, one expects a greater blue tilt on the
spectral index, which may affect the density contrast modes for smaller scales. Said effect

could lead to a larger formation of PBHs. This analysis is left for future work.
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S CLUSTER NUMBER COUNTS AND MEAN MASS ANALYSIS
IN LSST-DESC

Galaxy clusters are the largest gravitational bounded objects and are formed
through the collapse of matter over-densities. There are several properties of such objects
that can be used to probe cosmology and thus it is a great source of interest within the
cosmological community. The clusters are mostly constituted by dark matter (~ 90%),
intergalactic gas (~ 9%) and galaxies (~ 1%). Due to their size and matter content, plus
the fact that they are seeded by primordial density fluctuations in the matter density field,
galaxy clusters are used to study the large-scale structure formation in the universe [52, 53].
Among the various applications, one may measure the gravitational redshift generated by
clusters [135, 136] and compare it to models that predict light emitted from the center
of the cluster to have larger redshifts. We can also study gravitational lensing effects
through light emitted from sources and deflected by galaxy clusters [137, 138], amid
other properties. In this work, we shall focus on the cluster abundance in the Universe (or

cluster number counts) and their respective mass.

In order to conduct cluster analysis, data is required, which will be provided
by the survey called Legacy Survey of Space and Time (LSST) [56], conducted by the
Rubin observatory during a ten-year interval. The survey will provide a gigantic dataset
on a variety of topics, ranging from solar systems to cosmological scales. Within this
framework, the work presented in this chapter was developed as a part of the Dark
Energy Science Collaboration (DESC), which is dedicated to the cosmological analysis
of the Rubin LSST data. We start the chapter with a brief overview of the LSST-DESC
collaboration and then move to the cluster analysis that was developed in the collaboration.

We present the theory behind the analysis and discuss the code implementation.

5.1 LSST-DESC

5.1.1 Telescope and Survey

The Legacy Survey of Space and Time will be administered by the Vera Rubin

Observatory (named for the American astronomer Vera Florence Cooper Rubin). The
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observatory is alarge, wide-field imaging telescope, currently under construction on Mount
Cerro Pachon in Chile. The main facility is the Simonyi Survey Telescope, complemented
by the Rubin Auxiliary Telescope (AuxTel) to provide important additional information
such as atmospheric transmission to correct the Rubin LSST catalogs. In Fig. 9 we can
see the Simonyi telescope in the center and the Auxiliary telescope on the right. The
upper part of the observatory contains the telescope mount, where we can see the LSST
camera located in the center of the four arms in Fig. 10.

Figura 10 — Image from Ref. [56] of the inside of the Vera Rubin observatory dome.
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The LSST survey will provide valuable insights into cosmology, dark matter,
and dark energy [139]. By analyzing the positions, shapes, and redshifts of galaxies, the
LSST will enhance our understanding of the clustering of matter at different scales and
probe weak gravitational lensing effects. The survey will also focus on cluster abundance,
with the detection of hundreds of thousands of galaxy clusters up to a redshift of 1.2. The
LSST’s galaxy catalogs will play a crucial role in calibrating the mass of galaxy clusters
through weak lensing effects. Additionally, the LSST will contribute to the study of Type
Ia supernovae, expanding the dataset for measuring the expansion rate of the universe

with unprecedented precision.

5.1.2 DESC and the Data Challenge

The Dark Energy Science Collaboration was created in June 2012. The collabora-
tion works closely with the LSST survey. Each of the primarily LSST probes (galaxy weak
lensing, galaxy clustering, galaxy clusters, and Supernovae Time Domain) is assigned to
a dedicated Working Group (WG) in DESC. Also, the modeling and combined probes
are developed within DESC to correlate and analyze the data with statistical methods. To
all the analysis WGs, the developed codes and sky simulations are crucial to the success
of the LSST project, as the simulations are used to forecast the performance of the DESC

pipeline!. Therefore, we will now discuss the Data Challenge 2 simulation.

The Data Challenge 2 (DC2) is a vast simulated astronomical dataset covering
440 deg? of the sky, designed to help developing and testing the pipeline and analysis
tools of DESC for interpreting the LSST data [140]. The data production has several
outcomes and in this section, we want to focus on the cluster catalog generation, used to

test the cluster counts code implementation.

The data production is based on an N-body simulation. By modeling the galaxy
population related to the simulation, we can generate the cosmoDC2 extra-galactic catalog.
Thus the CosmoDC?2 is just a galaxy catalog that imitates the measurements expected
by the LSST. Next, we run the redMaPPer cluster finder [141] on cosmoDC2, which
identifies galaxy clusters through the presence of over-densities of red sequence galaxies.

The resulting cluster catalog provides the cluster positions, redshifts, and richnesses

' All contributions to the development of the DESC pipeline are pushed in a GitHub repository at <https:

/Igithub.com/LSSTDESC>. For more information about the collaboration, check <https://Isstdesc.org/>.


https://github.com/LSSTDESC
https://github.com/LSSTDESC
https://lsstdesc.org/
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(calculated as the sum of membership probabilities of galaxies around the cluster) along

with the list of potential member galaxies.

The galaxy cluster catalog can also be compared with the dark matter simulation,
which we assume to be the "true"data, so we can evaluate the effectiveness of the
cluster finder algorithm. In the N-body simulation, we identify dark matter halos by a
cluster finder algorithm, for example the friend-of-friend (FoF) halo finder, which defines
groups containing all particles separated by a distance less than a given separation and
linking length. Next, each halo is assigned a mass Mg, (the sum of the individual dark
matter particles associated between them) and a spherical overdensity mass M5go., which
represents the required overdensity necessary for a massive gravitational bounded object
collapse into a cluster. Assuming that each dark matter halo is related to a galaxy cluster,
we can analyze if there is fake detection by the galaxy cluster finder or if the resulting

catalog is incomplete. We will now describe the cluster abundance analysis.

5.2 Cluster Abundance

The abundance of galaxy clusters is strongly related to the universe’s matter
density €, and the rms mass fluctuation og [54, 55], which is a measure of the amplitude
of the linear power spectrum in a scale of 82~!Mpc. In Ref. [142] it was found that
the total number of clusters in the universe is proportional to a power law depending
on o and Q,, for clusters detected in Sunyaev Zeldovich surveys, i.e., Ny o 07 2Q%0.
Cluster abundance has already been used in several analyses as a probe to cosmology (see
Refs. [143, 144, 145]). In the following sections, we will briefly review the concepts of
cluster formation and how to compute its abundance. Considering that we want to confront
observational data with the theoretical predictions in Sec.5.3.1, we will continuously

make some comments about the observational implications of the theoretical prediction.

5.2.1 Cluster Formation

Cluster formation is believed to be a rare event generated by high peaks in the
matter density [15], characterized by the density contrast §(x). We consider the same
mechanisms of critical collapse and the Press-Schechter formalism already discussed

in Sec. 4.4. In this section we will only discuss additional information regarding cluster
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formation.

We will use Eq. (4.57) to predict the abundance of clusters in desired ranges rather
than in the entire universe as done for primordial black holes. To make it easier to see
the connection between the mass function and cosmology, we will split this relation into
a collapse-dependent part and a cosmology-dependent part. In this context, we rewrite
Eq. (4.57) as

dn(M,z)  pwm(z) 1 dog(z)
M f(UR)(aR(z) M ) G-
such that
_Léc(z) _53(2)
TR = kD) e"p( 25§(z))' G-

The function f (o) is called the multiplicity function. An important property is that for

an Einstein-de Sitter universe, it is shown in Ref. [146] that

Sc(z) _ 6¢D(2)
or(z) oD (z)

(5.3)

where D(z) is called the growth function. Thus this fraction will weakly depend on
the cosmology and we can decouple the multiplicity function from the cosmological
information in g, and o in the mass function. Finally, f (o) will mostly only depend
on the type of collapse?3.

The clusters are formed through a nonlinear collapse and can be quantified with
Eq. (5.1) using the Press-Schechter formalism. However, the question of the right mass
function remains. With the introduction of N-body simulations, different authors tried to
refine the PS formalism for clusters by adjusting the multiplicity function. The simulations
can be used to reproduce the formation of dark matter halos, which we associate each
to a galaxy cluster4, making it possible to check whether a mass function can properly

describe the formation of these objects. Following this approach, different multiplicity

2 Although the cosmological dependency is low, it is not completely negligible, which seeded the efforts

to find more accurate multiplicity functions.

(5.3) is the original PS proposal for the spherical collapse

Note that since galaxy clusters are mainly composed of dark matter, the effective mass of galaxies
inside the cluster is negligible and we can approximate its mass to the halo mass.



73

functions were proposed such as the Jenkins mass function [147] based on an ellipsoidal

collapse, with
f(or) =aexp[-|b—1Inog[], (5.4)

where a ~ 0.3, b ~ 0.6 and ¢ ~ 0.38, and the Tinker mass function [148] based on
spherical overdensity, with

Flog) = A [(%)_ + 1] exp [—c/o2]. (5.5)
where the parameters A, a, b and c are fitted in the simulation depending on the spherical
overdensity factor. While these proposals performed well for the simulations and can be a
good approximation for real data, we still do not have a universal mass function that has
been proved to properly describe cluster formation in the real universe. With the tools
for cluster formation developed in this section, we can now analyze its abundance in the

universe.

5.2.2 Binned Cluster Abundance

The mass function is not an observable itself, it is a density per mass range and
thus we need to adjust our theoretical predictions that will be used to perform cluster
analysis with real data. We can use Eq. (5.1) to count the number of clusters inside a
comoving volume V for a given range of mass, which is independent of the cosmology
and therefore a good observational candidate. This section is devoted to studying how to

compute the theoretical prediction for this new quantity.

We can integrate the mass function from a minimum to an infinite mass to obtain

the number of clusters in this range for a desired redshifts. This calculation is given by

dAN(M > M, 2) av o dn
= dM — 5.6
dz dzd€ / o dM (56)
where d?% is the comoving volume element and d€2 is the solid angle. Considering a flat

universe, the volume element is given by

dv <

dzdQ H

2(2)dQ with r(z) = / 4l (5.7)
o CH

3 Usually a minimal mass M,,;, is chosen as the cluster mass is bounded from below



74

Finally, if we want the theoretical prediction of the total number of galaxy clusters in a

redshift range (Z,nin» Zmax) With masses bigger than M,,,;,, this is provided by

e gV LS dn
ot = dM —. .
Npred [ dzdQ -/Illmm M (5.8)

min

There are two ways that we can use Eq. (5.8) depending on the observations. The
first is to choose a range of redshift and mass to count the number of clusters inside it
(the binned approach), which involves performing the above integrals for different ranges
of mass and redshift inside each bin. The second is to use the total number of clusters
and multiply by the probability of each cluster being at a redshift z; with mass M;. The
second option requires data from each cluster and while it can be useful to propagate
individual errors, the observational requirements are more complex. Thus, we will focus
on the binned approach which only requires that we observe the number of clusters inside

bins of mass and redshift.

In the binned analysis, we will separate the data interval into smaller bins. Given
a cluster catalog where the cluster masses and redshift range between (M,,in, Myax)
and (Zin, Zmax) respectively, we will count the number of clusters in each interval
M gi” = (Mg, Mps1) and 22" = (z4, z4+1) such that the sum of all intervals recovers the
initial ranges. Hence, the number of clusters inside the a-redshift bin and S-mass bin is

given by

Za+l A% Mg+ dn

B

NP = / dz / M —. (5.9)
o dzdQ Jy, dM

Having the prediction inside the given interval, we want to compare it to the data, which

is not that easily obtained.

5.2.3 Cluster Data and Richness Proxy

There is one problem when comparing the above theoretical prediction to real
data: we cannot measure cluster masses directly. We intend to compare our predictions
to actual data to fit some cosmological parameters, which is not possible in the above
scenario. Thus, we need to use a proxy, a direct measurement that can be used to represent
the original observable. In this work, we shall focus on the richness property of clusters

as an indirect observation of mass.
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The richness of a cluster is a common mass proxy. The definition of this attribute
may differ between distinct analyses, as discussed in Ref. [149], and in this work, we
define richness as the number of galaxies inside a galaxy cluster. This is a quantity that
can be directly obtained from optical surveys and thus we adopt it as an observational

mass.

We follow Refs. [150, 151], which model the relation between the observed

richness A with the cluster mass M at a redshift z by a Gaussian distribution, that is,

1 2(M,z,In
P(nA|M,z) = exp{—w} (5.10)
V2no 202 (M, z)
with
M
Y(N,M,z) =IlnA - A+Bln( )
Mpivot
2
1 1
+len(i)+cz 1n(i)] . (5.11)
+ Zpivot I+ Zpivot
and

2
In (i)] L (5.12)

I+ Zpivot

(M, z2) +ql ( M )+ 1 ( I+z )+
o(M,z) =0y n n|———
1 Mpivot 1 I+ Zpivot bz

In these relations, M;,,; and zp;,, are constants usually set as the mean mass and
redshift obtained from the data respectively. These parameters provide a scale for the
analysis related to the used cluster catalog. The Gaussian depends on the mass-proxy
parameters A, B, B, C, 09, q, q;, and p_, which may be fitted for a given cluster dataset.
Since the clusters true mass and its richness are related through a Gaussian probability,
there is a probabilistic relation between these quantities, such that there is not a bijective
correspondence among them. Thus it is troublesome to find the best fit for all the

parameters needed for the analysis. Let us analyze the necessity of the 6 parameters.

The presence of A and oy is intuitive as they represent a constant mean value
for richness and the standard deviation. The parameters B and g are also expected if
we assume the number of galaxies inside a cluster to increase with its mass. Regarding
the redshift dependency in the remaining parameters, it was shown in Ref. [151] that
the presence of such allows the model to include non-monotonic behaviors which led

to better results when comparing to Planck data [152]. In the paper, they attribute
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the non-monotonic dependency on the redshift to projection effects at different cluster
redshifts.

