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Resumo
Na era da cosmologia de precisão, missões são projetadas para coletar dados cosmo-
lógicos e testar modelos teóricos, com a radiação do Fundo Cósmico de Micro-ondas
(CMB) sendo uma fonte chave de informação. Análises detalhadas da distribuição de
temperatura dos fótons, polarização e frequência aprofundaram nossa compreensão da
evolução e da história térmica do universo. Este trabalho foca nas pequenas flutuações
no espectro de radiação do CMB, conhecidas como distorções espectrais, especificamente
as distorções do tipo-µ que surgem antes da recombinação devido ao efeito de atenuação
de Silk. Essas distorções podem distinguir entre diferentes modelos cosmológicos, já
que a energia trocada entre o plasma primordial e os fótons do CMB é sensível ao
espectro de potência das perturbações de curvatura. Nosso objetivo é estender a análise
das distorções espectrais do tipo-µ para um modelo de salto quântico, que aborda
questões de singularidade cosmológica e os mesmos problemas que a inflação, mas com
condições iniciais menos rigorosas.

Palavras-chave: Radiação Cósmica de Fundo, distorções espectrais, oscilação acústica,
ricochete quântico.
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Abstract
In the era of precision cosmology, missions are designed to collect cosmological data to
test theoretical models, with the Cosmic Microwave Background (CMB) radiation being
a key source of information. Detailed analyses of photon temperature distribution, po-
larization, and frequency have deepened our understanding of the universe’s evolution
and thermal history. This work focuses on small fluctuations in the CMB’s blackbody
radiation spectrum, known as spectral distortions, specifically type-µ distortions arising
before recombination due to the Silk damping effect. These distortions can distinguish
between different cosmological models, as the energy exchanged between the primordial
plasma and CMB photons is sensitive to the power spectrum of curvature perturbations.
We aim to extend the analysis of µ spectral distortions to a quantum bounce model,
which addresses cosmological singularity issues and the same problems as inflation but
with less stringent initial conditions.

Keywords: Cosmic Microwave Background, spectral distortions, Silk damping, quan-
tum bounce.
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1 Introduction

Cosmology is a precision science, with detailed theoretical models that provide
a good fit for the cosmological observables. Among many cosmological data sets, the
CMB temperature provides one of the most robust constraints to theoretical models. It
allows us to determine key parameters of cosmological models, and to explore the early
universe physics [1].

Besides the temperature fluctuations, the frequency spectrum of CMB encodes
rich information. Departures of the frequency spectrum from a blackbody defined as
spectral distortions, carry information about the thermal history of the early universe.

Figure 1 – Time evolution of spectral distortions [1].

There is a time dependence on the shape of the distortions, allowing us to
explore the µ-distortion generated in the early universe by physical processes of that
time. Among many physical effects in the early universe1, we will pay attention to the
diffusion damping (Silk damping) of acoustic waves in the photon-baryon fluid [2].

It was shown [3] that this effect leads to a spectrum distortion on CMB which
depends on the spectral index nS of the power spectrum of curvature perturbations,
therefore providing constraints on inflationary models [4]. Moreover, recently proposed
1 This effect is allowed by ΛCDM model, but one may study the energy release by effects such primordial

black holes evaporation, annihilating dark matter, or decaying relict particles which have the potential
to generate spectral distortions on CMB.
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CMB experiments (e.g. PIXIE [5], PRISM [6]) are expected to have sensitivity to constrain
|µ| ≲ 5× 10−8 with 5σ of confidence.

The literature has shown that distortions generated by acoustic waves can
constrain various inflationary scenarios that fall below the sensitivity of the PIXIE
experiment. In this work, we aim to extend these estimations to a quantum bounce
model for a barotropic fluid, seeking to identify distinguishing signatures between the
bounce and inflationary models.

In this dissertation, we will develop the theory to understand the subject of the
spectral distortions in the CMB in an isotropic and homogeneous universe. The first
chapter, is an overview of Cosmology, commenting on some fundamental problems
that motivated the inflationary model. A bounce model is also summarized, showing
that it solves the same problems. In the second chapter, we explore the cosmological
perturbations, obtaining the linear Einstein’s equations and solving for the scalar
equation to get the evolution of the scalar perturbation.

In the third chapter, we made a study of kinetic theory in curved spacetime,
applying the concepts to the Friedmann-Lemaître-Robertson-Walker (FLRW) universe
obtaining the temperature evolution of photons and baryons, and analyzing the
perturbed Boltzmann equation to get the evolution of the temperature fluctuation of
CMB, and the hydrodynamics equations of the photon gas.

In the last chapter, we estimated the µ-spectral distortion resulting from the
Silk damping effect on small scales in the primordial plasma of baryons and photons,
considering the power spectrum of a quantum bounce model for a single barotropic
fluid [7]. Additionally, we estimated a stationary baryon temperature solution for the
case of sound wave dissipation in the plasma.



16

2 Standard model of Cosmology

Modern cosmology can be constructed from two principles:

• Cosmological Principle: This principle postulates that the Universe on large scales1

is approximately homogeneous and isotropic, meaning that from any point in
the universe, there will be no preferred direction, and consequently, no preferred
position. We use this hypothesis for the spatial sections Σt of the manifold M4.

• Spacetime Decomposition Principle: The topology of the universe can be expressed
as a disjoint product M4 = Σt ×R. Here, the spatial sections Σt can have any
topology and are described by an evolution parameter t.

The foliation of M4 guaranteed by the second principle will be essential to restrict
the Cosmological Principle to the spatial sections, ensuring a lesser constraint on the
functional form of the material content of the universe that we will describe2.

Using the assumptions of spatial homogeneity and isotropy, we can determine
the spacetime metric, which will be given by3.

ds2 = −dt2 + a2(t)
(
dr2 + fK(r)2dΩ2

)
, (2.1)

where

fK(r) =


f1(r) = sin(r),

f0(r) = r,

f−1(r) = sinh r,

(2.2)

and dΩ2
≡ sin2 θdϕ2 + dθ2 is the solid angle element. The factor a(t) is a dimensionless

arbitrary function of proper time only, as we are imposing spatial homogeneity on the
spatial hypersurfaces, and t is the proper time measured by isotropic observers.

2.1 Simultaneity hypersurfaces

Let us decompose the spacetime M4 into disjoint submanifolds Σt, with Σt1 ∩

Σt2 = ∅ and ⊔tΣt = M4. One way to section the manifold is by defining a normalized
field nµ = −c∇µt orthogonal to these spatial hypersurfaces.
1 Approximately 100 Mpc, where 1 pc = 3.26 light-years.
2 If the hypothesis of homogeneity and isotropy applied to M4, we would have a restriction on the

material content of the Universe, as will be discussed later.
3 We obtain the metric explicitly in Appendix B.
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We can define the projector hµν = gµν + nµnν4, which will map any tensor in M4

to the tangents to the spatial hypersurfaces Σt, that is, it will collect only the spatial part
of the tensors. We can raise one of the indices of the projector in order to act on the
tensors

hµ
ν
= δ

µ
ν
+ nµnν. (2.3)

We will denote the action on the tensors as

h[Tµ1...µn
ν1...νl

] ≡ hµ1
λ1
. . . hβl

ν1
. . .Tλ1...

β1...
. (2.4)

If we project a time-like field we will see that the projection will be naturally zero

hµνnν = gµνnν + nνnνnµ = nµ − nµ = 0. (2.5)

If we act the projector on the metric

h[gµν] = hαµhβνgαβ = (δαµ + nαnµ)(δ
β
ν + nβnν)gαβ = hµν. (2.6)

Therefore, the tensor hµν can be interpreted as the metric projected on the slices, being
the fundamental dynamic quantity for our physical model.

Regarding the slicing of the manifold, there is an ambiguity in how to do it, since
we can choose any covector field nµ to slice it, as long as this field is normal to the spatial
hypersurfaces. For this, it is enough that there exists a globally defined function t on the
manifold such that nµ = −c∇µt.

However, in the context of Cosmology following the Cosmological Principle, we
are interested in a specific field that will define isotropic observers, that is, a field that
is geodesic and normal to the hypersurfaces. It can be shown that these free-falling
observers define a unique frame in which the spatial slices are homogeneous and
isotropic [8].

Assuming there exists a hypersurface Σt0 such that there exists a time-like vector
nµ normal to this hypersurface, i.e., nµnµ = −1 and nµsµ = 0, where sµ are spatial
vectors tangent to the slice Σt0 . And that we have isotropic observers following geodesic
curves λ(t) in M4 with tangent vector lµ(t). We impose that

lµ(t0) = nµ ⇒ lµ(t0)lµ(t0) = −1. (2.7)

We can verify that the field lµ will remain time-like, i.e., the norm is preserved along the
integral curves of the free-falling observers.

Ll(lµlµ) = lν∇ν(lµlµ) = lµlν∇νlµ + lµlν∇νlµ = 0, (2.8)

4 gµν are the components of ds2, i.e., ds2 = gµνdxµdxν
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where we defined the Lie derivative in appendice C, and used the assumption that lµ is
geodesic. Thus, we see that lµ(t)lµ(t) = −1 for all Σt with t ∈ R. At any point p ∈ Σt0 ,
we can define a Gaussian coordinate system, in which we construct the spatial-like
fields sµ. With this, we will have a set of coordinate fields {lµ, sµ}. We know that the
field of observers is orthogonal to the spatial sections in Σt0 . Let us check if they remain
normal for any time interval.