Considering the richness proxy discussed above instead of the true mass, our

prediction is now given by

Za+l dv In g4y 00 dn
NP :/ dz / dinA / dM —P (InA|M, 7). (5.13)
Za dZdQ ln/lﬁ 0 dM

Notice that in this case, our binning is in the richness-redshift parameter space, as we do
not have actual measurements of cluster mass to define the intervals. We have seen in
Sec. 5.2.1 that cluster formation in the universe is related to the cosmological parameters
via the mean density of the universe, the power spectrum, and the density contrast.
Consequently, the cluster abundance in Eq. (5.13) is also sensible to cosmology and thus

it is a viable probe to constrain such parameters.

Regarding the newly 6 added richness-mass parameters in Eq. (5.13) via Eq. (5.10),
the number of clusters inside a bin will not be sufficient to determine the proxy-mass
relation and thus we will need to add more information. In this sense, we describe in the
next section how to compute the mean mass of the clusters inside a bin, which will later
be added as new information in our analysis. This new quantity has a clear relation to the
cluster masses and thus is well suited to fit the richness-mass parameters. We will briefly

discuss how this type of data can be obtained.

5.2.4 Mean Mass Prediction

Following the same path developed for Eq. (5.13), we just have to multiply the
predicted density function for a cluster with mass M at redshift z by its mass M. Thus,

the mean mass of clusters inside a redshift and richness bin is given by

1 Za+l A% In g4 00 dn
MYP = — d dinA dM ——P (InAM.2) M. (5.14
o= | g [ ama [ am ggp s

a

However, this takes us back to the discussion of how to obtain cluster masses. Although
the mean mass inside a redshift-richness bin is more feasible than having data of singular
cluster masses, it is still an impossible direct measure. After computing the above
prediction, we need to estimate the cluster mass directly from the data to construct our

likelihood. One option is to use gravitational lensing to infer the mean mass of clusters
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inside a bin (check [153] for the description of this method.). This approach is currently
being implemented in the DESC cluster pipeline. Let us now discuss the likelihood of the
analysis.

5.2.5 Likelihood

There are two important statistical properties to define the cluster abundance
likelihood. First, the number of clusters is distributed by a Poisson distribution inside
each bin. However, regarding the second property, there is a correlation between the
abundance in different bins, which we will call sample covariance. Thus, we relate both
characteristics in a Gauss-Poisson Compound (GPC) likelihood, proposed by Hu in
Ref. [154].

In Ref. [155] it was stated that if the shot noise contribution is negligible compared

to the sample covariance, the GPC likelihood would reduce to a Gaussian given by
1
= o X
V2r |Z]

where c is the total number of bins, N = {N g } is the vector containing the counts for all

1
Pl—% [Nobs - Npred]T % [Nobs - Npred] > (515)

L
2

the bins, and X = Xg¢ + Xgy is the covariance that takes into account the shot noise and
the sample covariance contribution. The accuracy of such approximation was tested in
Ref. [156], which concluded that the Gaussian approximation with both contributions in
the covariance had the same accuracy as the compounded likelihood. Thus, in this work,
we use the likelihood in Eq. (5.15). We assume the same likelihood for the mean mass
analysis. We will now discuss how the cluster abundance analysis was implemented in

Firecrown, a library developed inside the DESC collaboration.

5.3 Firecrown

Firecrown is a Python package that offers the DESC framework for implementing
likelihoods, including dedicated implementations of specific likelihoods®. The code is
being developed to prepare the DESC pipeline for the upcoming LSST data. It will be
utilized by multiple working groups at the end of the analysis, providing the necessary

likelihood and statistical tools.

The code can be found on the GitHub page https:/github.com/LSSTDESC/firecrown
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The implementation has an extensibility design that allows users to extend or
modify the code with new functionalities without requiring extensive changes to the core
codebase. This design approach promotes flexibility and maintainability by allowing
developers to add new features or components without disrupting the existing code
structure. The code also has automatic features such as the update of the required
parameters when new objects are added to the structure, addition of new parameters to

be sampled for new likelihood implementations, automatic name presetting, and others.

Firecrown is also connected to the CosmoSIS [157] package, the Numerical
Cosmology library (NumCosmo) [117], and the Cobaya [158] package, which allows the
user to perform Markov Chain Monte Carlo (MCMC) analysis using several samplers
and cosmology-oriented codes. Among the different samplers, the user can use the APES
sampler included in NumCosmo, which we will discuss in the next chapter. In this context,
our goal was to implement the likelihood described in Eq. (5.15) in Firecrown, among
the required cluster functions and information needed to perform an MCMC run. We will
describe the code functionalities in the next section.

5.3.1 Cluster Code Implementation

We can split the code into two main parts: the modeling and the likelihood. To
perform the cluster number counts analysis, we first needed to implement the modeling
for the count prediction given by Eq. (5.13). We developed a new cluster module inside
Firecrown to compute the integrals and the necessary quantities, where we used the Core
Cosmology Library (CCL) [159] to set the cosmology and the cluster mass functions.
Inside the module, we designed the ClusterAbundance, ClusterMass, and ClusterRedshift
objects to define the observable-proxy relation and its parameters, which are now all

contained in the Firecrown’ package.

There is extra information that is required for the cluster abundance prediction.
As discussed in Sec. 5.1.2, we use cluster catalogs to validate our implementations.
Specifically, we used the catalog generated by the RedMaPPer algorithm. Thus, we have
to take into account that the cluster finder will not provide a true catalog. It may fail to
find all the clusters or it may identify clusters that do not exist. These two features are

named completeness and purity respectively (check Ref. [160] for their definition), which

7 https://github.com/LSSTDESC/firecrown
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we have to take into account when implementing the cluster prediction otherwise it will
not match the data. Considering these errors, the new prediction for a cluster catalog

becomes

st gV e 1 ® dn
NP = d da dM C(M.7)—P (InA|M. 7)., (5.16
o /Z * dzdQ /ﬁﬁ p(/l,z)/o (M.2) gy P (InAIM. ), (5.16)

where C(M, z) is the completeness and p(A, z) is the purity, known as selection functions.
This function may be fitted for each cluster finder. In Firecrown, we have fitted this

relation for the RedMaPPer algorithm and added it to the prediction code.

With the modeling, we then proceed to the likelihood implementation. In Fire-
crown, the Statiscs module is responsible to organize the data and call the prediction
module, so we have all the ingredients needed to build the likelihood in Eq. (5.15). It
is also responsible for instantiating the parameters that will be fitted in the analysis.
Therefore, we created the ClusterNumberCounts object inside the Statistics module to
read cluster data and build the cluster abundance likelihood for different types of analysis.
The object handles all the combinations from true-mass and true-redshift to any other

given proxies that may be implemented in the prediction module by the user.

We have also built a connection inside the repository to read data from the SACC
data format®, another DESC tool to pass information inside the pipeline, where we
created new data types in the library that are now used in our analysis. With all the
statistics computed by the ClusterNumberCounts object, we were then able to build
the likelihood using the Likelihood class in Firecrown. The final code can be used for
individual computations or with MCMC samplers. In the next section, we will provide

some sanity checks and examples of the algorithm used with CosmoSIS.

5.3.2 Code Testing

To check the effectiveness of the code, we first ran the analysis for controlled
data. The goal was to run the Firecrown cluster abundance likelihood in CosmoSIS for a
completely known dataset and fit two cosmological parameters (og and €,,) to compare
with their fiducial values as well as to fit the proxy parameters. To do so, we generated

cluster catalogs using the Numerical Cosmology Library (NumCosmo) [117]. In this

8 https://github.com/LSSTDESC/sacc
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manner, we have the true information to be passed for Firecrown and we expect to find the
true values of the fitted parameters as well. For the catalog generation, we used the Tinker
mean mass function [148] and some preset parameters for the mass-richness relation. The
catalogs had information about cluster mass, richness, and redshift. Note that throughout
some of our tests, the contours have narrow widths since we are using our simulated
catalogs. Real data are much more noisy and we expect to have less restrictive constraints

on the parameters.

The first test consisted of analyzing the catalog for the true mass and true redshift
of the clusters. The result of the analysis is displayed in Fig. 11. Using the same mass
function as the one to generate the catalog, we wanted to analyze if the generated MCMC
chain using the Firecrown likelihood would be able to fit the true cosmological parameters.
We binned the cluster counts data in redshift and mass bins and used the ClusterTrueMass
module to predict the number of clusters inside each bin. We can see the fit of the final
chain in Fig. 11. In this controlled environment, we were able to find the true cosmological

parameters denoted by the dotted line within the 2-o region.
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Figura 11 — Contours generated with GetDist from the CosmoSIS samples using the Firecrown
likelihood for Cluster Number Counts. In this case, we utilized data of true mass
and true redshift of the clusters. The red contours represent the 1 and 2-o limits.
The dotted line represents the original cosmology used to generate the NumCosmo
catalog.

We then performed the same test using the richness of information from the
catalog. In this test, we used the same mass proxy, including the true parameters and mass
function as the ones used to generate the data in the catalog. The results are depicted in
Fig. 12. We once again expected to obtain the original cosmology used to generate the
catalog. However, since there is a scatter between the richness and the cluster masses, we
chose to repeat the test for three datasets, i.e., three simulated catalogs, with different
random seeds to properly evaluate the capabilities of the code and simulate different
realizations of the universe (check Ref. [156] for a discussion on the subject). Analyzing
the contours, we can see that in this ideal scenario, we were able to recover the cosmology

up to the 2 — o~ limit.

We proceeded to generalize the previous test by freeing the mass-proxy parameters,
which we fitted within the same analysis as described above. The results of this analysis
are shown in Fig. 13. Once again we were able to find the original values for both the

cosmological and proxy parameters from the catalog within the 2 — o region.

Next, we moved to a less ideal test where we do not generate our own catalog and
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Figura 12 — Contours generated with GetDist from the CosmoSIS samples using the Firecrown
likelihood for Cluster Number Counts. In this case, we utilized data of richness
and true redshift of the clusters. The richness-mass parameters used were the same
as the ones to generate the data. The three sets of data were generated using the
NumCosmo library with different random seeds. The dotted line represents the
original cosmology used to generate the catalogs.

use one from an N-body simulation where we do not know all true parameters of the
analysis. As discussed in Sec. 4.9, the used mass functions implemented in PyCCL were
either deduced from first principles or calibrated with N-body simulations. To test their
accuracy, we performed a cluster number counts analysis for different mass functions
using the SkySim catalog, which is a dark-matter halo catalog®. In this case, we perform
the analysis in the mass-redshift space since the catalog has the true mass of the dark
matter halos obtained from the N-body simulation. The resulting samples can be seen in
Fig. 14. We can see that the different mass functions did not properly describe the catalog,

which was expected since we do not know the real mass function of the simulation.

We did a last validation of the code using the RedMaPPer cluster catalog, which
is closer to a real analysis since we have to fit all the required parameters. To prepare
the data, the galaxy cluster catalog has been matched to its equivalent halo catalog
from the N-body simulation so we can assign the mean mass for the galaxy clusters in

each redshift-richness bin. We also have information about the real proxy parameters.

The catalog can be found in the Git repository https://github.com/LSSTDESC/gcr-catalogs.
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Therefore we were able to make a joint analysis with the cluster counts and mean mass
data. We modeled both the counts prediction and their mean mass with the Boqcuet
mass function and ran the analysis using the Firecrown likelihood to fix jointly the proxy
parameters and the cosmology. In this case, we used Eq. (5.16) for the counts prediction
and its equivalent for the mean mass!®, where both the purity and completeness functions
have been fitted for the RedMaPPer cluster finder. The final contours are displayed in

Fig. 15 and once again we can see that we found the true values for the catalog.

After the tests, we conclude that the implemented code in Firecrown behaves
as expected. Thus, our code implementation in Firecrown to predict cluster abundance
was successful and the code may be used by the LSST-DESC collaboration. In the next
chapter, we discuss the APES sampler developed by me and Sandro Vitenti.

10 1t is worth noticing that for the mean mass, we only account for the completeness since we are using
the matched catalog and we assume the catalog to be pure. Bear in mind that this has to be taken into
account when computing the counts denominator in Eq. (5.14).



84

S =

=

O =

(@)
0 o
T

)
@)
o —

=

NPRENEN
0N @ 0O
S

N O

6|0

S

O Ho Hu Mz Qo Om
Figura 13 — Contours generated with GetDist from the CosmoSIS samples using the Firecrown
likelihood for Cluster Number Counts. In this case, we utilized data of richness and
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Figura 14 — Contours generated with GetDist from the CosmoSIS samples using the Firecrown
likelihood for Cluster Number Counts. In this case, we utilized data of true mas and
true redshift of the clusters from the SkySim catalog. The dotted line represents the
original cosmology values from the catalog. The names of the mass functions are
related to their function calls in the CCL library.
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Figura 15 — Contours generated with GetDist from the CosmoSIS samples using the Firecrown
likelihood for Cluster Number Counts and Cluster Mean Mass with selection function
errors. We utilized data of richness and true redshift for the counts analysis and
true mean mass and true redshift of the clusters for the mean mass analysis. Both
analyses used the RedMaPPer catalog and its corresponding match with the N-body
simulation for the cluster masses. The dotted line represents the original cosmology
values from the catalog. We repeated the analysis using just the count’s likelihood,
the mean mass likelihood, and a joint likelihood.
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6 APES: APPROXIMATE POSTERIOR ENSEMBLE SAMPLER

To fit some likelihood parameters for the cluster number counts analysis, we
needed to use Markov Chain Monte Carlo (MCMC). This technique is often used in the
area of cosmology and thus knowledge of such a method has become essential among
scientists of this area. During the PhD, my advisor Sandro Dias Pinto Vitenti and I have
studied ways to develop a more efficient MCMC technique when compared to other
popular methods in the community, such as the Emcee [161]. This led to the development
of the approximate posterior ensemble sampler, denominated APES. We have published

a paper related to this work in Ref. [60], which we present in a compact version below.