Ll(lµsµ) = lν∇ν(lµsµ) = sµlν∇νlµ + lµlν∇νsµ (2.9)

= lµsν∇νlµ =
1
2

sν∇ν (lµlµ)︸︷︷︸
−1

= 0, (2.10)

where we used the fact that the fields lµ and sν are coordinate fields, i.e.,

Lls = [l, s] = 0⇒ (2.11)

l(s) − s(l) = lν∇νsµ − sν∇νlµ = 0, (2.12)

lν∇νsµ = sν∇νlµ. (2.13)

If we project the covariant derivative onto the spatial sections, we will have an operator
defined only on the spatial hypersurfaces

h[∇αTµ1...µn
ν1...νl

] ≡ DαTµ1...µn
ν1...νl

, (2.14)

this operator will be compatible with the metric projected on the hypersurface

Dαhµν = h[∇αhµν] = h[∇α(gµν + nµnν)] (2.15)

= h[nµ∇αnν + nν∇αnµ] = 0. (2.16)

With this covariant derivative on the spatial section, we can define the spatial Riemann
tensor analogously as we do in M4.5

R
β

µνσ vβ = [Dµ, Dν]vσ, (2.17)

the commutator of the derivatives has been defined in apendice C, and for any 1-form
vσ ∈ T ∗p M4. If we raise one of the indices of the Riemann tensor with the spatial metric,
we can define it as a linear functional that acts on the antisymmetric space of 2-forms
Λ2

p and maps to the same space, given a point p ∈ Σt, i.e.,

R : Λ2
p → Λ2

p (2.18)

ω→ R(ω), (2.19)

5 We will use calligraphic symbols to represent the tensors projected onto the three-dimensional
hypersurface.
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explicitly

R
σβ

µν ωσβ = ω̄µν. (2.20)

The 2-form ω encodes the notion of an area at point p. Given a local chart (ϕ, U) ⊂ Σt,
we have ω = ωαβ dxα ∧ dxβ. Assuming spatial sections are isotropic, spatial vectors
must transform as sµ → s̄µ = δ

µ
νsν. Otherwise, we would have a specific field different

from others on the hypersurface, indicating a privileged direction on spatial sections,
contradicting the isotropy hypothesis. the components of the new transformed 2-form
will be

ω̄[αβ] = (s̄α ∧ s̄β)(ω) = ωµν δ
σ
αδ
γ
β sσ ∧ sγ(dxµ ∧ dxν) = ω[αβ], (2.21)

thus, due to the isotropy hypothesis, there is no privileged notion of area. In this sense,
the Riemann operator in equation (2.20) must lead to the same 2-form, thus being a map
proportional to the identity.

R
σβ

µν = K
(
δαµδ

β
ν − δ

α
νδ
β
µ

)
, (2.22)

lowering the indices σ and β on both sides with the spatial metric.

Rµνσβ = K
(
hµσhνβ − hσνhµβ

)
. (2.23)

We can contract the indices ν and β, in order to obtain the spatial Ricci tensor Rµσ, and
another contraction µ and σ to obtain the spatial Ricci scalar R.

Rµσ = K[3hµσ − hνσh ν
µ ] = 2Khµσ, (2.24)

R = 2Kh µ
µ = 6K, (2.25)

where K is the eigenvalue of the intrinsic curvature of space. The above result will be
valid for any maximally symmetric space, i.e., possessing the 6 symmetries associated
with rotation and translation in Σt, or in other words, being homogeneous and isotropic.
The extrinsic curvature in M4 can be expressed in terms of the irreducible decomposition
(reference the Greeks),

Kµν ≡ h[∇µnν] = σµν +
1
3
θhµν +ωµν + aµnν, (2.26)

such that, σµν = KT
(µν)

is the shear tensor6, symmetric and traceless, it has the property
of modifying the shape of the flow of curves orthogonal to the spatial sections, θ =

K
µ
µ = ∇µnµ is the expansion scalar, associated with the stretching of curves for each

time interval, ωµν = K[µν] is the vorticity tensor, associated with twists in the integral
curves, allowing them to undergo deformations tangent to the spatial sections. Finally,
6 The letter T in the tensor symbolizes that the tensor is traceless



Capítulo 2. Standard model of Cosmology 20

aµ is the four-acceleration of observers, indicating modifications in the integral curves
due to external forces.

We are interested in geodesic observers, that is, those who follow geodesic curves,
thus aµ = 0. Since nµ is orthogonal to the spatial hypersurfaces, and using the Frobenius
theorem [8], we can show that ωµν = 0, as follows:

∇[µnν] = n[µvν], (2.27)

given vν ∈ T∗pM4 is any 1-form, then

nνK[µν] = nν∇[µnν] (2.28)

=
1
2
(nν∇µnν − nν∇νnµ) (2.29)

= −
1
2

nν∇µnν +∇µ(nνnν) = 0, (2.30)

then

nνn[µvν] = 0, (2.31)

nνnµvν + vµ = 0, (2.32)

vµ = −nνnµvν. (2.33)

Therefore the vorticity as defined earlier will be

ωµν = K[µν] = −nσvσn[µnν] = 0, (2.34)

then the extrinsic curvature

Kµν = σµν +
1
3
θhµν. (2.35)

This tensor is purely spatial,

h[Kµν] = h α
µ h β

ν ∇αnβ = (δ αµ + nµnα)(δ βν + nνnβ)∇αnβ = (2.36)

= ∇µnν = Kµν. (2.37)

We can verify how the spatial metric hµν evolves in time, i.e., how the metric changes
when it is dragged along the geodesic curves generated by the timelike field nµ, by
calculating the Lie derivative of the metric with respect to this field, we obtain

Lnhµν=̇∂thµν = nα∇αhµν + hµα∇νnα + hνα∇µnα = (2.38)

= h α
µ ∇νn

α + h α
ν ∇µnα = (δ αµ + nαnµ)∇νnα + (δ αν + nαnν)∇µnα = (2.39)

= ∇νnµ +∇µnν = 2∇(µnν) = 2K(µν), (2.40)

where in the second line we used that nα∇αhµν = nα∇α(gµν + nµnν) = 0.
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To obtain the geometric equations of motion describing the spatial part of the
Universe arising from symmetry assumptions, we need to project tensors from M4 onto
Σt. In particular, we are interested in the Ricci tensor, the Ricci scalar, and the energy-
momentum tensor, as they appear in the Einstein equations. To obtain this relationship, it
is valid to use the definition of spatial curvature in terms of three-dimensional covariant
derivatives (2.17).

Rαn = hµα∇νK
ν
µ −Dαθ+ nα(KνµKµν + θ̇). (2.41)

From (2.41), we can calculate the projections of the Ricci tensor

Rnn = nαRαn = nαh[∇νK ν
µ ] − nαDαθ+ nαnα(KνµKµν + θ̇) (2.42)

Rnn = −(KνµK
µν + θ̇), (2.43)

and the space-time projection

h[Rαn] = h µ
α ∇νK

ν
µ (2.44)

where the last term of (2.41) was canceled, and we used the idempotent property of the
projector.

Decomposing the Ricci tensor as

Rµν = nµnνRnn + h[Rµν] + nµh[Rνn]. (2.45)

And taking the trace of this tensor, we obtain a relationship between the four-dimensional
Ricci scalar and its three-dimensional version projected onto the leaves.

R = R µ
µ = −Rnn + h[R], (2.46)

R = R+ 2θ̇+ θ2 +KνµK
µν. (2.47)

Similarly, we aim to find a relationship between the Ricci tensor on the manifold
and on the leaves. Starting from the definition of the Riemann tensor (2.17), we can
perform the most general possible decomposition and utilize the tensor’s symmetries,
yielding

Rµναβ = h[Rµναβ] + 2
(
h[Rµνn[αnβ]] + h[Rαβn[µnν]]

)
. (2.48)

Using the previously obtained projections, we have

Rµναβ = Rµναβ +KµαKνβ −KναKµβ − 4(D[µKν][αnβ] + D[αKβ][µnν])+

+4(n[µK
λ
ν]
Kλ[αnβ] +∇n(n[µKν][αnβ]). (2.49)

Contracting the second and last index, we obtain the expression for the Ricci tensor7.

Rµα = Rµα + (θ+∇n)Kµα + 2(D(µθnα) −DσK
σ
(µ

nα)) − nµnα(θ̇+KσλKσλ). (2.50)

7 Explicit calculations are provided in the appendix.



Capítulo 2. Standard model of Cosmology 22

The relationships (2.50), (2.46) will be sufficient to express the geometric part of the
Einstein equations. We are interested in expressing the most general energy-momentum
tensor given an arbitrary field nµ8. The extrinsic curvature for this field is given by
(2.26). The projection of the energy-momentum tensor in this case is

Tµν = Tnnnµnν + 2n(µh[Tν)n] + h[Tµν]. (2.51)

Defining Tnn ≡ ρ, h[Tνn] ≡ qν, h[Tµν] ≡ Πµν +
1
3

Thµν, where ρ is the energy density of
the fluid, qν is the energy flux in the spatial sections, Πµν is the anisotropic pressure, and
T = 3p is the trace of the spatial part, with p being the isotropic pressure of the fluid,
note that we separate the last term of the decomposition into a traceless part Π µ

µ = 0
and the trace part, then

Tµν = ρnµnν + 2q(νnµ) + phµν + Πµν, (2.52)

this is the energy-momentum tensor given an arbitrary field nµ, it is a symmetric tensor
with 10 degrees of freedom. Continuing, we are able to verify how the hypotheses of
homogeneity and isotropy will simplify the tensors obtained above, in order to express
the Einstein equations.

2.2 Friedmann equations

2.2.1 Homogeneity and isotropy

As discussed in Appendix B, in homogeneous and isotropic spaces, one can
define a basis {ea

µ}, a = 1, 2, 3, such that the spatial metric can be written in sections as
hµν = a(t)2δabea

µeb
ν = a2(t)h̃µν, thus

∂t(hµν) = ∂t(a2δabea
µeb

ν) = 2aȧδabea
µeb

ν,

2Kµν = 2aȧh̃µν,

Kµν = H(t)a2h̃µν = H(t)hµν, (2.53)

where in the last passage we multiplied the right-hand side by a/a, and defined the

Hubble function H(t) ≡
ȧ
a

. From these relations, it follows that

θ = h[∇µnµ] = Kµ
µ = 3H, (2.54)

Kµν =
θ
3

hµν (2.55)

we see that naturally

DαKµν = H(t)Dαhµν = 0. (2.56)

8 In the general case, this field will not necessarily be orthogonal to the hypersurfaces, nor geodesic.
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The extrinsic curvature above will always be proportional to the metric projected onto
the sections for any homogeneous and isotropic Universe and due to homogeneity and
the above result, it will be the same at any point on the spatial hypersurface. From the
definition of the Hubble function, we can express∫ a

a0

da′

a′
=

∫ t

t0

H(t′)dt′,

a(t) = a0e
∫ t

t0
H(t′)dt′

. (2.57)

We can apply the simplification (2.55) in equation (B.35), to obtain a relation between
spatial curvature and the scale factor.

K̇ +
2Kθ

3
= 0 (2.58)

K̇
K

= −
2θ
3

= −2H(t)∫ K

K0

dK′

K′
= −2

∫ t

0
H(t′)dt′

K(t) =
K̃
a2 , (2.59)

where K̃ = −1, 0, 1 are the possible eigenvalues of the intrinsic curvature of spatial
hypersurfaces, expressing hyperbolic, flat, or spherical geometries respectively, from
here we will implicitly denote temporal dependence by K.

Let us return to the tensors obtained previously and use (2.2.1), (2.54), and (2.56)
to simplify them.

Rµναβ = 2(K + H2)hµ[αhν]β + 4(Ḣ + H2)n[µhν][αnβ], (2.60)

Rµα = (K + H2)(3hµα − hµα) + (Ḣ + H2)(hµα − 3nµnα)

= (2K + 3H2 + Ḣ)hµα − 3(Ḣ + H2)nµnα. (2.61)

The Ricci scalar can be obtained using (2.46)

R = 6K + 9Ḣ + 12H2 (2.62)

= 6(K + Ḣ + 2H2), (2.63)

thus the spatial and temporal components of the Einstein tensor will be

Gnn = nµnνGµν = Rnn + R/2 (2.64)

= −3(Ḣ + H2) + 3(K + Ḣ + 2H2) (2.65)

= 3(H2 + K), (2.66)

h[Gµν] = h[Rµν] −
1
2

h[gµνR] (2.67)

= [2K + 3H2 + Ḣ − 3(K + Ḣ + 2H2)]hµν (2.68)

= −hµν(K + 3H2 + 2Ḣ). (2.69)
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Let us see how the stress-energy tensor will simplify given the FLRW metric, the most
general energy-momentum tensor is

Tµν = T(n)nµnν + 2q(µnν) + T(h)hµν + Πµν, (2.70)

in which T(n)
≡ nµnνTµν = ρ is the energy density, qµ ≡ h[Tµn] is the heat flux,

T(h)
≡

1
3

hµνTµν = p is the isotropic pressure and Πµν = 0 is the anisotropic pressure,

with Π µ
µ =0, since we are considering nµ defining isotropic observers we will not have

diagonal terms on the tensor, and the anisotropic pressure will be zero on the spatial
sections. Furthermore, the energy-momentum tensor of a perfect fluid is

Tµν = ρnµnν + phµν. (2.71)

Finally, Einstein’s equations are as follows:

Gµν = κTµν

H2 + K =
κρ

3

H2 =
κρ

3
−

K̃
a2 , (2.72)

h[Gµν] = κh[Tµν]

−hµν(K + 3H2 + 2Ḣ) = κphµν

3H2 + 2Ḣ = −

(
κp +

K̃
a2

)
, (2.73)

where

Ḣ =
d
dt

( ȧ
a

)
=

ä
a
−H2

2
ä
a
+ H2 = −

(
κp +

K̃
a2

)
(2.74)

we can substitute (2.72) into (2.74)

ä
a
= −

κ
6
(ρ+ 3p). (2.75)

Equations (2.72) and (2.75) are the Friedmann equations, equation (2.72) represents a
constraint on the geometric and material content variables that must be satisfied regar-
dless of the Universe’s state, while (2.75) represents the model’s dynamics, describing
how the scale factor changes over time. We can take the time derivative of equation
(2.72) and use (2.74), so that

2HḢ =
κρ̇

3
− K̇,

κρ̇

3
− (K̇ + 2HK) = −κH(ρ+ p),

ρ̇ = −3H(ρ+ p), (2.76)
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we used (2.72), (2.74) in the first passage, and in the last (2.58). Equation (2.76) is called
the continuity equation, it is a universal equation, that is, regardless of the nature of
Tµν9, this equation will be valid. This equation is not an independent equation from the
Friedmann equations since we used them to derive this latter, however, it is interesting
to note that we could have derived this expression using ∇µTµ0 = 0.

Note that we have two equations for three variables (ρ, a(t), p) to have a closed
system of equations it is necessary to impose one more equation that relates these
variables, for this, we define an equation of state for the fluid that composes the system,
let us suppose that the fluid is barotropic p = p(ρ).10

p = wρ, (2.77)

then

ρ̇+ 3H(1 + w)ρ = 0,

aρ̇+ 3(1 + w)ȧρ = 0,

a3(1+w)ρ̇+ 3(1 + w)a3(1+w)−1ȧρ = 0,∫ t

t0

d
dt′

(a3(1+w)ρ) = 0,

ρ(a) = ρ0

(a0

a

)3(1+w)

. (2.78)

In the second passage, we use the definition of the Hubble function, and multiply
both sides of the equation by a3(1+w)−1. Note that the equation of state (2.77) does not
presuppose perfect thermodynamic equilibrium, we will see in chapter 4 that from
kinetic theory we can obtain this relation without the fluid being in perfect equilibrium,
as we will see is the case for any system in an FLRW universe.

We will deal with fluids with w ≥ −1, that is, the energy density will always
decrease for any component, remaining constant only for the case w = −1, let’s check
some notable examples in table 1. In which Ci = ρ0ia

3(1+wi)
0 . It is interesting to note

Table 1 – Energy density for different components of the universe

Component w ρ(a)
Dust 0 Cpa−3

Radiation 1
3 Cra−4

Curvature −
1
3 Cka−2

Cosmological constant −1 CΛ

that the last two components of the table are not considered proper fluids. Curvature
9 For example, if it is an energy-momentum tensor associated with a field, or probability, thermodynamic

fluid, etc.
10 Barotropic fluids, with constant equation of state parameter, agree with cosmological observations.
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density is a component arising from the curvature of spatial sections, in which we can
associate pressure and energy density, analogously to the cosmological constant (Λ),
which is merely a form of energy in the Universe with negative pressure.11 From the
Einstein equations, we have that in the vacuum of matter Gµν = Tµν(Λ) = −Λgµν, if we
consider a perfect barotropic fluid phµν + ρnµnν = −Λ(hµν − nµnν), then p = −Λ and
ρ = Λ⇒ p = −ρ.

Figure 2 – Evolution of energy density in the universe, a notable transition occurs from
the radiation-dominated era to the matter-dominated era around a(t) ≈ 10−5,
and from the matter era to the dark energy-dominated era around a(t) ≈ 1.
In certain calculations, it is relevant to account for two distinct components
near these transitional epochs.

Source: Cosmology [10].

Furthermore, from the relationships obtained in Table 1, it can be affirmed that
in the past where a(t)≪ a0, the universe was dominated by radiation; shortly after, it
was dominated by matter, and presently it is dominated by the cosmological constant
(Figure 2).