6.1 Motivation

Markov Chain Monte Carlo methods have become a prominent tool in Bayesian
inference since their introduction by Metropolis in 1953 [57]. It consists of a versatile and
effective method for generating samples from the posterior distribution without having
to sample directly from the distribution, which is usually computationally demanding.
In particular, MCMC methods have found widespread application in cosmology and
astrophysics for estimating model parameters from observational data, as evidenced by
several studies. They were initially deployed in the analysis of the cosmic microwave data
using Metropolis-Hastings algorithms [162, 164]. In recent years, MCMC methods have
been the subject of intense research in cosmology, with numerous studies exploring their
use in various contexts such as the 21-cm signal [165], the cosmic UV background [166],

and others.

The development of ensemble samplers, an MCMC algorithm that deals with
proposals from multiple points at each time step, led to the development of advanced
algorithms that outperform traditional single-particle methods (see [167, 161, 168]).
Nevertheless, ensemble samplers face significant challenges when applied to high-
dimensional problems. In such scenarios, algorithms designed for low-to-moderate
dimensions often resemble random walk samplers, leading to large self-correlation

between points and high autocorrelation of the posterior sample. These issues com-
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promise the efficiency of the algorithm and are commonly referred to as the curse of

dimensionality [169]. Further discussions about this problem can be found in [170].

There have been several proposals to address the curse of dimensionality in
high-dimensional problems. In this paper, we present a new method called the Approxi-
mate Posterior Ensemble Sampler (APES). APES is a Metropolis-Hastings ensemble
sampler that employs the APES move to generate high-dimensional samples with low
autocorrelation and rapid convergence. This proposal employs kernel density estimation
and radial basis function interpolation to construct an approximation of the posterior,
which is then used to propose points for the Metropolis-Hastings ensemble step. The result
is an asymptotically high acceptance ratio and an effective solution to high-dimensional
problems. The algorithms presented in this work are implemented in the NumCosmo
library [117], which fully integrates the sampling algorithms with cosmological and

astrophysical models.!.

6.2 Ensemble Sampler

Regarding MCMC algorithms, one limitation of the method is the lack of
information about the sample when proposing new points. The transitional kernel, used
to propose points and update the chain at each time iteration, only depends on the current
position and thus cannot use information about the sample. Explicitly, given the target
probability distribution 7(x) for x € V c IR” we define a Metropolis-Hastings transition
kernel as

T(ylx) = a(x,y)q(ylx)

(6.1)
48" (x—y) /‘V [1 - a(x.2)] g(zl)d"z,

where y € V, ¢(y|x) is an arbitrary conditional probability distribution, which we call
proposal distribution on V, d"z a measure on V, and the acceptance probability a(x, y)
is defined by

(6.2)

a(x,y) = MIN [1 —q(xly)ﬂ(y)] .

Tq(ylo)m(x)
The transitional kernel in Eq. (6.1) satisfies the detailed balance condition

T(y|x)n(x) = T(x|y)x(y). This condition assures that the desired distribution 7 (x) is
1

The project repository can be found here: NumCosmo github


https://github.com/NumCosmo/NumCosmo
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left invariant by the transition kernel, that is,

/\v T(yl)r(x)d's = 7(y), 6.3)

which results in the the accepted points y of the chain being distributed by 7 (y). This
is true for any conditional distribution ¢(y|x). However, conditionals that are easy to
sample from are preferable and one usually should opt for distributions that are well
adapted to the desired distribution 77(x) in the sense that the proposed points y should
lead to higher values of 7(y). This choice results in high acceptance ratios in the sample.
Also, proposals that lead to a high auto-correlation in the sample (points such that given
the current position x and the new point y, we have 7(x) ~ n(y)) are not recommended

for the algorithm due to its inefficiency.

As seen in Eq. (6.1), the transition kernel has no information about other sample
points besides the current position x. In this work, we use the ensemble sampler to
circumvent this problem by changing the probability space V and 7 (x). Instead of dealing
with one n-dimensional point in the parametric space, the ensemble sampler considers a

set of L independent and identically distributed (iid) realizations of 7 (x)
X = (x1,X2,...,X1), (6.4)

where x; € V fori = 1,2, ..., L. Each component x; is referred to as a walker and an
ensemble point as an L X n dimensional point x € V. The target joint distribution for

the iid realizations of 7 (x) is

L

T(x) = ﬂ 7(x;). (6.5)

i=1

The ensemble sampler has the same goal to generate samples from a desired
distribution without having to sample directly from it and works as other MCMC
algorithms. To generate the sample, the ensemble point x must be iterated for each step
(or time), represented with a superscript /, starting at the j = 0, such that each update,
or iteration, leads to a new time j + 1. The proposal distribution is conditioned on the
previous ensemble point, that is, Q (y|x), which is one of the advantages of this method.

If x provides an approximated sample of IT(x) then its information can be used to build a
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good proposal for the next step. In the case of this work, we choose to update each walker

individually such that the point update for each walker is given by the transition kernel

T (yilxi, x117) = @i (%, yi)q (vilxi, x117)

(6.6)
+0 0=y [ -k 2] g
A%
and the acceptance probability @;(x, y;) for the i-th walker is defined by
Xi| Vi, X[i] )T Yi
(X, ;) = MIN 4 i xia)7 () 6.7)
q(yilx)m(x;)

In this context, an ensemble sampler iteration consists of updating all the walkers at a
time j. In the above equations, we have defined a partition called the complementary
ensemble, which is given as x = (x,-, X[,-]) where x; € V is the i-th component of x to be
updated and x(;; is an element of VL1 obtained by removing the i-th component of x,
called the complementary ensemble. This technique that allows us to update each walker

individually is called partial resampling, see for example [171, 172].

Any transition kernel T(yi|x,~, xp;1) that leaves invariant the conditional

H(xi|x[i]) = L = 7(x;), (6.8)

o () dx;
also leaves I1(x) invariant, which is proven in Ref. [60]. Thus our n-dimensional point
proposal can be used such that the ensemble points will be distributed by the joint
distribution in Eq. (6.5). This proposal also satisfies the detailed balance and thus assures

that the chain is reversible, see for example [173].

The ensemble sampler with partial resampling has already been used in the
literature. For example [167, 161] used the complementary set to develop an affine
invariant proposal, which assures that the sampler is efficient when dealing with non-
isotropic distributions [167, 174]. The stretch move, for example, proved itself to be
efficient for generic target distributions. However, the presence of a high-dimensional
term in the acceptance probability of this algorithm led to its increase/decrease too fast in
high-dimensional problems. In high-dimensional problems, the majority of the proposed
points end up in spaces with low probability since they consist of a large volume of the
parametric space, diminishing the acceptance ratio and increasing the auto-correlation,

which can slow down the convergence.
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In this work, we introduce a new proposal for the ensemble sampler algorithm.
The method uses kernel density estimation and radial basis interpolation to generate
proposal points for a Metropolis-Hastings algorithm. These strategies are particularly
well-suited for addressing challenges posed by high-dimensional problems and offer a

robust algorithm tailored to such settings.

6.3 The APES Proposal

In our proposal, we use the information of the complementary ensemble x|;; to
create an approximate distribution, 7 (x|x[,-] ), of the target (x). For each step, we need to
update all components of x serially and thus we need to create a split in the ensemble
point so the approximation is constant for each iteration and can be used to update all the
points in a parallelized manner. We propose splitting the ensemble point into two parts, a

technique previously utilized in the emcee [161] and other similar algorithms, such that

X = (Xz,,Xz,), where X7, = (x1,x2,...,x7/2) and Xz, = (X/2,X1/241 - - -,X1), and we
assume L is even for simplicity. We define two index sets as L; = [1,2,...,L/2] and
L,=[L/2,L/2+1,...,L], and the function
Ly if ielL
siy=4 ' ? (6.9)
Ly if i€ Ly

Since X, is a subset of x|;; for any i € Ly, we can build an approximation using x;, and
use it to update all elements of x;, in parallel. We use the same approach to update x;,
based on the approximation built from x;,,. Let us now discuss the method to construct

the approximation using Xz, fori =1, 2.

Given a sample S of m points in IR", the approximation is given by

m m

N O Wk | D, x) _
#(x|S) = Z k| = Z wp =1, (6.10)
k=1 k=1
where D, is the Mahalanobis distance between x € V and apointx; € S (k =1,2,...,m)

that depends on a covariance matrix Cy, & is the bandwidth parameter, w; > 0 the

weights and Ky is a normalized multivariate distribution on x.

To generate a sample from 7 (x|S) we randomly select a kernel based on the

weights and generate one random realization from that kernel. To use the approximation
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in Eq. (6.10), we need to define the matrices C; and the distances Di(x,xk), kernel
function K, weights wy, and bandwidth %, which we briefly discuss in 6.3.2 (see [60] for

a detailed description).

Having built approximation, we set the proposal distribution to be the approxi-
mation itself, i.e., g(yi|x:, X[;)) = #(x[xy(;)). Consequently, the acceptance probability
defined in Eq. (6.7) is then given by:

@;(X()» yi) = MIN

1, (6.11)

7 (yiXsi)) 0 (x2)

ﬁ(xi|Xs(i))7T()’i) ]

When the approximation 7 (x|xs(i)) effectively represents 7 (x), such that 7 (x|xs(i)) =

m(x) [1+6(x)] with [6(x)| < 1, the acceptance probability takes the form:

1+ 5()C,')
1+6(y:)

As a consequence, even in cases where errors are relatively large, reaching up to

a/,-(xs(,-),y,-) = MIN ll, ] ~ 1 +MIN[0,6(x;) —6(y;)] . (6.12)

d(x) ~ 20%, the acceptance probability can remain higher than that of many other
MCMC samplers, approaching unity when errors are small. The subsequent section will

offer a comprehensive explanation of the step proposal and the APES algorithm.

6.3.1 The APES Move

The algorithm starts with the determination of an initial point x° € V’ either
sampled from prior distributions or the best fit. The approximation ﬁ(x‘xgz) is then
calculated, from which L /2 samples are drawn, resulting in XZ} . The acceptance probability

for each sample le is determined using Eq. (6.11), which is given by:
ﬁ(xg‘xgz)ﬂ(le)

~[ . x1{¢0 0 ’
([ )(w2)

o (0, ¢f1) = MIN {1, (6.13)

forming the tuple (# = 1):

o) = [ak(xg‘,x;f)]kdl. (6.14)

If the sample point x’k*1 is accepted, x]i = le, otherwise x,lc = xg. The algorithm then

proceeds to calculate the next set of points, XILZ, which is done by computing the
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approximation ﬁ(x‘xil) and using it to draw L/2 samples, referred to as xg These

samples are accepted with a probability

o (], cf1) = MIN {1, (6.15)

ﬁ.(x*l

which compose the second tuple (1 = 1):

t _ t *1
L, = [ak (XLl’x" )]keLz'

The new value of x ,1 18 set to x;("l when the probability condition is satisfied; otherwise, it
retains its previous value, xg. Following these two steps, the subsequent sample point,
denoted as x', is determined. This process is iterated until the target time 7 is achieved. A

comprehensive illustration of this process is presented in Algorithm 1.

Algorithm 1 APES Algorithm

: Separate the L walkers into two blocks L; and L,
. Compute the initial sample with L points x" and set ¢ = 0

: while t < t.x do

t *x1+1
L, L

1

2

3

4 ) and draw x
5: for k € L do (parallelized loop)
6

7

8

Compute 7 (x‘x

*1+1 t *t+1
Compute n(xk ) and (xLz,xk )

end for

t+1 i t+1
Update x L, usinga

I computed above

9: Compute ﬁ(x‘xt;l) and draw x}"*!
1 2
10: for k € L, do (parallelized loop)

. *t+1 t+1 x4l
11: Compute 7T(Xk ) and ay (XL1 \ X )
12: end for
13: Update x; ! using ay I computed above

. t+1 _ [+l 1+1
14: Set x'™' = (XL1 » X[, )

15: t=t+1

16: end while
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6.3.2 APES Options

The APES proposal’s success relies on the accuracy of approximations made
using two sub-samples, L;, at each iteration. This accuracy is connected to the choice of
distance functions and their associated covariance, the kernel function K, the bandwidth
parameters, and the weights. In this section, we will briefly discuss the possible options

to optimize the algorithm for different problems.

Regarding the choice of distance functions, there are two different options: the
"same kernel approach", where a single covariance matrix, C (xr,), is used for all distance
computations, meaning C; = C (XLL.); and the variable kernel approach, a different
covariance matrix Cy is determined for each x; with k € L; using a defined number of the
nearest points to x; from xz,. In the same kernel approach, we recognized the presence
of outliers in the sample x;, which we mitigated by incorporating the Orthogonalized
Gnanadesikan-Kettenring (OGK) algorithm [175], a robust estimation of the covariance.
In the variable kernel approach, we define the number of nearest neighbors my of xj
as a fraction p of L/2 and use the fast k-Nearest Neighbor (kNN) search algorithm
implementation [176] to find the my, closest points to x; which are then used to compute
the covariance matrix Cy of each of these sub-samples x;, [Xk, p] for use in the kernel
K. The variable kernel approach exhibits adaptability in diverse situations by adjusting
to variances at each point and yielding precise approximations. However, it’s important
to note that a potential limitation lies in its requirement for a greater number of walkers,

which scales proportionally with the dimension of V.

To efficiently compute the approximation in Eq. (6.10) and facilitate easy sampling,
this study proposes two options: Gaussian (Gauss) and Student’s t (ST) kernels. Both of
these kernels are widely recognized and have readily accessible efficient implementations.