From Equation (2.75), it can be seen that the Universe will accelerate (ä > 0)

if, and only if, 3p + ρ < 0, i.e., when w < −
1
3

. This is the case, for example, of the
cosmological constant. Observing the Universe expanding acceleratingly in the present
days [11], Λ becomes a fundamental ingredient in the model. We can express the total
11 There are alternative interpretations for dark energy that define it as a fluid with equation of state

w < − 1
3 , for further details see [9].
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energy-momentum tensor as

Tµν =
∑

i

T(i)
µν , (2.79)

ρ =
∑

i

ρi, (2.80)

p =
∑

i

pi, (2.81)

for each component (i) of the system. Thus, the Friedmann equation (2.72) can be
defined as

H2 =
κ
3

∑
i

ρi −
K̃
a2 . (2.82)

Finally, to analyze some aspects of the Universe’s evolution, it is interesting to parame-

terize the above Friedmann equation in terms of the critical density ρc ≡
3H2

κ
. If we

divide both sides of (2.82) by ρc, ∑
i

ρi

ρc
−

K̃
a2H2 = 1, (2.83)

defining Ωi ≡
ρi

ρc
and Ωk ≡

K̃
a2H2 , then

∑
i

Ωi + Ωk = 1, (2.84)

where Ωi is the energy density of component (i) in the Universe, while Ωk is the
curvature density. Equation (2.84) allows us to estimate the curvature of the Universe
on large scales (and consequently, its geometry) based on the energy density of the
components constituting the Universe.

For example, if
∑
ρi < ρc ⇒

∑
Ωi < 1⇒ Ωk > 0⇒ K̃ < 0 (spherical geometry).

On the other hand, if
∑
ρi ≥ ρc ⇒

∑
Ωi ≥ 1 ⇒ Ωk ≤ 0 ⇒ K̃ ≥ 0 (flat or hyperbolic

geometry). It is interesting to express the above equation in terms of the critical densities

measured today. For this, we define the normalized Hubble function E ≡
H
H0

such that

E(t0) = 1, and E2Ωi = E2 ρi

ρc
=

ρi

ρc0 ∑
i

E2Ωi + E2Ωk = E2,∑
i

Ωi0x3(1+wi) + Ωk0x2 = E2,

Ωr0x4 + Ωm0x3 + Ωk0x2 + ΩΛ0 = E2, (2.85)
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where x(t) =
a0

a(t)
, and Ωi0 =

ρi

ρc0
. For t = t0

Ωγ0 + Ων0 + Ωb0 + ΩCDM0 + Ωk0 + ΩΛ0 = 1, (2.86)

where Ωm0 = Ωb0 + ΩCDM0 refers to the density of baryonic matter and cold dark matter
respectively, and Ωr0 = Ωγ0 + Ων0 refers to the density of photons and neutrinos12

respectively. Therefore, considering H0, we have 6 free parameters in the theory (since
one of these parameters can be constrained by (2.86)).

Assuming a flat Universe (Ωk0 ≈ 0), with TCMB ≈ 2.7255 K, if we constrain ΩΛ0

by Equation (2.86), we will have only 3 free parameters in the model, namely, H0, Ωb0,
and ΩCDM0. Recent observations [12] indicate that the abundances in the Universe
today are approximately Ωb0 ≈ 0.05, ΩCDM0 ≈ 0.26, Ωk0 ≈ 0, ΩΛ0 ≈ 0.7, with H0 ≈ 67.4
km/s/Mpc. In Chapter 4, we will see that we can estimate Ωγ0, Ων0 from the temperature
of CMB radiation today.

In summary, the Standard Model of Cosmology (ΛCDM) is the theory with
material content (2.86), whose dynamics are determined by General Relativity (GR),
satisfying the Cosmological Principle.

2.2.2 Comoving coordinates and evolution of one fluid

The comoving coordinate system is widely employed in Cosmology, offering the
advantage that observers defining this coordinate system move with the expansion of
the Universe in a comoving manner. This implies that the coordinates remain constant
over time. Moreover, as we will see later, the scale relation between variables in this
coordinate system becomes more evident in certain cases. The coordinates defining

the observers are (r̃,θ,ϕ), where r̃ =
r(t)
a(t)

, with r(t) being the physical coordinate, and

r̃ =
r(t1)

a(t1)
=

r(t2)

a(t2)
. The conformal time is defined as dη ≡

dt
a(t)

, hence

η(t) − η(t0) =

∫ t

t0

dt
a(t)

. (2.87)

Geometrically, we are changing the foliation of the manifold M4 using the function η as
the global time, so that the tangent vector to comoving observers is ñµ = −∇µη = η̇nµ,

where nµ = −c∇µt, hence nµñµ =
1

a(t)
. We will use the notationLñ =

∂
∂η
≡

′

to denote

the temporal derivative with respect to conformal time. Finally, we can express some
12 We are considering relativistic neutrinos.
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relevant quantities in the conformal coordinate system.

H =
ȧ
a
=

a′

a2 =
H

a
(2.88)

H
2 = a2κρ

3
(2.89)

θ =
3H

a
(2.90)

ρ′ = −3H(ρ+ p) (2.91)

whereH ≡
a′

a
is the conformal Hubble function. Note that the last expression retains the

same functional form under the choice of conformal time, which is expected since any

monotonic time transformation
(

dt̃
dt
> 0

)
will preserve the form (2.91), hence preserving

dynamics.
Another variable of interest, which measures the scale of causal interactions

relative to the expansion of the universe and will be relevant when analyzing the horizon
problem, is the Hubble radius, defined as

RH =
c

H(t)
=

1
H(t)

, (2.92)

its conformal version is

R̃H =
1
H

. (2.93)

The Friedmann equation (2.85) normalized using the conformal Hubble function becomes

R̃2
HH

2 =
E2

x2 = Ωr0x2 + Ωm0x + Ωk0 + ΩΛ0x−2. (2.94)

We define E = H/H0 before, in which E(t0) = 1. From the above equation, we can
express the evolution of the scale factor analytically with respect to conformal time.
For this, we will use the fluid approximation, i.e., at different time scales x, one fluid
dominates over the other Ωwi ≫ Ωw j , hence we can consider only the contribution of
the dominant fluid in the solution.

E
x
=

√
Ωw0 x

1+3w
2 = R̃HH (2.95)

x =

[
R̃HH
√

Ωw0

]β
, (2.96)

where β =
2

1 + 3w
. From equation (2.78) in (2.94), we have a ∝ |η|β, thusH =

β

|η|
, hence

x(η) =
[

βR̃H
√

Ωw0 |η|

]β
. (2.97)

We thus have the evolution of the scale factor of the fluid with sound velocity ωi as a
function of conformal time. For the expansion phase η > 0.
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2.2.3 Cosmological distances

Due to the expansion of the Universe, photons originating from some source
in the Cosmos undergo the Doppler effect, whereby the frequency is modified. We
observe this frequency shifting towards the red end of the electromagnetic spectrum, a
phenomenon known as redshift. Let’s deduce a relationship between the frequency of
these photons and the scale factor.

Consider two isotropic observers, O and O’, where one of these observers emits
a photon following a light-like geodesic. The four-velocity for both observers is nα, and
the four-momentum of the photon is kα. The frequency at the initial instant measured
by one of the observers is

ω = −kαnα, (2.98)

differentiating the above expression with respect to an affine parameter λ of the light-like
curve,

dω
dλ

= −kα
dnα
dλ

(2.99)

= −kα kβ∇βuα (2.100)

= −kα kβ H hβα (2.101)

= −kα kα
ȧ
a

(2.102)

= −
ȧ
a
ω2 (2.103)

where we used (2.55), and kαkα = ω2. Solving explicitly for ω the above differential
equation, we obtain

ω(t)
ω0

=
a0

a(t)
, (2.104)

where we used the method of separation of variables, and the relation dλ = 1
ω dt,

obtained from (2.98) for normalized nα. Equation (2.104) informs us that the frequency
of the photon is inversely proportional to the scale factor; as previously stated, if the
scale factor increases, then the frequency of the photon will decrease, consequently, the
wavelength of the photon will increase, leading to the redshift effect13.

We then see that the wavelength λ ≈ a(t), which justifies the energy density of
the photon decreasing with a−4, as besides the decrease in energy due to the increase in
the volume of the three-dimensional spatial sections, we will have the Doppler effect
decreasing its energy. The redshift variable is defined as

z ≡
λr − λe

λe
, (2.105)

13 Note that in the calculation, we consider geodesic observers under the effect solely of the expansion of
the Universe; if we consider some peculiar velocity due to some external effect, we may have the case
of blueshift, that is, the wavelength of the photon will decrease, leading to a blue shift.
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where λe, λr are the wavelength of the emitted and received photon respectively; we
can then rewrite,

z =
ωe

ωr
− 1 =

a(tr)

a(te)
− 1, (2.106)

taking into account only the expansion of the Universe, we will always have a(tr) > a(te),
hence z > 0. The redshift will be useful in some cases as a distance/time parameter.
Note that if the time interval between the emission and reception of the photon is small,
that is, tr − te = r, where r is the physical distance between the two observers, then

a(tr) ≈ a(te) + ȧ(te)r⇒

z =
ȧ
a

∣∣∣∣∣
te

r,

z = H r. (2.107)

Equation (2.107) is the Hubble law, valid only for low redshifts, for example, for galaxies
close to Earth.

2.2.4 Comoving and physical distances

To discuss certain cosmological issues, it is necessary to define cosmological
distances. In particular, we are interested in the comoving distance on the hypersurface
Σ(t0), which coincides with the current cosmological time. The distance that a photon
travels from O (emission) to O’ (reception) is the length of the null geodesic described
by the photon. We know that the metric is given by

ds2 = −dt2 + a2(t)
(

dr2

1−Kr2 + dΩ2
)

, (2.108)

where, without loss of generality, we consider the photon’s radial travel from observer
O’ to observer O in the corresponding spatial section, hence dΩ2 = 0. Furthermore, the
photon’s geodesic is described by ds2 = 0, thus yielding

dr
√

1−Kr2
=

dt
a

. (2.109)

Integrating both sides, we get ∫ r

r0

dr
√

1−Kr2
=

∫ t

t0

dt′

a
. (2.110)

We will solve the above integral for K = −1, 0, 1, with r0 = 0, corresponding to the radial
coordinate today: 

K = 0 ⇒ r =
∫ t

t0

dt′
a ≡ dc

K = 1 ⇒ r = sin(
√

Kdc)
√

K

K = −1 ⇒ r = sinh(
√

Kdc)
√

K

(2.111)
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where in the last case, we use the property sin(ix) = i sinh(x). Let’s focus on the distance
in a Universe with K = 0, as our universe seems to satisfy this geometry on large scales.
Note that we have calculated the comoving distance in a spatial section for a specific
time (Σ(t0)). We could calculate it in any section, as the notion of distance will change
due to the expansion of the universe. Therefore, the physical distance is defined as

d = a(t)dc, (2.112)

thus allowing us to determine the physical distance in any section, i.e., at any cosmic
time, by simply multiplying by the corresponding scale factor of the spatial section.

The ΛCDM model aligns with current observations on large scales, hence it
serves as a suitable model. However, when we extrapolate its dynamics to the past
(z > 103), we encounter some inconsistencies in the model.

2.3 Problems of ΛCDM model

2.3.1 Flatness problem

Given that E2(t)Ωi = Ωi0x3(1+wi) for a type of matter, we can normalize the
matter density at the time of Nucleosynthesis (z ≈ 1011),

ΩiNx3(1+wi)
N = E2

N(t)Ωi, (2.113)

where xN =
aN

a
and EN =

H
HN

. If we use the same normalized equation today for a

fluid Ωi0x3(1+wi) = E2(t0)Ωi, we can compare the densities of the two epochs,

E2
N(t0)Ωi0x3(1+wi) = ΩiNx3(1+wi)

N (2.114)

E2
N(t0)Ωi0 = ΩiN

(aN

a0

)3(1+wi)

=
ΩiN

(1 + zN)3(1+wi)
. (2.115)

Similarly, for the curvature component, we have

E2
N(t0)Ωk0 =

ΩkN

(1 + zN)2 . (2.116)

Recent observational measurements indicate that Ωk0 ≪ Ωi0, regardless of the matter
content, thus

ΩkN

(1 + zN)2 ≪
ΩiN

(1 + zN)3(1+wi)
(2.117)

ΩkN ≪
ΩiN

(1 + zN)1+3wi
. (2.118)
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Knowing that during Nucleosynthesis zN ≈ 1011, the Universe was radiation-dominated
(wr =

1
3) and ΩrN ≈ 1, therefore

ΩkN ≪ 10−22 (2.119)

This implies that to justify the spatial curvature we measure today using the
ΛCDM model, we conclude that the Universe at the time of Nucleosynthesis must
have had a curvature much closer to zero14. This is the flatness problem, as we need
to assume a specific initial condition for the curvature in the past to justify the current
observational measurements of curvature.

2.3.2 Horizon problem

Modern Cosmology is built upon the pillars of homogeneity and isotropy of
space. Homogeneity is directly observed in the CMB. However, the ΛCDM model
does not account for this observation without an inflationary mechanism. This issue
arises due to the presence of a particle horizon in the model, which is the maximum
distance photons can travel, leading to causally disconnected regions. We will calculate
the comoving horizon distance dh,c, which is the distance a photon travels from the
beginning of the Universe until the recombination period when photons decoupled
from the primordial plasma [13]. Assuming Λ = 0 and Ωk0 = 0, we have

dh,c =

∫ tr

0

dt
a
=

∫
∞

zr

dz
H(z)

, (2.120)

where we use dz = −H
a dt. Let us approximate this as a fluid, specifically cold matter,

where H(z) = H0
√

Ωm0(z + 1)3/2,

dh,c =
1

H0
√

Ωm0

∫
∞

zr

dz
(z + 1)3/2

=
2

H0
√

Ωm0

1
√

1 + z

∣∣∣∣∣∣zr

∞

≈
2

H0
√

Ωm0(1 + zr)
, (2.121)

then the physical distance at the recombination epoch (zr ≈ 103) will be,

dh, f = a(zr)dh,c =
dh,c

1 + zr

=
2

H0
√

Ωm0

1
(1 + zr)3/2

≈
2

H0
√

Ωm0109/2
≈ 0.02 rad ≈ 1.14◦. (2.122)

where we used Ωm0 ≈ 0.31 and H0 = 67.4 km/s/Mpc as discussed in section 2.2. We see
that the angular distance of approximately 1.14◦ corresponds to the maximum distance
two points in space could be causally connected at the time of recombination when
observed today. However, what we observe in the CMB is homogeneity corresponding
to an angular distance larger than this, meaning two distant points in the CMB are
causally associated, even though the ΛCDM model indicates this is not possible. This is
known as the horizon problem.
14 In the calculation, we normalized at the Nucleosynthesis epoch, but if we assume a period with a

redshift z > 1011, we arrive at an even flatter curvature than obtained.
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2.3.3 Large scale structures problem

When we observe the Universe today, we measure a correlation in the distribution
of large-scale structures in different regions of space. To explain this correlation, we
employ the theory of cosmological perturbations, specifically analyzing the dynamics
of the scalar field and its evolution in the universe with a particular interest in the
primordial universe. We will detail this construction in Chapter 3.

There is a range in Cosmology that we impose to associate causal interactions
between different entities in an expanding universe, defined as sub-hubble. Below this
limit, the field can be decomposed into Fourier modes with an associated wavelength,
which must be smaller than the Hubble radius RH, characterizing the limit. We will
discuss this in more detail in the next chapter. For now, it is sufficient to say that these
modes will have the form of a plane wave ϕ(x) ∝ eiω·x, where λ =

a
|ω|

. Thus, to account

for the observed correlation today, it is important to estimate the wavelength of this
field in the primordial universe, as it determines the interaction scale.

The temporal evolution of the Hubble function for a fluid is given by

H = H0
√

Ω0i(z + 1)
3
2 (1+w), (2.123)

hence the Hubble radius

RH(z) =
RH0

(z + 1)
3
2 (1+w)

, (2.124)

with RH0 =
1

H0
√

Ω0i
≈

1
H0

being the Hubble radius today. We will see in more detail

that the correlation function is inversely proportional to the wavelength of the modes,

and since λ(t) = λ0a(t) =
a0λ0

1 + z
, taking a0 = 1, we will verify the evolution of the causal

scale of the modes for a fluid

λ
RH

=
λ0

RH0
(z + 1)

1+3w
2 , (2.125)

note that if the modes are entering the Hubble radius today λ ≈ RH0 then λ ≫ RH in
the past. We refer to this limit as super-hubble, where different modes do not interact
causally, with dynamics determined solely by the expansion of the Universe. We say
that the modes are frozen in this limit.

If we assume that the modes are already super-hubble today λ0 ≫ RH0, then in
the past they will remain super-hubble. The same will occur if the modes are sub-hubble
today λ0 ≪ RH0.

Thus, the ΛCDM model is not sufficient to explain the correlation observed
today, as it does not obtain the sub-hubble wavelength scale for the modes in the past,
and therefore does not account for the causal interaction of the field with the material
content.
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2.3.4 Inflation

The Horizon problem can be visualized as follows: the comoving horizon
distance of photons in the early universe (considering the instant of last scattering
during recombination) is smaller than the comoving horizon distance of photons today,
i.e., dh,c(trec) < dh,c(t0) (figure 3). Therefore, to solve this causal problem, we must
have the condition of the inverted inequality, i.e., the comoving horizon of photons at
recombination being greater than or equal to the comoving horizon of photons today:
dh,c(trec) ≥ dh,c(t0). From equation (2.120), we can rewrite

dh,c =

∫ t0

0

dt
a
=

∫ t0

0

1
aH

dlna =

∫ t0

0

1
H

dlna =

∫ t0

0
RH dlna =

∫ t0

0

1
ȧ

dlna, (2.126)

where we define the comoving Hubble radius as RH =
1
H

. Assuming a universe
predominantly composed of radiation and/or matter, equation (2.126) indicates that
the largest contribution to the horizon size will be in the recent epochs of the universe
(a ≈ a0). This allows us to propose that the comoving horizon in the past was much
larger than the comoving horizon today, and due to some physical mechanism, it
drastically decreased, gradually increasing again until reaching the size we calculate in
the present time.