Their mathematical expressions are respectively:

eXp [—%2]

KS(d) = ——L, 6.16

£ (D V2r)"[Cy] €10

K57 (d) = C[(v+n)/2] [1+d72] ? , 6.17)
|

T(v/2)/(vm)? |Cx

where |Cy| is the determinant of Ci. The approximation is constructed using a sample
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xz, of m(x). It’s essential to note that the majority of points in X primarily originate from
the high-probability region of V, which may result in a neglect of the distribution’s tails.
The Gaussian kernel is suitable when 7 (x) experiences rapid decay outside its primary
region of probability. Conversely, if 7(x) features prolonged tails or plateaus, the Cauchy

kernel is more appropriate.

There are two options to compute the weights in Eq. (6.10): kernel density
estimation [177, 178] and radial basis interpolation. The first one involves the use of
kernel functions to estimate the target probability distribution, such that the multivariate
density estimation is defined by Eq. (6.10) with a fixed weight parameter, wy = 2/L [179].

This approach is characterized by its simplicity and computational efficiency. However,

t
L

solely relies on these points for information and does not consider additional knowledge

the accuracy of this method relies on the adequacy of sample points X, at time ¢, as it

about the distribution 7 (x).

The second approach involves the use of Radial Basis Interpolation (RBI), which
uses the approximation (6.10) to approximate the actual distribution function 7 (x) by

fitting the weights wy by solving the following system at each MCMC ensemble iteration:
a(x;)) =n(x;), for i=1,2,..,L/2. (6.18)

This requires solving the linear system

Kw =, (6.19)
1 D;(x;,x;
K, = oK, #] — 7 = n(x), (6.20)

where the second line defines the components of the matrix K and vectors w and . The
challenge of solving Eq. (6.19) is to find a solution that lets w; > 0 since the w; values
represent probabilities in (6.10). This is a Non-Negative Least Squares (NNLS) problem,
which we addressed using a C-based algorithm derived from the algorithm described

in [180] and the Lapack Library for linear algebra computations.

Lastly, the bandwidth /4 is computed with the Rule-of-Thumb (RoT) for density

estimation interpolation described in [179]. In the case of Gauss and ST kernels, it is
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given by:
L
hG _ 4 n+4
RoT. =\ p2(n+2)|
1
WS 16(v=2)2(1+n+v)3+n+v) e
RoT

R+n)(n+v)R+n+v)(n+2v)(2+n+2v)L/2

These values serve as a preliminary estimate for the bandwidth, such that the final value
for both the same and variable kernel approaches is calculated by setting & = ohg,7 and
h = ohg,r/ p respectively, where p is the sample fraction and o is the over-smoothing
parameter. The value of o can be freely chosen by the user or fitted by a cross-validation

procedure available with the algorithm.

6.4 Computational Tests

This section evaluates the APES algorithm by comparing it with the Stretch-Move
algorithm (Stretch) as implemented in Emcee [167, 161]. We use autocorrelation time
(1), the measure of the number of iterations to sample a new independent point, and the
acceptance ratio of the sample points as metrics. NumCosmo library’s diagnostics are
applied and we verify the results and diagnostics using GetDist [181]. Different kernel
functions, interpolation, and robustness options are available for density estimation, which
shall be fine-tuned by the user. The VKDE is suitable for non-centralized distributions, KDE
for centralized ones. Interpolation is useful in high-probability areas but computationally
intensive. The "Robust"option addresses outliers. All kernels can be combined with the
interpolation option. A quick reference guide with labels for each option is provided in
Tables 1 and 2.

Finally, we have introduced a simplified interface for APES that offers compa-
tibility with Emcee and Zeus, allowing users to utilize APES without the need for the
complete NumCosmo statistical framework?. Now we analyze the Rosenbrock distribu-
tion and a cosmological model to show the algorithm’s effectiveness (see [60] for more

examples).

2 See notebooks/apes_tests/rosenbrock_simple.ipynb for an example.


https://github.com/dfm/emcee
https://github.com/minaskar/zeus
https://github.com/NumCosmo/NumCosmo/blob/master/notebooks/apes_tests/rosenbrock_simple.ipynb
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Tabela 1 — NumCosmo approximation options. The Robust column relates to the option to use the
robust covariance estimation based on the OGK algorithm. The Interpolation column
relates to the option to use RBI interpolation to approximate the desired distribution.

Approximation Options  Kernel = Robust Interpolation

KDE Same - -
VKDE Variable - -
Robust-KDE Same X -
Robust-VKDE Variable X
Interp-KDE Same -
Interp-VKDE Variable -

Interp-Robust-KDE Same
Interp-Robust-VKDE Variable

<
RN R

Tabela 2 — NumCosmo kernel types for density estimation.

Kernel Type Density Function Properties

Gauss Eq. (6.16) Light-tailed

ST3 Eq. (6.17) v =3 Heavier tails than Gaussian
Cauchy Eq. (6.17)v =1 Heaviest tails

6.4.1 The 2-dimensional Rosenbrock Distribution

We tested the sampler by generating samples from the 2-dimensional Rosenbrock
distribution (see [182] for a discussion on the use of n-dimensional Rosenbrock distribu-
tions to test MCMC algorithms). The distribution, denoted as 7 (x1,x2), is challenging to

sample from due to its thin tails and is expressed as
2\ 2
(xy,x2) o< exp [—IOO (xz —xl) +(1-x1) ] , X1, X2 € R. (6.21)

where we did not include the normalization. We first study the interpolation of this distri-
bution using the NumCosmo library generating perfect samples from it and computing

the approximation using various kernels and options to find the best approach.

In Fig. 16, we present different approximations of (6.21), all of which were gene-
rated using the same sample of 160 draws from (6.21). The VKDE method outperforms
the KDE method in describing the distribution due to its local covariance adaptation,

which effectively captures position-dependent correlations between x; and x;.
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Tabela 3 — Relative difference, acceptance ratio, and over-smooth for each interpolation applied
to the same sample of 160 draws from the Rosenbrock distribution.

Interpolation \ |7/m—1] <0.2 \ a \ 0 ‘
Interp-KDE:Cauchy 9% 64% | 0.05
Interp-KDE:ST3 23% 65% | 0.07
Interp-KDE:Gauss 32% 66% | 0.05
Interp-VKDE:Cauchy 9% 69% | 0.08
Interp-VKDE:ST3 33% 72% | 0.13
Interp-VKDE:Gauss 51% 76% | 0.14

To assess the approximation, we generated a test sample T’ of 100,000 points from
Eq. (6.21) and calculated the percentage of points with relative errors less than 20%, as
shown in Fig. 3. We also computed the mean acceptance probability. The results indicate

that Gaussian kernels offer better fits, especially in regions of higher probability.

Fig. 17 shows the relationship between approximation precision and proposal
effectiveness. Heavier-tailed kernels (Cauchy kernels) demonstrated higher acceptance
probabilities in the tails, making them more suitable for sampling in these regions. Let us

now analyze the MCMC-generated sample with the chosen options.

Next, we executed both algorithms, generating 5, 000, 000 points with 15625
iterations and 320 walkers. We discarded the initial 5000 iterations to allow chains to
reach a stationary distribution before collecting samples for analysis. Although a smaller
burn-in for APES might suffice, we removed the same initial iterations to ensure a fair
comparison between the algorithms. Examining the results in Table 4 and Fig. 18, we
observe that the APES-generated Rosenbrock sample converged to the true variance
value of 4 for the Rosenbrock distribution. In contrast, the Stretch sample shows signs
of not converging yet, as indicated in Fig. 18. The autocorrelation time for the APES
sample is considerably smaller, with a 7 around 10, whereas the Stretch method has an
autocorrelation around 7 = 1400. This independence advantage, coupled with APES’s
higher acceptance ratio (47% vs. 23% for Stretch), makes APES significantly more

efficient, with 140 times less autocorrelation.

It is essential to note that APES comes with a higher computational cost. It
requires around 3 minutes for 5,000,000 points when using 320 walkers, while the Stretch

move has virtually no computational cost. Despite this drawback, APES proves more
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Figura 16 — We generated plots of approximated distributions using 160 points distributed
according to Eq. (6.21). For each approximation, we also plotted the 40 ellipse in
red, which represents the covariance of each kernel. The first line shows plots of
the approximated distribution using Interp-KDE with all supported kernels. In the
second line, we used VKDE with p = 0.05 of the nearest sample points to compute the
kernel covariance for each point. All samples were generated with an over-smooth
factor o obtained by applying split cross-validation with 60% of the sample. Finally,
the third line shows a plot of the original Rosenbrock function for comparison. We
renormalized all plots so that the maximum probability is equal to one, and we
displayed the probability decay until a threshold of 10~%. The interpolation with
heavier tails tends to overestimate the probability away from the peaks, which is a
desirable feature to enable our MCMC algorithm to explore the entire parametric
space. Note that the fixed kernel approach is unable to adapt to the local features
of the distribution and therefore fails to describe the tails properly. This highlights
the advantages of using the VKDE approach to capture the intricate features of the
Rosenbrock distribution.

Interp-KDE:Cauchy Interp-KDE:ST3 Interp-KDE:Gauss
®
N
® -
= T T T
-5 0 5
Tl T1 T

Interp-VKDE:Cauchy Interp-VKDE:ST3 Interp-VKDE:Gauss

True Rosenbrock
100

10—2

10~4
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Figura 17 — The upper panel of the graph displays the percentage of test points for which the
relative error was smaller than 20% in bins of 7 (x). It is important to note that all
approximations experience a loss of precision as they approach the tails, with lighter-
tailed kernels performing better near the peak but suffering from decreased precision
in the tails. In contrast, heavier-tailed kernels demonstrate greater stability across the
entire range, providing a better overall approximation. To explore the relationship
between approximation precision and proposal effectiveness, we have included a plot
of the mean acceptance probability in the figure below (see equation (6.13)). The
acceptance probability is shown as a function of the true distribution on the proposed
point. Notably, heavier-tailed kernels have the highest acceptance probability in the
tails, indicating that these kernels provide a more effective proposal and increase the
likelihood of sampling in the tails.

40.0% 4 —— Interp-KDE:Cauchy
------ Interp-KDE:ST3
g 30.0% 4 Interp-KDE:Gauss
V. — Interp-VKDE:Cauchy FRRRRAREAT
= 20.0% 4 Interp-VKDE:ST3
! e Interp-VKDE:Gauss =~ ~TT_LLLL____
5
— 10.0% A et
0.0%
80%
S 60% -
3
E 50%
0% T
30% L — | — : :
104 1073 102 1071 10°
™

efficient, producing samples with lower autocorrelation and better tail exploration. Future

work could focus on optimizing APES to reduce its computational burden.

You can find the notebook exploring the approximations of the Rosenbrock
distribution,? and the notebook with the MCMC runs and their analysis at NumCosmo

github project.4

3
4

notebooks/stats_dist_tests/stats_dist_rosenbrock.ipynb
notebooks/apes_tests/rosenbrock_mcmec.ipynb


https://github.com/NumCosmo/NumCosmo/blob/master/notebooks/stats_dist_tests/stats_dist_rosenbrock.ipynb
https://github.com/NumCosmo/NumCosmo/blob/master/notebooks/apes_tests/rosenbrock_mcmc.ipynb
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Tabela 4 — Results of an ensemble sampler run using APES and the Stretch move to generate a 2-
dimensional Rosenbrock sample. The APES configuration is Interp-VKDE: Cauchy
with an over-smooth parameter of 0.2 and a local fraction of walkers of 0.05. Both
samples were generated using a burn-in of 5000 iterations and a total of 1.6 million
points (5000 iterations multiplied by 320 chains). The mean variance and other mean
results were computed using all chains. Analytical results were also included for

comparison.
2-dimensional Rosenbrock Run

APES Stretch Analytical (6.21)
Number of walkers 320 320 -
Number of points ~ 5x 10® 5 x 10° -~
Ty, 6.3 14378 -
Ty, 10.7 1421.6 -
X1 1.0 0.9 1
X 11.0 10.2 11
~2Inn 2.0 2.0 2
Var (x1) 10.0 9.5 10
Var (x;) 236.7 173.3 2401/10
Cor (x1,x2) 0.41 0.35 20/49 ~ 0.41
Var (-2 1n ) 4.0 3.6 4
Acceptance ratio 47% 23% -

6.4.2 Cosmological Model

This section explores the standard cosmological model’s parametric space,
incorporating a single massive neutrino. The analysis involves fitting six parameters:
namely the Hubble parameter Hy, the cold dark matter density parameter .o, the
curvature parameter o, the dark energy equation of state w, the supernovae type la
absolute magnitude M/, and a massive neutrino m, (in electron-volt eV), as described
in detail in [183]. The six-dimensional parametric space is represented as x. We use flat
priors for these parameters, except for the cases where mv0 > 0 and Q¢ > —0.3, where

the priors are non-flat.

The likelihood function used in our analysis comprises the Pantheon+ like-
lihood [184, 185], the Baryon Acoustic Oscillation (BAO) derived cosmological distances
obtained from Data Release 16 (DR16) of the SDSS-III [186, 187], and the cosmological
chronometers collated in [188]. This analysis focuses on poorly constrained parametric

spaces to study the sampler’s behavior.
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Figura 18 - Plot showing the iterations (x{,x}) of the MCMC samples generated from the
Rosenbrock distribution using APES and Stretch proposals. The plot includes three
chains (out of 320 possible) from each algorithm, where the red points correspond to
the APES sample, and the blue points correspond to the Stretch sample. The iterations
shown in the plot were obtained after discarding the burn-in period. The visual
inspection reveals that the APES algorithm explores the tails more efficiently, with
more points distributed away from the mean and exhibiting only small autocorrelation.
On the other hand, the Stretch algorithm shows a stronger autocorrelation, with the
generated points tending to stay closer to their previous positions. The statistical
properties for these two runs are summarized in Tabela 4.