For the comoving horizon given by the above expression to decrease, we must
have ȧ(t1) < ȧ(t2), with t1 < t2, thus, ä > 0, i.e., the universe must undergo a phase of
acceleration, which we refer to as inflation. One possible solution that allows for this
accelerated expansion is given by [14]

a(t) = ae eHin f (te−t), (2.127)

with t < te, where te is the time corresponding to the end of inflation and Hin f = const is
the Hubble function during inflation.
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Figure 3 – Diagram x− η illustrating the horizon problem. Only signals from within the
shaded regions below each point on the last-scattering surface could have
influenced the CMB photons emitted from x∗1 and x∗2. Since these regions do
not overlap, no form of causal physics could have allowed them to adjust
to the same temperature if they started from different temperatures. This is
because the comoving horizon dh,c(rec) = η∗ at the time the CMB was emitted
is much smaller than our comoving horizon now, dh,c(t0) = η0.

Source: Modern Cosmology [14].

Let us estimate how much the universe must have expanded so that we observe
causally connected regions today. As previously mentioned, the condition for this to

occur is
dh,c(t0)

dh,c(trec)
< 1. The distance in the numerator dh,c(t0) was calculated in (2.121),

thus, we only need to calculate the comoving horizon distance from the beginning of
the Universe to recombination dh,c(trec), using (2.120).

dh,c(trec) = di + di,e + de,rec, (2.128)

where di is the comoving distance of the photon from the beginning of the Universe
to the start of inflation, di,e is the distance of the photon during inflation, and de,rec

is the distance from the end of inflation to recombination. Assuming the Hubble
function H2

(x) is continuous over each integration interval and that the Universe was
radiation-dominated, using the variable x = 1 + z, we have

H2 =


Ωr0H4

0

(xi

xe

)4
x4, ∞ > x ≥ xi

Ωr0H4
0x4

e , xi ≥ x ≥ xe

Ωr0H4
0x4, xe ≥ x ≥ xrec.

(2.129)
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thus the distances are

di =
1

√
Ωr0H0

(xi

xe

)2 ∫
∞

xi

x−2 dx =
1

√
Ωr0H0

xi

xe

2
, (2.130)

di,e =
x−2

e
√

Ωr0H0

∫ xi

xe

dx =

(
xi − xe

x2
e

)
1

√
Ωr0H0

, (2.131)

de,rec =
1

√
Ωr0H0

∫ xe

xrec

x−2 dx =
1

√
Ωr0H0

( 1
xrec
−

1
xe

)
. (2.132)

using xi ≫ xe ≫ xrec

dh,c(xrec) ≈
2

√
Ωr0H0

xi

x2
e

. (2.133)

thus the ratio

dh,c(t0)

dh,c(trec)
=

√
Ωr0

Ωm0

x2
e

xi
< 1, (2.134)

using (2.127), we have xi = eNxe, with N = Hin f (ti − te) representing the number of
e-folds of accelerated expansion√

Ωr0

Ωm0

xe

eN < 1⇒ N > ln

√ Ωr0

Ωm0
xe

⇒ N > 21, (2.135)

using

√
Ωr0

Ωm0
≈ 10−2, and considering that the end of inflation is approximately at

Nucleosynthesis: xe ≈ 1011. We see that the further back we place the end of inflation,
the greater the number of e-folds N of accelerated expansion, thereby resolving the
horizon problem due to the freedom in choosing the initial condition xe, leading to an
appropriate estimate of the number of e-folds.

Similarly, we can address the causal problem and the flatness problem. Let
us consider the first case, given by (2.125), considering the Hubble radius during the
inflation phase

λ
RH

=

λ0

x
1

H0
√

Ωr0x2
e

=
λ0

R̃H

(√
Ωr0

x2
e

x

)
, (2.136)

Assuming the modes are entering the horizon today: λ0 ≈ R̃H , let us see how the modes
behaved during the beginning of inflation

λ(xi)

RH
=

√
Ωr0

x2
e

xi
=

√
Ωr0xee−N, (2.137)

where xi = eNxe, so xi ≫ xe, therefore if we choose N ≈ 30, at the beginning of inflation
the modes will be subhorizon, thus having causal contact with other matter fields. Even
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if we consider the modes superhorizon today, they will have been subhorizon in the
past by choosing an appropriate number of e-folds.

We can estimate the spatial curvature density at the beginning of inflation to
address the flatness problem. Let us consider equation (2.113)

E2
N(ti)Ωki =

ΩkN

x2
N

= Ωke

(xi

xe

)2
, (2.138)

we are considering that the end of inflation is approximately at Nucleosynthesis, that is,
te ≈ tN, hence xN(ti) =

ae

ai
knowing that E2

N = ΩrNx4
e , then

Ωki =
Ωke

ΩrN

x2
i

x6
e
=

Ωke

ΩrN

e2N

x4
e

, (2.139)

substituting the values ΩrN ≈ 1, xe ≈ 1011, we obtain

Ωki ≈ 10−44e2NΩkN ≈ 1016ΩkN ≫ ΩkN. (2.140)

In which we chose N = 30, we thus see that the spatial curvature density at the beginning
of inflation can be very large, but at the end of the process the Universe will have
a spatial curvature close to zero, we can intuitively think that inflation leads to the
homogeneity and isotropy observed in the primordial universe.

We see that inflation is a process that shifts the initial conditions of the ΛCDM
model to the number of e-folds N, giving us the freedom to choose this parameter to
resolve the above problems. However, for this, we need to introduce an additional entity
in the model to justify this accelerated expansion process, which could be, for example,
a scalar field. Let us explore another mechanism that will address the aforementioned
problems without adding something new to the model, using only the material content
we know in the Universe today.

It is important to emphasize that inflation does not completely resolve the cited
problems but mitigates them by transferring the fine-tuning problem of the initial
conditions to the initial conditions of inflation.

2.3.5 Bounce

In addition to the cosmological issues mentioned in the previous section, there is
another problem with the model: the cosmological singularity. This is an obstacle to
General Relativity and is not a specific characteristic of Cosmology. Einstein’s equations
are not valid at t = 0, where t is cosmic time. This means the dynamic law we use to
describe the universe fails at its beginning. From the Friedmann equations (2.78), we
can see that for ωi > −1, when a→ 0, we have ρ→∞.

We will not explore the bounce mechanism in detail here; for a review on this
topic, see [15, 16]. The central idea of this mechanism is that the universe begins with a
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given size with scale factor a(ti) = ai and material content that we observe today in the
standard model, and goes through a contraction phase until it reaches a minimum size
a(tb) = ab < ai, where it undergoes a bounce and enters the expansion phase15. Two
classes of bounces are known in the literature: quantum bounce and classical bounce.
We will be more interested in the former, which arises due to quantum gravitational
effects.

We will not focus on how this mechanism is generated but rather describe the
classical evolution of the universe in the contraction and expansion regimes to address
the aforementioned problems. Let the normalized Hubble function be

E =

−
√

Ωr0x2, xi > x > xb,
√

Ωr0x2, xb > x
(2.141)

where xb = x(tb), with tb being the time when the bounce occurs, and we are considering
a radiation-dominated universe near the bounce. The distance traveled by a photon
during the contraction period is

dp =

∫ tb

ti

dt1

a(t1)
=

∫ xi

xb

dx1

H(x1)
(2.142)

=
1

H0
√

Ωr0

(
1
xi
−

1
xb

)
≈

1
H0
√

Ωr0

1
xi

. (2.143)

Imposing that xb ≫ xi, i.e., the scale factor at the bounce is much smaller than the
initial scale factor, note that if we assume a very large universe, the distance traveled by
photons becomes infinite: limxi→0 dp = ∞.

Using this condition, the ratio (2.134) will be approximately16

dh,c(t0)

dh,c(trec)
≈ xi =

a0

ai
, (2.144)

we just need to assume that ai > a0, that is, the universe started with a size greater than
what we observe today, to have a ratio less than 1 and thus solve the horizon problem.

Similarly, from equation (2.136), it is possible to solve the large-scale structure
problem. At the beginning of the contraction phase, we have λ/R̃H = λ0

R̃H

√
Ωr0xi, so

the modes will be in the sub-Hubble limit just by imposing that ai > a0.
Assuming that at the beginning of the contraction phase the curvature is of the

order of Ωk0x2
i ≈ 1, we verify from the equation (2.138) normalized today that Ωk0 ≈ x2

i ,
hence ai ≫ a0 would lead to a very small curvature today, solving the flatness problem.

Therefore, the bounce model for the primordial universe appears to be reasonable.
Besides solving some of the mentioned cosmological problems, the model does not
15 At the moment of the bounce, the universe has a finite volume, thus avoiding the cosmological

singularity
16 In the limit where ai →∞, we should use the dust approximation for a complete description, but the

conclusion would be the same.
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invoke additional content in a specific phase of the universe as in the case of inflation
(inflaton).

However, up to the present moment, the quantum bounce model has the
theoretical difficulty of predicting a power spectrum suitable for observations, making
it a potential topic for future research [7].
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3 Cosmological Perturbation theory

3.1 Gauge transformations

The universe on large scales satisfying the FLRW metric will be isotropic and
homogeneous, but this result comes from a theoretical hypothesis that is an ideal case
with limitations to describe some observations of the universe today.

As two examples, it is well known in the recombination epoch the signatures of
anisotropies on CMB can not be explained only with the ΛCDM model, in addition,
one needs to explain the large-scale structure formation in the universe, and how the
inhomogeneities evolve in time leading to the inhomogeneous small scales structures
that we observe nowadays, such as galaxies, and cluster of galaxies [17].

Furthermore, a perturbative approach to Einstein’s equations is necessary to
get a complete understanding of these topics. In this chapter our objective is to write
the equations of motions linearized of these perturbations, in particular, we will focus
on the scalar perturbation since its dynamic will describe the Silk-damping effect on
the primordial plasma, which includes the photons of CMB, we will explore it with
more details in chapter 5. We will follow the formalism of cosmological perturbation
theory developed in [18], the major results can be found there, here we will develop the
calculus and interpret them.

A direct way to study these a perturbation on cosmological scales is by performing
a perturbation around an FLRW universe. We will choose a pseudo-Riemannian
background manifold (M, g) as the isotropic and homogeneous universe, where g is the
FLRW metric, and a physical manifold (M̂, ĝ), in which ĝ is the physical metric or the
perturbated metric.

The manifold M̂ is where the physical geometric objects will be constructed. One
may associate quantities between M and M̂ by a diffeomorphism Ω : M→ M̂, then a
background quantity Q ∈ X(M) can be taken to M̂ using the pull-back of Ω−1 : M̂→M
1

Q̂ = (Ω−1)∗Q, (3.1)

we define the perturbation of Q as

δQ = Q̂−Q (3.2)

where Q ∈ X(M) is the physical quantity defined on the physical manifold. The central
hypothesis is that the perturbation above is "small", there is a problem with the validity
1 See the appendix A for the definitions of the mathematical objects used in this chapter.
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of this hypothesis in some gauges choices, see [19] for more details. However, in this
work, we will assume that it is valid in the situations of our interest.

Let’s assume a vector field Vµ
∈ TpM, we can define a flux as a one-parameter

diffeomorphism group ϕt : M → M generated by this field, in such a way that Vµ is
tangent to the curves λ(t) : R→M

Ωt ≡ ϕt(Ω(p)), (3.3)

with p ∈M, doing a diffeomorphism on the metrics

gµν → gµν +LV gµν = g(t)µν , (3.4)

ĝµν → ĝµν (3.5)

then the perturbation

δg(t)µν = ĝ(t)µν − g(t)µν = ĝµν − gµν −LV gµν (3.6)

δg(t)µν = δgµν −LV gµν (3.7)

Calculating the lie derivative of the metric above

LV gµν = Vσ
∇σgµν + gµσ∇νVσ + gσν∇µVσ

= ∇νVµ +∇µVν = 2∇(µVν), (3.8)

where we used Cartan’s formula on the first line, and the second line we used ∇σgµν = 0
and lowered the indices of the vector fields with the metric. Therefore, if we want the
perturbation not depend on the arbitrary vector field Vµ, one needs to impose that
LV gµν is very small, or Vµ be a killing vector field, i.e., LV gµν = −2∇(µVν) = 0.2

In what follows sometimes we will refer to Vµ as a gauge, hence the perturbation
is gauge invariant when the conditions above are satisfied. The metric on M does not
change on that diffeomorphism, we can construct a general transformation, thinking in
a coordinate transformation on M̂ generated by a vector field Bµ ∈ M̂, and combining
the diffeomorphism with the coordinate change

gµν → gµν +LBgµν, (3.9)

ĝµν → ĝµν +LB ĝµν = ĝµν +LBgµν, (3.10)

on the second transformation, we ignore the term LBδgµν assuming Bµ as the same
order of the perturbation. Performing a combination of the transformations: coordinate
change + diffeomorphism:

g(t)µν → gµν +LBgµν +LV(gµν +LBgµν) = gµν +L(B+V)gµν; (3.11)

ĝ(t)µν → ĝµν +LBgµν, (3.12)

2 Henceforward we will use the background metric to rise and lower indices of the tensors in M.
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if we set the field Bµ = −Vµ, then

gµν → gµν; (3.13)

ĝµν → ĝµν −LV gµν. (3.14)

We define the transformations (3.13) and (3.14) as gauge transformations on the metrics,
thus in general, for any quantity Q̂ ∈ M̂, and Q ∈M, a gauge transformation will be

Qµ1µ2...µn
ν1ν2...νl

→ Qµ1µ2...µn
ν1ν2...νl

; (3.15)

Q̂µ1µ2...µn
ν1ν2...νl

→ Q̂µ1µ2...µn
ν1ν2...νl

−LVQ̂µ1µ2...µn
ν1ν2...νl

, (3.16)

the background quantity Q will stay fixed by a gauge transformation, while the physical
quantity Q̂ will change. As we can see, the gauge transformation (3.16) depends on the
vector field Vµ, we say this transformation is gauge dependent. The metric perturbation
after a gauge transformation δ̃gµν will be

δ̃gµν = ˜̂gµν − g̃µν = ĝµν −LV gµν − gµν

= δgµν −LV gµν, (3.17)

defining ∆(δgµν) ≡ δ̃gµν − δgµν, then

∆(δgµν) = −LV gµν. (3.18)

Furthermore, the perturbation δgµν will be gauge invariant (GI), if the vector field V is a
killing vector field, or the background metric satisfying

LV gµν = 0⇔

gµν = 0;

gµν ∝ k δµν, k ∈ R.
(3.19)

The result (3.19) is called the Stewart-Walker(SW) lemma applied to the metric tensor,3 a
necessary condition for a GI tensor [20]. Although was shown in [21], that this lemma is
valid only for pure tensors, and not for general ones, we will comment on these tensors
more ahead in this section.

Assuming the existence of an inverse ĝµν, such that

ĝµσ ĝσν = δ
µ
ν,

(gµσ + δgµσ)(gνσ + δgνσ) = δ
µ
ν,

gνσδgµσ = −gµσδgνσ,

δgµβ = −gνβgµσδgνσ, (3.20)

on the third line, we exclude the second-order terms of the perturbations, and on the
last line, we multiply both sides by gνβ. The equation (3.20) shows us that the metric
3 This result is valid for any pure tensors defined in M̂.
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perturbation gets a sign when one rises or lowers its indices, it will be important because
all the modes we get from the metric perturbation follow this property4.

The most general decomposition of the physical metric on M is

ds2 = ĝµνdxµdxν = a2(η)
[
−(1− 2ϕ)dη2 + 2Bidxidη+ (hi j + 2Ci j)dxidx j

]
, (3.21)

we are using the conformal time parametrization, A(η, x⃗), Bi(η, x⃗), Ci j(η, x⃗) are tensors
in M̂, with 1 + 3 + 6 degrees of freedom respectively, totalizing 10 degrees of freedom
as expected, sometimes we will refer to these tensors as perturbative modes. The
perturbation on the metric in a matrix representation is

[ĝµν] =

−1 + 2ϕ Bi

Bi hi j + 2Ci j

 , (3.22)

[gµν] =

−1 0
0 hi j

 , (3.23)

[δgµν] =

2ϕ Bi

Bi 2Ci j

 , (3.24)

in which we are using a geodesic sectioning on M with the normalized covetorial field
nµ = −∇µt as we did in chapter 2. And the gaussian coordinate system given by eµi,
with i = 1, 2, 3,µ = 0, 1, 2, 3 such that h[Lneµi] = ėµi = 0. The metric perturbation may be
decomposed using a background covector field n̄µ

δgµν = 2ϕnµnν + 2B(µn̄ν) + 2Cµν (3.25)

wherein these quantities are defined as

ϕ ≡
1
2
δgnn, (3.26)

Bµ ≡ h[δgµn], (3.27)

Cµν ≡
1
2

h[δgµν], (3.28)

in which hµν ≡ nµnν + gµν.
To conclude this section, in the context of perturbations, it is valid to define the

two classes of tensors: pure tensors and mixed tensors as the authors of [21] did. The
pure tensors are defined only with physical tensors in M̂, while the mixed tensors are
defined as a combination of tensors of M̂ and M.

This classification will be important to understand some perturbations’ nature
and apply the SW lemma if it is the case. In [21], the authors define the following
4 Note that δgµβ is not the inverse of δgµβ, because (3.20) is only valid on first order.
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tensors:

P̂ ≡
ĝµνnµnν

2
→ P =

gµνnµnν

2
= −

1
2

; (3.29)

P̂µ ≡ h[ĝµn]→ Pµ = h[gµn] = 0; (3.30)

P̂µν ≡
h[ĝµν]

2
→ Pµν =

h[gµν]
2

=
hµν
2

. (3.31)

Wherein on the right sides of the arrows are the background versions of the quantities,
one could define these background versions by changing the physical metric ĝµν to
the background metric gµν. Furthermore, the perturbations (3.26),(3.27) and (3.28) may
defined as

ϕ ≡ P̂ −P, (3.32)

Bµ ≡ P̂µ −Pµ, (3.33)

Cµν ≡ P̂µν −Pµν. (3.34)

Analogously a simple perturbation is defined as a perturbation similarly to (3.17),
furthermore, the physical tensor is defined by physical geometric objects in M̂ merely.
Otherwise, if the physical tensor on the perturbation is constructed as combinations of
physical tensors in M̂ and background tensors in M then we say it is a mixed perturbation,
thus the SW lemma is not valid for these tensors.

For example, the perturbations defined in (3.32), (3.33), and (3.34), are all mixed
perturbations since they mixed the background covector field nµ defined in TpM with
the physical metric ĝµν defined on M̂.