Parameter evolution

aussh, ‘?}*"’" ";; o3
zl" >, &

- A PP NP ST Al
5 o SRR R

T T T
0 200 400 600 800 1000
t

In NumCosmo APES, we can set a best-fit before running the MCMC, which
accelerates chain convergence. However, in this analysis, we chose not to use this option to
study APES’s burn-in phases. We initialized all runs with points sampled from Gaussian

distributions for the following parameters

Hy=70+1, Q. =0.25+0.01, Q0 =0.0+£0.01,
w=-1+0.01, my = 107 +0.01, Mp=-19.25+1.

In our analysis, two key points are noted. First, using more walkers extends the
burn-in phase but improves the quality of approximations and reduces autocorrelation.
This applies to the Stretch move as well. We conducted experiments with five different
configurations: APES with 600 walkers, APES with 2000 walkers, and Stretch with 64,
600, and 2000 walkers, running approximately 2 x 10° points in each case. Posterior
parameters and covariances were computed after removing the burn-in phase, defined as
the iteration maximizing the effective sample size. The results are depicted in Tabela 5.

We noted that the burn-in phase increases with the number of walkers, but both APES
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and Stretch with 600 walkers exhibit larger effective sample sizes, indicating better

convergence with smaller autocorrelations.

Despite differing burn-in phases, all configurations eventually converge to the
same mean and covariance for the parameters of interest. Stretch with 64 walkers has a
notably shorter burn-in phase, suggesting a possible strategy where fewer walkers are
initially used to pass through the burn-in phase quickly, followed by restarting the analysis
with more walkers. Investigations into this approach and the mixing of APES with other

methods are left for future work.

In the most efficient configurations (both using 600 walkers), APES has about
20 times less autocorrelation than Stretch, which is visually apparent inFigura 19 that
illustrates the evolution of 20 different chains. Notably, both methods exhibit similar
behavior when chains are far from the mean. They often get stuck at certain values for
numerous iterations, and in the case of Stretch, points tend to cluster together, further

increasing autocorrelation.

High autocorrelation is observed with Stretch with 2000 walkers, where the
burn-in phase constitutes a substantial portion of the total iterations. In such cases, caution
1s required in the analysis process. APES proves advantageous in numerous scenarios
due to its typically low autocorrelation. By minimizing autocorrelation, APES enhances
the reliability and robustness of analyses, reducing the risk of false convergence and

improving the estimation of the target distribution.
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Tabela 5 — Results from the cosmological analysis are presented. The APES data were generated
using the Interp-VKDE: Cauchy option with a local fraction of p = 0.05 and an
over-smooth factor of 0.2. We generated two samples using 2000 walkers using
both APES and Stretch. Additionally, we included a run using Stretch and just 64
walkers. Although the APES chains had converged since the 200th iteration, the larger
autocorrelation resulting from the Stretch move necessitated increasing the number
of steps to obtain a better approximation of the posterior using this sampler. In this
study, we intentionally included the slow-convergence phase of the Stretch move to
show its influence and bias on the parameters. Increasing the burn-in to 500 iterations
removes the bias and reduces the autocorrelation to about 40 for all parameters. All
tests converged to the same means and variances: Hy=723+0.9, ﬁco =0.27+0.04,
Qo = —0.21 £0.05, W = —0.9 £ 0.05, 71,0 = 1.4 £ 2.0, and M; = —19.3 = 0.03.

Pantheon BAO sample

APES APES Stretch Stretch Stretch
Number of walkers 600 2000 64 600 2000
Total number of points 2% 10° 2% 10° 2% 10° 2% 10° 2% 10°
Burn-in: steps 68 130 64 544 670
Burn-in: points ~41x10* ~26x10° ~6.0x10* ~33x10° ~1.3x10°
Effective sample size  ~29x10° ~47x10° ~99x10° ~19x10* ~2.6x10°
TH, 3.9 2.6 103 48 23
0.0 6.4 3.7 196 71 21
T 4.9 3.2 80 83 25
T 5.2 2.5 87 79 24
Toio 6.6 3.7 196 86 23
™, 3.9 2.6 102 57 24
Acceptance ratio 40% 49% 43% 43% 440
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Figura 19 — The figure illustrates the parameter evolution as a function of the iteration ¢, focusing

on the burn-in phase and the initial mixing for MCMC runs using the APES and
Stretch methods in a cosmological analysis. We specifically examine the most
efficient configuration of 600 walkers for both methods. To maintain clarity in the
visualization, we included only 20 chains in the plot. The parameter evolution shown
pertains to two specific parameters: Hy, which exhibits smaller autocorrelation, and
m,,(, which exhibits higher autocorrelation. It is worth noting that the burn-in for the
Stretch method occurs around ¢ = 544, as indicated in Tabela 5. This can be observed
in the figure as it takes this duration for the Stretch method to begin exploring the
region with m,,¢ > 0.1.
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6.5 Discussion

In summary, the radial basis interpolation technique used in the APES algorithm
has proven highly efficient in generating approximate posterior distributions and corres-
ponding sample points. It exhibits smaller autocorrelation times and better acceptance
ratios when compared to other MCMC algorithms. Our assessment, which compared
APES and the Stretch sampler on the same posterior distributions, highlighted APES’s
superiority, especially in scenarios involving adaptive sampling like the Rosenbrock

distribution.

However, it’s crucial to note that in cases with high autocorrelation, chains can
falsely appear to have converged prematurely during the analysis. Slow convergence
can lead to false positive diagnoses, as evident in our experiments. For the Rosenbrock
distribution, the tails aren’t well-represented during the slow phase, as chains continue
exploring pertinent areas of the parametric space, indicated by the significant autocor-
relation. Additionally, the slow convergence phase can bias the mean and report lower

variance due to the over-representation of the distribution center.

We also assessed the algorithm’s performance for cosmology likelihood, revealing
that the APES algorithm led to a significantly smaller autocorrelation time than the
Stretch move sampler. For wider samples, the APES algorithm is expected to have a
smaller autocorrelation time, a finding supported by our experiments. We explored the
impact of the number of walkers on the algorithm’s efficiency and noted that a large
number of walkers can extend the burn-in phase. However, the number of walkers must
be adjusted according to the problem’s dimension, as shown in [60] for the truncated
multivariate Gaussian distribution test. We’re currently investigating alternative methods

to minimize extended burn-in phases.

We rigorously tested the robust method in various scenarios and found that while
it didn’t significantly improve the overall sampling process, it came with substantial
computational costs. In practical settings prioritizing computational efficiency, the stan-
dard approach remains preferable. However, further research into more computationally
efficient robust methods could be valuable for future applications. Robust methods may
be beneficial during the burn-in phase or in situations with many outliers where accurate

covariance estimation is vital, although the added computational cost should be considered
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when making this choice.

The versatility of the APES algorithm allows integration with various appro-
ximation techniques, making it a powerful tool for diverse applications. Its adaptable
framework and efficient target distribution sampling lead to faster convergence rates and
less autocorrelation compared to other MCMC algorithms. While future enhancements,
such as additional kernels, cross-validation, and fitting techniques, could further improve
its capabilities, the current framework is highly effective for solving a wide range of

problems.
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7 CONCLUSION

In this work, we have developed three different projects: the formation of
primordial black holes in a contracting model; the cluster pipeline development in LSST;
and the APES: Approximate Posterior Ensemble Sampler. The first two projects are
directly connected as they involve the formation of large-scale structures in the universe.
Both PBH and galaxy clusters are formed through critical collapse and the study of their
abundance in the universe is made similarly. Regarding APES, MCMC algorithms are
essential for cosmological analysis and we have seen its use on CosmoDC?2, the simulated

catalog from DESC. Let us discuss our main results for each project separately.

To compute the abundance of PBH, we needed two quantities: the variance related
to density contrast modes and the critical threshold ¢, in a bouncing scenario. The
variance was obtained through a numerical code that uses the adiabatic approximation to
impose initial conditions for the problem. During the contracting phase of a dust-bouncing
model, the perturbations’ power spectra grow as we get closer to the bounce. This leads to
an increase in the variance related to power spectra and consequently to an enhancement

of the probability for PBH production.

Regarding the critical threshold, we developed an analytical solution to compute
such a quantity. In the bouncing scenario, this calculation was not fully understood as
some approximations used in the inflationary scenario do not hold. We used the LTB
metric to describe a local collapse of the perturbations that would form PBHs. We
computed the Einstein field equations for such metric and obtained a parametric solution
for both the metric’s dynamical degree of freedom and the necessary time for the collapse.
After imposing some constraints on the initial/final formation time of PBH, we were able

to obtain an expression for the critical threshold when the perturbations are small.

With the threshold and variance described above, we computed the probability
of PBH to be formed during the contracting phase and finally the abundance of DM
today. We concluded that although the production of PBH in certain mass scales may
be enhanced during the dust bounce, the formed black holes have such small masses

that they would have completely evaporated today. Consequently their abundance in DM
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today would be irrelevant. If we consider cold dark matter with null pressure, we note
that the PBH formation is enhanced. In this case of a pressureless field, all PBH could

constitute dark matter, since the only restriction for formation is the bounce time.

The next natural step of this research is to add radiation into the contracting model,
a description closer to the physical universe. The addition of a second fluid will lead to a
new interaction term into the Hamiltonian and may enhance the perturbations’ power
spectra. In this case, we also need to analyze the LTB set of solutions as the pressure will

not be irrelevant in the presence of radiation.

Regarding the cluster pipeline inside DESC-LSST, we tackled several different
problems that needed development in the code. We contributed to the creation of new
data files to store and share data inside the collaboration, the SACC format. We have also
implemented different likelihoods in Firecrown for galaxy cluster analysis. This package
has likelihood implementation for cluster number counts, weak lensing, different proxies
such as richness, and others. We have mostly contributed to the cluster number counts
analysis, where we implemented theoretical predictions into the code for the case of real

masses/redshifts and the case where we use cluster richness as a proxy.

After the code was implemented, we performed several tests with simulated
catalogs (CosmoDC2). The code led to the same cosmological parameters as the fiducial
ones from the simulations. Our tests indicated that the code is behaving as expected and
can be used to perform real data analysis for the upcoming LSST data in 2025. So far,
the cluster working group inside DESC has a preliminary pipeline that can do either
cluster number counts or stacked lensing profile analysis separately. The next goal of the
collaboration is to perform a joint analysis for both probes that involves a covariance

between the different data types. This is currently being developed in the collaboration.

Lastly, let us discuss the APES. The curse of dimensionality is a well-known
problem among ensemble samplers. For complex multidimensional target distributions,
usual MCMC algorithms can get stuck in poorly distributed areas. Using kernel density
estimation and radial basis interpolation, the APES algorithm can easily be adapted for
different areas of the distribution and avoid such problems. Our algorithm can better
describe the posterior by the use of those techniques and we have tested the code for

different distributions.
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We have compared the efficiency of the APES mostly with the stretch move,
adopted by popular MCMC algorithms such as the emcee. We have seen that for complex
distributions such as the Rosenbrock distribution, the APES samples not only had a
smaller autocorrelation time but also provided a better description of the distribution at its
tails, where common algorithms are not as efficient. In the cosmological model example,
which had a well-behaved distribution, we once again saw a bigger acceptance ratio of the
APES when compared to the stretch move, while maintaining a smaller autocorrelation

time. The APES algorithm is adaptive and thus it is well-suited for complex distributions.
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APENDICE A - PERTURBATION THEORY

In this appendix, we review perturbation theory in general relativity. We consider a
Friedmann-Lemaitre-Robertson-Walker (FLRW) background Universe, which is spatially
homogeneous and isotropic. Even though this model is a good approximation of the real
Universe globally, we want to consider a physical Universe that slightly differ from this

background locally, which can be modeled with perturbation theory.

We represent the quantities defined in the background universe and mapped in
the physical Universe with an over-bar sign, such as in the background metric tensor g*”.
The physical, or perturbed, quantities are labeled without the bar sign. In this section, we
study the perturbation theory for a general background curvature K for learning purposes,

although we assume that the universe is flat in the rest of this work, i.e., K =0.

A.1 Definitions and Gauge Dependency

Even though the FLRW Universe is a good first approximation for the real
Universe, it does not completely describes the physical Universe. It is expected that the
physical, which we will also call the perturbed, Universe differs minimally from the
Friedman background version [69, 116]. The background model is defined in a manifold
MP"2 that is assumed to be spatially homogeneous and isotropic. To analyze how the
perturbed manifold M representing the physical Universe differs from this ideal model,
we first need to analyze how to connect both manifolds trough a diffeomorphism. We will

analyze this map and then compare the mapped quantities to the perturbed ones.

Following Ref. [189], considering a quantity Q8 defined on a background 3 + 1
manifold M8, we introduce this quantity in the physical 3 + 1 manifold M through a one
parameter diffeomorphism map f;, such that we label these mapped quantities Q € M.

This diffeomorphism map can be seen in Fig. 20.

Knowing how to define the background quantities in the physical manifold, we

are able to compute the difference between them and their perturbed versions, that is,

IQ=Q-Q, (A.1)
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Q"

Figura 20 — Map between the background and the physical manifolds.

where Q is the quantity defined in the physical manifold and we take 6@ to be small.
From now on, we refer to quantities brought from the background to the physical manifold

as background quantities, labeled with an over-bar sign.

Since background quantities depends on the map used to connect the manifolds,
we must analyze the dependency given by the parameter A. Also, we have to take into
account that the quantities definitions depend on the coordinate system. Thus, we shall
call the dependency on the diffeomorphism map plus the coordinate system as a Gauge
dependency. Let us consider transformations generated by an infinitesimal change in
the coordinates, characterized by a vector A, that is, x, — y, = x,, + A,. Under this

transformation, a general tensor changes as

Taa/l...(x) - Toa/l...(y)
dyy 0y,

=Ty (%) T (A.2)
Expanding T, (x = y — A) in a Taylor series, we get
Traa..(y) = Traa..(x) + £aTraa...(X). (A.3)
However, the coordinate choice also affects the physical quantities. Explicitly,
Trar..(y) = Trar..(x) + £aTsqn.. (%), (A.4)

such that perturbations as in Eq. (A.1) remain unchanged.

On the other hand, we assume that for a small A change, the new background

quantities vary with the same form, that is,

To-w/l...(y) = TO'(M...(X) +£BT0'(M...(-X)’ (AS)
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where B is a vector that characterizes the change in the diffeomorphism map. Since the

physical quantities are not affected by this map, the resulted perturbations will be
6Tran..(x) = Toer..(x) = £8T5an.. (). (A.6)
Thus, we refer to a gauge transformation the total change!
T —T+£x.5T (A7)
T —>T+£T. (A.8)

In this work, we want to make a coordinate choice such that the background quantities

are invariant under a Gauge choice, that is, B = —A, which leads to
T—>T, (A.9)
and
0T — oT — £5T. (A.10)

So from now one, we assume the a gauge choice will only affect the perturbed quantities

and left background variables unchanged.

We now apply this same formalism to the metric tensor. In perturbation theory, we
assume that the metric defined in the background and mapped in the perturbed manifold
is a FLRW metric, that is,

_ b
8uv = fa=08uys 1.V =0,1,2,3.
= —c?di? +yddy’,  ij=1,2,3, (A.11)
being g,, the FLRW metric, ¢ the cosmic time and y;; = a’o; ; the spatial metric. We
assume that the physical metric g#” has a small deviation from this metric, that is,
é‘g,uv = 8uv — 8uv- (A.12)
Finally, under a gauge transformation represented by a vector &, the metric perturbation
changes as
5gfw = 08uv — £e8uy
:6guv_v,u§v_vv§u- (A.13)

The next step is to decompose and analyze the metric and matter perturbations.
1

We are omitting the tensor indexes for reading simplification purposes.
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A.2 Metric and Matter Scalar Perturbations

A.2.1 Metric Perturbations

In this work, we will only focus on scalar perturbations. For vector perturbations,

check Ref. [190]. Following Refs. [189, 191], we may write the physical metric as

guv = &uv +08uv> (A.14)

such that 6g,, represents the scalar perturbations given by

6800 = 2¢ (A.15)
6g0i = -D;B (A.16)
6gij =2 (Yy;;— DiD;E) . (A.17)

In the above, B, ¢,y and & are scalar perturbations of the metric. These equations repre-
sents the possible projections of the metric in time and spatial background directions and

the scalar components are derived trough the Scalar-Vector-Tensor (SVT) decomposition.

Let us now establish a foliation for the physical universe, determining how the
spatial hypersurfaces with constant times are selected. This will allow us to study the
projections for different tensors and analyze their components. In this study, we adopt a
mixed foliation approach for the perturbations. This approach involves using a geodesic
foliation defined by a vector 72# for the background manifold, as discussed in Sec. 2.1.1,
while parameterizing the perturbed manifold with n# = (1 — ¢)7* [90]. By choosing this
foliation we achieve more physical comparisons between the perturbed and background
quantities, since the foliation for the perturbed manifold aligns with the background’s
up to a small deviation and we can use the same notion of hypersurfaces for both
manifolds. Thus, given a generic tensor W#”, we will denote perturbations projected on

the background foliation, that is
SWH nyn,, = 6Woo = Wi, — WH i, . (A.18)

Let us now define the matter perturbations that will be needed for the Einstein’s equations.

A.2.2 Energy-Momentum Tensor Perturbations

The physical matter content should not differ much from a perfect fluid appro-

ximation that leads to the Friedmann equations. The background and the perturbed
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energy-momentum tensors are respectively given by
+ PV (A.19)
and

T, =T, +6T," =épni” + (p+p)(D,Vii" +ii,(D*V +D"B)) +6py,", (A.20)

where p is the background energy density, p is the background pressure and we considered
that there is no anisotropic pressure nor anisotropic pressure perturbation. In the above,

V is the perturbation on the fluid velocity
uy, =(1-¢)i, +D,V. (A.21)

In this approach, we are incorporating the cosmological constant contribution from
Eq. (2.12) into the energy-momentum tensor. We now have all the ingredients to compute
the movement equations through the Einstein equations, which will provide relations

between the geometry and the matter content in perturbation theory.

A.3 Equations of Motion

Our objective is to use the Einstein equations formulated for the physical manifold
in order to establish connections among the perturbed quantities. These equations are

represented by
Gy = kT, (A.22)

where the cosmological constant term is already included in the energy-momentum tensor,
given by equation (A.20). After multiplying Eq. (A.22) by g”* and subtracting the result

by G,* from both sides, we get the relation for the perturbations

6G " = k6T,°. (A.23)

We can now compute Eq. (A.23) for all components, which is explicitly done in

Ref. [191]. In this context, the scalar equations of motion for a Universe with a FLRW
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background metric results in?

2060 R
5Go° = S+ =Kep = k6T (A.24)
2 _ _ _
6G, = 3D, (5@ _3K60 — Dzéo')
= Dj[x(p + p)V] = «6T;" (A.25)
,- L .~ R
0G;' =-200+060 +¢0 - D, a" + T

= 3k6p = kOT} (A.26)

3
=0=«koT,', fori#j. (A.27)

6G;'=-D'D; (lﬁ—¢—5b’—950)

In the equations above, 90 is the perturbed expansion rate, 6R is the perturbed curvature
scalar, dc is the perturbed shear and ' is the worldline acceleration with respect to the
constant cosmic time hyper-surfaces. These perturbation quantities can be written in

terms of the scalar metric perturbations as

60 = D*50 +3 (gp + ¢>) (A.28)
SR = —4(D? +3K)y (A.29)
boc=—(E-8B)+ %(:)8 (A.30)
at = —D*¢. (A.31)

The relations in Egs. (A.24)-(A.27) depend on the scalar metric perturbations,
which defines the physical quantities that are gauge dependent. We are generally not
interested in a theory that depends on the gauge since the physical meaning of the
quantities may change. Therefore, our aim for the remainder of this appendix is to reframe
these variables in a manner that renders them gauge invariant to express our future results.

We will also briefly discuss some possible gauge choices.

2 Had we defined the metric perturbations with the vector perturbations as well, we could get these same

scalar equations (A.24)-(A.27) respectively by contracting equation (A.23) with the temporal vectors
i 4, taking the divergent of the mixed projection, the trace of the spatial projection and the double
derivative of the spatial projection.
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A.4 Gauge Transformations and Gauge Invariant Quantities

To address the problem of gauge dependence, our first step is to examine the
behavior of perturbations under a gauge transformation. By understanding these changes,
we can determine the appropriate modifications required to express the perturbations in a

gauge invariant form. Let us start with the scalar metric perturbations.

A.4.1 Scalar Metric Variables Transformation

Under a gauge transformation, the metric perturbation transforms as Eq. (A.13),

being ¢ the generator of the transformation with the general form3
u =&V, + D gt (A32)

where £/l and £+ are the temporal and spatial components respectively. We can analyze
the change in the temporal and spatial projections of the metric perturbation to analyze
how each scalar perturbation transforms under this gauge transformation. Explicitly, from
Eq (A.13),

68, = 6gan +2Vaés = 2¢ — 2£1, (A33)
7[5gﬁv/l] = 7[58ﬁv - Vﬁfv - vvffz]
=-D,B+D"¢l - 9,(D"¢) (A.34)
and

y1685,] = ¥[68uy — Vuéy = Vyé,l
=2 (UYuy — DuD,E) - 20, - 2D, D, &*. (A.35)

3 We are considering that & 1 1s the same order as the perturbations. Also, using the SVT decomposition,

we are only taking into account the scalar components of this vector.
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Knowing that ©,, = %)7;1\/ and [0, V*] = —%(:)D“ [90], we deduce that the scalar

perturbations evolve under gauge transformation as

¢ — ¢+l (A.36)

B—-B-¢&l- ?ﬁ + &L (A.37)

E—> E+&t (A.38)
C)

W — Y- gg”. (A.39)

Using equations (A.37) and (A.38), we can also compute the gauge transformation for

the shear perturbation as
so — do — &l (A.40)

With the transformations of the metric variables we can form two new gauge invariant

variables, known as the Bardeen variables [192], defined as
) C)
O=¢p+00, ¥Y=y- 360'. (A.41)

We must be careful when interpretation these variables. They have no direct physical
meaning since they are just a combination of variables that form gauge invariant quantities.
Nevertheless, they are commonly used, and we will see that in the Newtonian gauge
(60 = 0) the first variable is equivalent to the Newtonian potential. Thus, these variables

are convenient if the goal is to work in this gauge.

We could have also formed different gauge invariant variables by combining
Egs. (A.36)-(A.39). When working in certain gauges, one should always analyze which
variables fit best the problem in question to simplify the analysis. We will briefly discuss
this point in the end of this section. We shall now compute the variation of the energy-
momentum tensor under a gauge transformation and combine gauge dependent variables

to form invariant ones.

A.4.2 Energy-Momentum Tensor Transformations

Following the same approach using Eq. (A.13), the energy-momentum tensor

transforms under a gauge transformation as

6T, — 0T,y — £6T . (A.42)
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To analyze all the components, we start with the temporal projection of Eq. (A.42), such
that

0T — 6T — £:6Tha (A.43)
Comparing this relation to Eq. (A.20), we deduce that the energy density transforms as

5p — 6p —£&lp. (A.44)

For the fluid velocity# and pressure perturbation, we use the temporal-spatial
projection and the spatial-spatial projection of Eq. (A.42). In this context, these variables

change under a gauge transformation as
V- Vel (A.45)
and

§p — op+&lp. (A.46)

We want to combine these variables with the metric components to generate
gauge invariant variables. To have a similar relations to the Bardeen variables, we will
define all the gauge invariant variables using the shear perturbation given in equation
(A.29) [90]. Therefore, we can combine these variables to generate their gauge invariant

forms, which are

dp =6p—3d80p (A.47)
V=YV+6o (A.48)
6p =6p—60p. (A.49)

It is interesting to use only one variable to define the gauge-invariant forms of the other
variables (which in our case is 607), so when we do make a gauge choice, there is a clear

interpretation.

Next, we want to rewrite some of the movement equations in terms of these
invariant variables, which will lead to the definition of the curvature perturbation variable

that connects both the geometric and matter components.
4

It is important to notice that, had we considered the vector perturbations as well, the perturbation of the
fluid velocity would be given by V,, = D,V + V. Therefore the gauge transformation would be on the
vector V,, and that is why the scalar term changes as in equation (A.45).
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A.4.3 Curvature Perturbation

First, we see that the relation in Eq. (A.27) becomes trivial in terms of the Bardeen

variables, that is,
¥ = . (A.50)

Next, we want to combine Egs. (A.25) and (A.26). Starting with Eq. (A.25), we integrate
both sides of the equation in the space variables and multiply the result by ®. Then, we
subtract the result by Eq. (A.24), such that

_(3K + D)W = g [6p -85+ p)V]. (A.51)

In the above, we also used the relation for 6R given in Eq. (A.29).

Using Eqgs. (A.47) and (A.48), plus the continuity background equation
p+0(p+p) =0, (A.52)
we can rewrite Eq. (A.51) with the gauge-invariant quantities as
_(3K +DH¥ = g [6p - 30(5+p)V]. (A.53)
We can rearrange Eq. (A.53) so

_ +3/<(p+p) (9(‘7 2KY ) K -

3 (p+p)

To simplify this relation, we define the curvature perturbation

-D*¥ 3 = 59p. (A.54)

2KY O .
-—+ =V, (A.55)
k(p+p) 3

which is gauge invariant by constructionso. Replacing this relation in Eq. (A.54),

_2DY 4p
3k(p+p)  3(p+p)

With Eq. (A.56), we have a relation for the density contrast that is gauge-invariant and

[-W (A.56)

is related with the Bardeen variables, which connect both the matter and the geometry
content of the universe. We now have a well defined perturbation theory and all the

needed gauge invariant variables. Let us see some possible gauge choices.
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A.5 Gauge Choices

As discussed, each gauge-invariant combination of variables may be chosen
depending on what gauge we intend to work with. In this section, we will analyze the
Newtonian, Synchronous, Constant Curvature gauge, and Fluid’s Gauge and define the

best suited variables to work in each gauge.

A.5.1 Newtonian Gauge

In the Newtonian gauge, we fix the gauge in Eq. (A.32) to eliminate the scalar
part of the shear, ensuring that 6o~ = 0, which fully determines the gauge. This implies
that spatial and orthogonal quantities in the background remain spatial and orthogonal
when inserted in the physical manifold. For this choice, we can construct gauge-invariant
variables by combining all perturbation components with 6o. This allows us to obtain
a collection of quantities that remain invariant under gauge transformations and, in the

case of choosing the Newtonian gauge, reduce to the familiar Newtonian variables.

In this gauge, the chosen gauge-invariant variables are

Sp =6p—o0p, V=V+é0°
C]
Y=y 3505, D =¢+060° (A.57)
2KY 0 -
{=¥Y-——F+3V,
k(p+p) 3

which were already discussed in this Appendix.

A.5.2 Synchronous Gauge

The Synchronous gauge is determined by selecting the background hypersurfaces
in such a way that their normal vector fields follow geodesics. Thus, given the acceleration
in Eq. (A.31), by choosing ¢ = 0, we achieve geodesic normal fields. However, analyzing
Eq. (A.36), this choice does not completely fix the gauge since ¢ only changes with
the derivative of the temporal component under gauge transformations. Rather than
addressing this caveat from a gauge-fixing perspective, we adopt a similar approach as in

the Newtonian gauge, seeking variables that reduce to those in the Synchronous gauge
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when ¢ = 0. To do so, we introduce the integral
t
Iy = / drio (1) . (A.58)
ta

In the context above, we then define the variables

5256p—(:)l¢ (VSE(V—I¢

_ A.59
ZE(SO'S+I¢, \PSElﬁ+%I¢, ( )

where ¢, is the density contrast. Although these combinations are not gauge-invariant,

they follow a simple rule under gauge transformations,

55 — 65 -0l Vs - ¢l

AR A.60
2o oot +&l Py o+ 94l (4.60)

Consequently, we can freely choose the value of one of these functions at a specific time ¢
to completely fix the gauge. As a common practice, the Cold Dark Matter (CDM) velocity
potential V¥ is initially set to zero, remaining constant throughout the evolution due to its
equation of motion. When this additional step is taken, the mentioned variables above

become gauge-invariant.

A.5.3 Constant Curvature Gauge

The intrinsic curvature perturbation is governed by the metric potential ¢ as given
by Eq. (A.29). Hence, selecting ¢ = 0 establishes a gauge where the spatial hypersurfaces
possess zero intrinsic curvature. Similar to the Newtonian gauge, this choice entirely

fixes the gauge freedom. In this context, we introduce the gauge-invariant variables

56 =6,+3y, (VCE(V+%p
, (A.61)
ZCE(SO'S—3T¢, ®C5¢+§(3Tw)
S C)

which have direct physical interpretation in this gauge.

In the next appendix, we want to quantize the perturbations defined in Sec. A.4.
We begin with the classical Mukhanov-Sasaki action, which we will show in App. B.1.2
that is related to the curvature variable. Then, we will use this action to dictate the

dynamics of our variables and proceed to the quantization approach.
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A.5.4 Fluid’s Gauge

In App.C, we compute the solution for the Einstein equations for an inhomoge-
neous dust-perfect fluid with a spherically symmetric local metric. To use this solution
and compare it with our perturbations defined in this appendix, we must ensure that
measurements in the local metric are in the same Gauge as our perturbations. Since we
projected the energy-momentum tensor in the direction of the velocity of the fluid in
Eq. (C.8), we consider the Gauge where the fluid is at rest and we shall now see how to

define our perturbation theory in this Gauge choice.

Essentially, following [189], we want to make sure that the local tensor in (C.6)

can be seen as the perturbed energy-momentum tensor 67},,. Explicitly, we want

Ty o 6Ty = (6p = 2¢)nyuny +2(p + p)nDy)V + (6p) hyy +2p (n,D,\8+D,D,E),
(A.62)

where we consider no anisotropic pressure. Thus, the fluid’s Gauge is obtained by setting

V=E=0 and (A.63)
Bl =0. (A.64)

With these Gauge choices,
6Ty = (6p = 2¢)nun, + (6py) hyy +2p (D,D,E). (A.65)

The first choice for V in Eq. (A.63) assures that the perturbed fluid is at rest
with the background universe. The other two conditions guarantee that, at least for an
initial time 71, there are no off-diagonal terms and we have an isotropic perturbed fluid.
For different times, it is not possible to set a Gauge such that & = 0 for r # #; [51].
Nonetheless, we can argue that this term is proportional to the pressure of the fluid which
has an almost vanishing value for cold dark matter and thus can be discarded. Also, since
our main goal is to make proper measurements of the density contrast that depends on
Eq. (4.7), this term is not relevant to our computations. Finally, in the fluid’s Gauge, the

gauge-invariant density contrast may be interpreted as its physical equivalent, that is,
5p" =6p+Vp=6p (A.66)

where we used Eq. (4.7).
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APENDICE B - QUANTIZING THE PERTURBATIONS

In Section 3.3.2, we delved into the quantization of the background theory.
In Chapter 4, our focus shifts to examining the growth of perturbations within this
quantum background, which will seed the primordial black hole formation. Consequently,
the next natural step is to quantize the perturbations. Fortunately, the cosmological
perturbations are represented through a gauge theory that can be seen independently
from the background. This independence permits us to separate the quantization of both

spaces.

To quantize our perturbation theory, we start with the classical Mukhanov-Sasaki
action to apply the canonical quantization formalism [116, 194]. We study the dynamics
given by the variation principle and show that up to the second order, this action is
related to our perturbation theory. We then proceed with the canonical quantization
formalism. However, we will see that in dynamical/curved spacetimes the solution to
our equations of motion is not straightforward since we have a time-dependent mass.
Moreover, there is an ambiguity of the vacuum in curved spacetimes. This ambiguity
stems from the fact that the Stone-Von-Neuman theorem, which typically guarantees
a unitary equivalence between different Schrodinger representations, doesn’t hold in
curved spacetimes [195, 196]. To face these issues, we employ the adiabatic vacuum
approach, which involves using the WKB (Wentzel-Kramers-Brillouin) ansatz to propose
solutions for the equation of motion. Finally, we will use these field solutions to compute

the spectrum of the theory. From now on we are considering K = 0.1

B.1 Classical Mukhanov-Sasaki action

Our starting point involves revisiting the classical Einstein-Hilbert action for a

perfect fluid

1 _
S=—— [ d*x/-gR+ / d*x\-gp. (B.1)
2K M M

Had we considered K # 0, the Mukhanov-Sasaki action would have extra terms and all of our
calculations in the following sections would have to be adapted.

1
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To derive the dynamic equations for our perturbation theory, we need the second-order
variation of the Einstein-Hilbert action. However, directly deriving the perturbed action
from this action is not simple. Instead, we will adopt the perturbed action previously
derived in Ref. [39] in the case of a flat Universe and analyze its dynamics in the next
section. We will also demonstrate that the curvature perturbation defined in Eq. (A.55)
can also be deduced from the Mukhanov-Sasaki action, establishing the equivalence

between these two theories.

B.1.1 Second Order Variation and Equation of Motion

The perturbations are described by the Einstein-Hilbert action expanded up to

second order, resulting in the Mukhanov-Sasaki Lagrangian
|
Lys = / d*x— (§2z2 + cfzngg) : (B.2)
Kc

where ¢ (

5=

Q.)l D
T

)S = w is the speed of sound, A = D? is the spatial Laplacian operator
and
2073 (A0
cka’(p +
2= KPP (B.3)
2H2c%
To compute the density contrast in Eq. (4.10), we will need the curvature modes related
to the Mukhanov-Sasaki Lagrangian. The extremization of Eq. (B.2) in Fourier space
yields the equation of motion
N b2
Sk pllk Kok

=k =0, (B.4)
KC ZKC a-Kc

where k is the comoving wave number of the modes. Since obtaining analytical solutions
to (B.4) is non-trivial, we will employ a numerical code to compute the modes, which

requires the use of dimensionless variables. In dimensionless units, denoted with a
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subscript A, we redefine our variables as?

Sk
Lkah = ——, (B.5)
1[87T112,RH
I, VRu
My4 =~ 2 = (B.6)
87l
kA = kRH, (B7)
ct
gy = —, B.8
A= (B.8)
where [, is the Planck length, Ry = LO and
oL 27%¢
m, = 2bus _ 204 (B.9)
S 0(Q) ke
The equation of motion becomes
Zszzki
HkAA+ > {kAAIOOI’
Iy ,a + 207 224k pn = 0. (B.10)
Here, wi = ngg‘ is the dimensionless frequency and the dimensionless conjugated
a
momenta are given by
i, a = 2270k, n- (B.11)

Eq. (B.10) can be interpreted as a harmonic oscillator with a time-dependent frequency
wi, (t,) and mass m(t,) = 2z%. From here on, we are going to use the dimensionless

variables with the same notation as described above.

We expect that the classical and the quantum modes have the same equations of
motion, and thus Eq. (B.4) is valid for both cases. Before we continue with the canonical
quantization procedure, we prove that the definition in Eq. (A.55) is consistent with

Eq. (B.12) to show that the Mukhanov-Sasaki action represents the same perturbation

2 A derivative of a dimensionless variable will also be dimensionless. However, we use the same dot

notation.
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theory developed in App. A.4. Note that the Mukhanov-Sasaki variable is related to the

V= —{z\/z. (B.12)
KC

We will prove the equivalence by rewriting Eq. (B.12) in terms of Bardeen variable ®
using Eq. (B.4) and the relation from [39]
. -
_ 70 C)
D*®=->—(=-—1Tl. B.13
3a° 6a® * ®.19)
We will later show that the same relation can be achieved within the framework of App. A.

curvature perturbation by

We start by writing the left side of Eq. (B.13) in the Fourier space so the spatial
Laplacian operator can be replaced by D? = —ld‘—j. Explicitly,

o0 d3k ) 2@ 00 d3 k . ]

- / Ak’ Dy (r)e x = / (e ™). B
o (271)2 3 Jw (271)2

Dividing both sides by © and taking the time derivative from both sides leads to

o0 3 (o) 3 .
_/ d’k k2 [%+i (L(ﬂ)] e—ik.x:/ d’k %{'k(‘r)e_ik"%

o (Zﬂ)% 3 ot ® o (27r)% 3
2 e Prog.
ﬁ > ({ke—lk.x) , (B.ls)
3 Jow (270)2

where we used a = @ in the first term. We can now use Eq. (B.4) and Eq. (B.12) such
that

o 3 2202 poo 3
_/ d k} ak> [C% L9 (q)k_(T))] oikx = X6 / d k3 (éake—ik.x) .
—w (27)2 3 ot (] 3a2 J_wo (2n)2

(B.16)
Furthermore,if we go back to the coordinate space we have
_ ® a9 (P\] 2, ,-
P |+ L2 (2| = S2e2D%. B.17
[“ 3 c@t(@)] 3 eD ®.17)
Finally,
3a° 0 (D) ¢
=——|—|=|+3P|. B.18
[0 o

In the next section, we will show that this relation can be obtained in the perturbation
theory context developed in App. A, and thus connect the perturbation theory to the

Mukhanov-Sasaki Lagrangian.
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B.1.2 Connection with Perturbation Theory

We need to prove that the definition in Eq. (A.55) is consistent with Eq. (B.18).
We include the curvature factor K in this calculus to prove that the equivalence is general,

even though we consider K = 0. Starting with the relations in Eq. (A.41), we can compute

. 0O ¢) Y Yex

B LA A
® . K, _  _ _
:§¢+l//+60'[§(p+p)—K], (B.19)

where we used the Friedmann equations in Egs. (2.20) and (2.21). Combining Eq. (B.19)
with Eq. (A.28), we get

. @ O — D? _
‘P+?CI):6®%+6O' [g(ﬁﬂﬁ)—K]. (B.20)
Plugging this result into Eq. (A.25),
39 +00 &« -
— = E(,5 +p)V. (B.21)

In the above, we used the gauge invariant form in Eq. (A.48). Replacing V by the

curvature perturbation variable in Eq. (A.55) gives

3W+00  « 1 2K¥
— =5/ +p)= [f—‘}”‘f : (B.22)
9 2 ¢ k(p+p)
We can use Eq. (2.21) such that
3P +00  « 1 20%
—=—(p+p)= |+ —— B.23
5 = 304D ¢ 5517 (B.23)
and finally
3@ [0 (@) ¢
= — | = |+ =], B.24
¢t apa [cat(®)+3 ] (B:24

where we have used Eq. (B.3) in the last passage and also the fact that ® = ¥ for a perfect

fluid with no anisotropic pressure perturbation.

By Egs. (B.18) and (B.24), we can see that the perturbed theory developed in
App. A is in agreement with the second-order variation of the Einstein-Hilbert action
which leads to the Mukhanov-Sasaki Lagrangian. Thus our previous results are still valid
and we now start the quantization formalism by computing the conjugated momentum
of the classical theory and then defining the commutation relations for the quantum

operators from the Poisson brackets.
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B.2 Commutation Relations

In Chapter 4, the background is characterized by a quantum contracting phase
where an effective quantum fluid dominates near the bounce. Consequently, we seek quan-
tized perturbations for consistency, although both theories can be viewed independently.
In particular, the use of quantized perturbations evolving on classical backgrounds has
been widely used since the results of Mukhanov and Chibisov [197] and Hawking [198]
to derive the power spectrum of primordial perturbations, which are in turn used to

describe the formation of structure on our universe.

The use of quantum fields to describe primordial perturbations means that said
fields will have statistical properties. We may then partition the universe into local spatial
regions and consider each one as a realization of a random process and compare its

statistical properties with our theoretical predictions.3

We proceed to quantize our fields by promoting them to Hermitian operators
that act on a Fock space. In terms of the usual Fourier mode expansion, our quantum

operators, denoted with a hat superscript”from now on, are given by

2(x,1) = 13 / d3k(eik‘X{Z(t)ak+e_ik'X{k(t)aZ) (B.25)
(2m)2
and
A _ 1 3 ikXyT* —ik.x T
Hg(X,t)—(zﬂ)%/ dk(e I}, (D) +e Hé“k(l‘)ak), (B.26)

where K is the momentum vector with modulus £ and a; and az are the annihilation and
creation operators respectively. Demanding that the quantum fields satisfy the canonical

commutation relations

[f(x, 1), flév(y, t)] =ihé(x—-Yy), (B.27)

3 Here, an important remark must be made: in inflationary models, one usually postulates this quantum

to classical statistical connection, but the specific mechanism that converts a quantum universe to a
classical one is still an open problem [27, 103]. In our model, even if the perturbative level predictions
do not depend strongly on the bouncing mechanism if one assumes the De Broglie-Bohm interpretation
applied to Canonical Quantum Gravity, this problem is automatically solved [99].
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and that the complex modes satisfy

Ll - Gl = in, (B.28)
I - TLIT = i, (B.29)

T

imply that the creation and annihilation operators a, a,

satisfy the usual creation and

annihilation algebra

lak, ax,] = |af,.af,| =0 (B.30)

and

|ax-a, | = 6(k1 - k). (B.31)

Equation (B.28) represents the only constraint for choosing the basis of our
problem and it is known as the vacuum normalization. To fully specify our operators
and solve Eq. (B.10), we need to set initial conditions that will physically determine the

annihilation operator and, consequently, the vacuum state of the theory.

B.3 Vacuum Choice Problem

In the conventional canonical quantization formalism, see Ref. [199] for an
example, it is common to use the 4-dimensional Fourier basis to expand the field
operators and find the solutions for the equation of motion in terms of annihilation and
creation operators defined in this expansion. However, this approach involves making a
specific choice for the vacuum state. By defining the annihilation operator as the one that
annihilates the vacuum state, we implicitly select a particular vacuum state for the theory,
which may not be the same had we chosen another base expansion. Let us first analyze

how this vacuum choice is defined.

In usual quantum mechanics, the Stone-Von-Neuman theorem assures that for
every Weyl representation of the canonical commutation relation for one degree of
freedom, there is a unitary equivalence to the Schrodinger representation [195, 196].
Explicitly, for a separable Hilbert space IH, let U(z) and V(s) with ¢,s € IR be two
continuous unitary groups on [H satisfying the Weyl relations. Consider that there are
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closed sub-spaces IH; satisfying

N
H = Z H;, N e Z* (B.32)
=1

and
U(t): H, - H,;,V(s) : H, —» H, forall 5,¢ € R. (B.33)

The theorem states that for each I, there is an operator 7; : H; — L?(R) such that
T;U(t)T~! represents a translation to the left by (¢) and T]V(S)Tl_l is a multiplication by
emsx.

The Stone-Von Neumann theorem implies that there is a Hilbert space isomorphism
for operators U and V defined in different sub-spaces [200]. Thus there is an equivalence
between all the base representations and therefore all the choices lead to the same vacuum
of the theory in quantum mechanics (since we can always find the transformation 7 that
connects the spaces). When it comes to quantum field theory, we have infinity degrees
of freedom (N — o0), as there is particle creation and annihilation for infinity energy
numbers, and thus this affirmation is not true. Each base choice can lead to a different
vacuum of the theory and we can at most define a set of equivalent solutions that leads to

the same vacuum, but we cannot connect all the base choices.

The problem can be seen from the local nature of quantum field theory. While it
is not possible to define a field at infinity, we can approximate its behavior locally and
introduce a cutoff for our calculations. This local characteristic enables us to perform
computations in quantum field theory and demonstrate that effects beyond the cutoff have
negligible influence on local physics. However, this approach poses a challenge when
considering global effects, as there is no universally applicable method for defining them
across all local representations [200]. Consequently, the vacuum choice problem emerges.
This is also closely connected to the challenge of defining a theory of Quantum Gravity

since there is no preferred approach for defining the vacuum state in such a theory.

In non-curved spacetimes, the most used approach to solve this problem is to
use the Minkowski vacuum. The choice of vacuum for a curved quantum field theory is
extended analyzed in Ref. [201]. The authors propose criteria to define the vacuum such

that it is constant in time and such that its basis expansion only differs by a phase from the
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solutions from the equations of motion. This criterion is used to define the temporal part
of the basis that does not necessarily follow the equations of motion of the problem. In

this work, we will use the adiabatic vacuum approach [204, 194], which we explain next.

B.4 Adiabatic Vacuum

In quantum field theory, due to the non-applicability of the Stone-Von Neumann
Theorem, different choices of Hilbert Space that are consistent with the commutation
relations in Eq. (B.27) are not unitary equivalent, which means that they lead to different
physical predictions [203]. Therefore, one also needs a prescription to construct the

associated Hilbert Space of a quantum field theory.

Although in usual Minkowski space-time one may use its symmetries to define
the Hilbert space, in curved spacetimes one needs other techniques to construct said
space [202]. This problem can be mapped to a choice of operators dy that annihilate the
vacuum state |0), which in turn depends on the choice of mode functions ; (¢) that satisfy
the normalization condition in Eq. (B.28) [118]. Since such a condition is preserved by
the time evolution, it suffices to choose a set of initial conditions {x (o), I1x(fp)} at an
initial time #o [201].

A widely used prescription to define such a vacuum state is known as the adiabatic
vacuum prescription [204, 118]. Its main idea is to set initial conditions by demanding that
the mode functions ¢y () coincide with their A order adiabatic approximation, ™) (z).

This is implemented if one chooses the initial conditions [204]

1 ) .
M g1 (19) = ——=—€™ ) and N & (1) = iwy (10) i (¢ B.34
i (10) NN and "/ {y (10) = iw (10) Lk (1), (B.34)
where w? = Cglf in our case and ay is defined by the relation
Mgk (to)an(10) = 1. (B.35)

Using these initial conditions for the modes, a well-defined vacuum state is
obtained, which is in turn used to construct the Fock Space by successive applications of
the creation operator d Z and their linear combinations [118]. Now that we have defined
the appropriate initial conditions for quantization, we may see how to compute the

perturbations’ power spectrum.
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B.5 Spectrum

The power spectrum of a theory plays a crucial role in understanding the formation
of large-scale structures. The power spectrum also allows one to completely describe the
statistics of the problem if the density field is described by Gaussian fluctuations [206]. To
compute the power spectrum in our cosmological model, we first calculate the two-point
correlation function of the field variable {(x,¢;) at an initial time #;. This function
measures the spatial correlation between fluctuations at different points in space. The
correlation function is expressed as an integral over Fourier modes, yielding the desired

spatial correlation, and takes the form

Px. 1) (y. 1)) = —) ) 2ek(x-y)
(Cx.t)(y.0)) = (2n)%/ &k [ 124 (1) Pe 0|

dk sin kR
:/7[&(1() = ] (B.36)

where R = |[x —y| and we performed an integral over solid angles in the last equality. In

the above, the power spectrum P; is defined as#

Rla P

Pe(k) = =2

(B.37)

4 Note that the power spectrum is already dimensionless, and thus we can use the same definition with

our dimensionless variables as well.
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APENDICE C - EINSTEIN EQUATIONS FOR SPHERICAL
COLLAPSE

In this Appendix, we are interested in solving the Einstein equations for a metric
representing the spherical collapse. We intend to use these solutions to compute the
critical threshold in Sec. 4.5. We adapted the calculations initially done in Ref. [207] and
corrected by Ref. [23]. In these references, a scalar field is used as the source for the
energy-momentum tensor. We shall now perform the same calculations for a pressureless

barotropic fluid.

An inhomogeneous but spherically symmetric space can be represented by the

metric!
ds? = =c?d? + e MDA + R% (1, 1) (d92 + sin? ngoz) , (C.1)

where A(r,t) and R(t,r) are functions of the local coordinates to be defined and we are
considering spherical coordinates. Since none of these functions do not depend on the
angular variables, this metric may represent any type of spherical collapse. To find the
local functions that describe our problem, we need to solve Einstein’s equations for an

energy-momentum tensor that corresponds to our symmetries. We shall represent 9, =’.

Following [23], the Einstein’s tensor components are

1 . . R

Gir =25 |1+ R?>-2ARR - Re** (ZA’R’ 2R+ — )] (C.2)
2., .

Gir == (R + AR) (C.3)
1 . N

Grr == |[R2 = e (R242RR+ 1)) (C.4)

Geg = sin20Gy, = R (RA +NRe* +R"e* — R+ AR - RAZ) . (C5)

We want to consider an isotropic and inhomogeneous barotropic fluid. Thus our energy-

momentum tensor will have the form of a perfect fluid

Ty = (p(r,t) + p(r,t)uyuy, + p(r,1)guy (C.6)

' This metric can also be written with a lapse function that shifts the time component. However, one can

always redefine the coordinate to incorporate this quantity.
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where u,u* = —1 is the velocity vector of the fluid, which we assume to be orthogonal
to the spatial hypersurfaces. It is worth mentioning that in Eq. (C.6), both the pressure
and the energy density depend on the spatial radius since we want to consider a physical
metric modeled as a perturbation around the background quantities. Also, the equation of

state parameter of the fluid is
w== (C.7)

and we are considering w < 1 for cold dark matter. In this context, the energy-momentum

tensor components are

T = p(t,1) (C.8)
T, =T =T%, = p(t,r) (C.9)
", =0, (C.10)
T,, =0, (C.11)

where the indexes u and r indicate both the fluid’s velocity direction and the radial

direction respectively. Let us now move to the Einstein’s equations (EE).

We can redefine our variables as
R /.
k(tr) = 1= R, m(r) =3 (R2 + k) , (C.12)

such that the EE will be given by
&G

k"= —=RR' (T,u +T",) +2R' (R + AR), (C.13)
C
. 872G
= :—2RR’T’M, (C.14)
4nG 47G .
m' = L R R T — - R* R, (C.15)
C C
47G 4G .
=" RRT, - L RRT",. (C.16)
C C

Additionally, the energy conservation of T#¥ gives the constraint
V. T"" =0, or

3H
Viu(putu” + py"") = (p +—(p+ p)) u’ =0. (C.17)
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Thus, our system is given by

ds? = —c2di® + i ) 42 2L R(1,1) (d02+sm 6dy ) (C.18)
with
k' = 8:—GRR’ (p+p)+2R (R+AR), (C.19)
k=0, (C.20)
m' = 4ZG R*R'p (C.21)
i = —4:—2GRR2]) = —(47G)RR*wp = 0. (C.22)

plus Egs. (C.7) and (C.17). One can replace Egs. (C.22) and (C.20) into (C.19) using the
definitions in (C.12) yielding the final equations

4nG

m' = R*R'p (C.23)
C
., 2
(R)? = ?’" k. (C.24)

We can recognize in Egs. (C.23) and (C.24) the Lemaitre-Tolman-Bondi (LTB)
class of solutions [105]. One may check that the metric in Eq. (C.18) describes the
Schwarshild metric if m is constant, the Einstein-de Sitter universe if R = a(t)r and k = 0
and the closed Friedmann universe if R = a(f)r and k = r*>. We want to find analytical
solutions for the system without considering a specific type of these local functions.
Luckily, the LTB class of solutions is one of the few cases where there is an analytical

parametric solution to Einstein’s field equations, given by

R(,r) = 27’" sin’ (g) (C.25)
1(0.r) = 11(r) + —= (0 — - sin B) . (C.26)
k2

In the above, 6 is a parameter in the range [—2x, 0] and #; is an integration constant?. We

still have to find m and k, which will require initial conditions. Let us first analyze m.

2 Qur definition of the parameter 6 differs from Ref. [23] by —x for simplification purposes.
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From the right side of Eq. (C.23), we see that m is related to the mass density
of a spherical volume. To analyze this quantity, we start by rewriting the energy density

from the spherical collapse metric as

p(t,r)=p(t)(1+d(t,r)), (C.27)

pLr)-p(1)
p(1)
We consider that there is a small overdensity in our spherical system when compared to

such that ¢ is the density contrast § = and p the background energy density.
the background density. We want to study a top-hat spherical collapse so that outside
the over-dense spherical shell characterized by a critical radius r., the energy density is
approximately the background density, i.e., (r > r.)— p =~ p. We can add this information

to the density contrast by making the redefinition
6(t,r) = 6(1,r)O(r —rc) (C.28)

where © is the Heaviside function. In this context, Eq. (C.23) becomes
" 4nGRR’
m(r) = / dri 222 (p+60(r - r.). (C.29)
0 C

We still have freedom in our metric to define the local function R, which can be
fixed with initial conditions. The simplest choice would be that at initial collapse time
tini» R(tini, r) = r, which implies that the 3-dimensional spherical shell is initially at rest3.
This leads to

m(r)

Arr3G o (tin 3 [
_ 4 Gptin) (3 / dry (7126 (tini, 1)@ =) | (C:30)
3c? r3 Jo

The integral represents the expected value of the density contrast inside a spherical region
with radius r and m gives the total mass inside this region. To evaluate it, we need to
assume that at the initial time, our spherical metric possesses the same symmetries as
the background and thus it is homogeneous. This means that the density contrast has a

uniform distribution and does not depend on position at #;,,;#. Consequently,

O(tinis 1) = 0(tini) = Oini- (C.31)

3
4

Note that any other initial condition is valid and sufficient to completely define m.
This is only true at #;,,;. At later times, the perturbation evolves and depends on the radial position.
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We are representing any variable V at initial time ¢;,; as V(t;,;) = Vj; to simplify the
notation. Plugging Eq. (C.31) in (C.30) leads to

M (:—;) r<r.
m(r) = T , (C.32)
M+_l+5im‘ (r—3 - 1) r>re
such that we rewrote the terms as a function of
4w G pinir?
M = m(r,) = Z2PmiTe (1 15, (C.33)

3¢
We may now compute k using the second relation in Eq. (C.12), which requires
us to evaluate R(z,r). To do so, we define the inhomogenous Hubble function
_ R(t,7)
T R(t,r)
Since we have the vanishing relations in Egs. (C.22) and (C.20), R is the only local degree

(C.34)

of freedom that evolves in time and provides the dynamics of the universe according to
Eq. (C.25). Hence it is natural that we use this quantity to define the Hubble function.
Assuming that the local metric is homogeneous at ¢;,;,
=2
_ Kpc 2M 1
H? (tini 1) = H* (ting) = = —. C.35

Thus, we can use this relation to compute k for ¢ = t;,; since this variable does not evolve

in time, which leads to

(C.36)

Sini_ 1>
_ { M 1+0ini r} rsTe

Oimi 1 )
2Ml+5m - r>re

Now that we have properly computed our local quantities, we can rewrite our
solutions in Eq. (C.25) and (C.26) for r < r. as

L+6in) . (0
RO, r) = "LH0m) G2 (—) , (C.37)
Oini 2
I+ 6ni .
At(0,r) = ————— (0 —nm —siné), (C.38)
2H;pi02 (tin;)
such that Az = ; — t; for arbitrary times and 6,,; is obtained from Eq. (C.25) at ¢, i.e,
- 2 | Yini ini
—| = . C.39
sin ( 5 ) . ( )

We are now able to use these solutions to compute the critical value for the density

contrast.
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