3.2 Gauge invariant variables

The perturbation approach to general relativity has an intrinsic problem associa-
ted with the gauge transformations of metric and matter variables. As we will see in
this section the perturbations will depend on the gauge explicitly. This feature comes
from the fact that GR is a gauge theory, the gauge group being the diffeomorphism
group Diff(M) of the spacetime manifold M [22]. Thus a possible way to contour this
difficulty is to construct gauge invariant quantities and use them in the linear Einstein’s
equations. In order to interpret the perturbations and get predictions of the theory we
need to choose a specific gauge. 5

An advantage of working with the FLRW spacetime as a background manifold
is the possibility of performing the scalar, vectorial, and tensorial (SVT) decomposition
of the modes of the physical metric (3.21).
5 The GI quantities will continue being GI after a specific gauge choice.
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This decomposition was made for the first time by Bardeen, J. in 1980 [23], and
will allow us to explore the dynamics of these modes separately. One can decompose
the vectorial mode Bµ as

Bµ = DµB+ bµ, (3.35)

where Dµbµ = 0, i.e., bµ is divergence free, and B is an arbitrary scalar function. Taking
the divergence of (3.35) we get

DµBµ = D2
B, (3.36)

B = D−2DµBµ, (3.37)

in which D2 is the Laplace operator on the spatial sections, and D−2 its inverse associated
with the Green’s function.

At first, the modeB is not unique, because we can sum an arbitrary homogeneous
function u(x, η), performing B → B+ u, with D2u = 0. However, suppose the spatial
sections are a compact manifold equipped with a Riemann metric, or there a boundary
conditions in which the function u is zero. In that case, one can affirm that B is uniquely
determined [24].

Consequently, the covector field bµ=Bµ −DµD−2DνBν will be a divergent free
field uniquely determined. So this guarantees the unicity of the decomposition (3.35).

In the same way, we can decompose the tensor Cµν in SVT modes, its decomposi-
tion is more complicated, so it will be useful to write this tensor as

Cµν = Ct
µν + C

hµν
3

, (3.38)

in which Ct
µν and C is the traceless part and the trace of Cµν respectively. Now we can

decompose Ct
µν in its general form

Ct
µν =

DµDν −
hµνD2

3

E+ D(µFν) + Wµν, (3.39)

where DµFµ = DµWµν = W µ
µ = 0. Performing the divergence two times on (3.39) in

the same way we did for the vector field, one can check that E, Fν and Wµν are uniquely
determined, see [18] for more details. Therefore, we can write

Cµν = ψhµν −DµDνE+ D(µFν) + Wµν, (3.40)

where ψ ≡
1
3
(C + D2

E).
These decompositions will simplify the linear differential equations involving

the perturbations of (3.21), once the modes are uniquely determined we still have the 10
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degrees of freedom on the modes:

Scalars: ψ, E, C, B; (3.41)

Vectors: Fµ, bµ; (3.42)

Tensors: Wµν. (3.43)

For vectors and tensor modes, there is no time degree of freedom, even though µ, ν are
running to 0,1,2,3. The vector modes have 2 degrees of freedom each, because they
have null divergence, and the tensor Wµν has 2 degrees of freedom because it has null
divergence and is traceless.

We are interested in finding the gauge transformations of the modes above,
before that, we should calculate the algebra of the operators Dµ, D2, and ∂t when acting
on tensors6. Performing the first relation between the time derivative operator and the
covariant spatial derivative on scalars, we get

Dµ∂tϕ = h[∇µ∂tϕ] = h[∇µ(nσ∇σϕ)] (3.44)

= h[K σ
µ ∇σϕ+ nσ∇σ∇µϕ] = K σ

µ Dσϕ+∇nDµϕ (3.45)

[Dµ, ∂t]ϕ = 0, (3.46)

in which we commuted the spatial derivatives when acting on ϕ, andK σ
µ Dσϕ = 0. The

algebra between the contravariant spatial derivative with the time derivative on scalars
will be

∂tDµϕ = ∂t(hµσDσϕ) = ḣµσDσϕ+ hµσ∂t(Dσϕ) (3.47)

= 2KµσDσϕ+ Dµϕ̇ (3.48)

[Dµ, ∂t]ϕ = −
2
3
θDµϕ. (3.49)

Wherein we use (3.46), and (2.55), using this result we can calculate

∂tD2Tµ1...µn
ν1...νl

= ∂t(hµνDµDνTµ1...µn
ν1...νl

) (3.50)

= ḣµνDµDνTµ1...µn
ν1...νl

+ hµν∂t(DµDνTµ1...µn
ν1...νl

) (3.51)

=
2
3
θD2Tµ1...µn

ν1...νl
+ hµν

[
DµDν∂tT

µ1...µn
ν1...νl

−
2
3
θD2Tµ1...µn

ν1...νl

]
(3.52)

= D2∂tT
µ1...µn
ν1...νl

−
2
3
θD2Tµ1...µn

ν1...νl
(3.53)

[∂t, D2]Tµ1...µn
ν1...νl

= −
2
3
θD2Tµ1...µn

ν1...νl
. (3.54)

On the third line, we used (3.49) to commute the operators two times. Thus the last
convenient bracket to calculate is between Dµ and D2 on scalars

[Dµ, D2]ϕ = [Dµ, DσDσ]ϕ = [Dµ, Dσ]Dσϕ−Dσ[Dµ, Dσ]ϕ (3.55)

= R σν
µσ Dνϕ = −R σν

σµ Dνϕ = −R ν
µ Dνϕ = −2KDµϕ (3.56)

6 We will not present the action of these algebras in general tensors, only the algebra that we will use
further in this work
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in which in the first line the the second term of the right side of the equation is null
since we are taking the spatial derivative of the Riemann tensor in homogeneous and
isotropic spatial sections, on the second line we used the antisymmetry property of
Riemann tensor, and the definition of the Ricci tensor in FLRW geometry.

A useful result that we will use more ahead, is the double divergence of Cµν,
defined in (3.40)

DµDνCµν = D2ψ−DµD2DµE+
1
2

(
DµDνDµFν + DµD2Fµ

)
(3.57)

= D2ψ−Dµ(2KDµE+ DµD2
E) (3.58)

= D2ψ−D2(D2 + 2K)E, (3.59)

where on the first line the third term is zero since

DµDνDµFν = D2DνFν + Dµ
R

να
µν Fα = 0, (3.60)

DµD2Fµ = −2KDµFµ + D2DµFµ = 0. (3.61)

We should use (3.8) to perform the gauge transformation of the perturbative
modes. Is interesting to make a decomposition of the gauge Vµ, to analyze how the
gauge acts in different modes,

Vµ = V∥nµ + h[Vµ] = V∥nµ + DµV⊥ + V⊥µ , (3.62)

where V∥ = −nµVµ, and we did the decomposition of the spatial part as in (3.35), with
DµV⊥µ = 0.

Is straightforward to calculate the components δ̃gnn, δ̃gµn, and δ̃gµν using (3.8)
and (3.62):

δ̃gnn = δgnn − 2∇nVn

= 2ϕ+ 2V̇∥; (3.63)

h[δ̃gµn] = h[δgµn] − 2h[∇(µVn)]

= −Bµ + h α
µ [∇αVn +∇nVα]

= −Bµ − ∂t(DµV⊥ + V⊥µ ) + DµV∥; (3.64)

h[δ̃gµν] = h[δgµν] − 2h[∇(µVν)]

= 2Cµν − hαµhβν(∇αVβ +∇βVα)

= 2Cµν − 2V∥Kµν − 2D(µDν)V
⊥
− 2D(µV⊥

ν)
, (3.65)

we may rewrite the transformations of ϕ, Bµ and Cµν explicitly

ϕ −→ ϕ+ V̇∥; (3.66)

Bµ −→ Bµ + ∂t(DµV⊥ + V⊥µ ) −DµV∥; (3.67)

Cµν −→ Cµν −V∥Kµν −D(µ(Dν)V
⊥ + V⊥

ν)
). (3.68)
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We are at one step to find the gauge transformations of the modes decomposed earlier,
we must use the equations (3.35), (3.40), and the transformations above. The strategy to
get the desired transformations will be performing the divergences of (3.67) and (3.35),
and using the inverse of the operators D2 and D2(D2 + 2K) on the spatial sections.

The first transformation is already determined (3.66), taking the divergence of
(3.67), and using the decomposition (3.35) we obtain

D2
B̃ = DµBµ + Dµ∂t(DµV⊥ + V⊥µ) −D2V∥ (3.69)

D2
B̃ = DµBµ −

2
3
θD2V⊥ + D2∂t(V⊥) + +Dµ∂tV⊥µ −D2V∥ (3.70)

D2
B̃ = DµBµ −

2
3
θD2V⊥ + D2V̇⊥ −D2V∥ (3.71)

B̃ = B−
2
3
θV⊥ + V̇⊥ −V∥, (3.72)

wherein we use the null divergence of the spatial vector gauges, and the relations (3.49),
(3.54). Following the same procedure to C̃µν, performing the double divergence

DµDνC̃µν = DµDνCµν −V∥DµDν
Kµν −KµνDµDνV∥− (3.73)

−
1
2
(DµDνDµDνV⊥ + DµD2DµV⊥) −

1
2
(DµDνDµV⊥ν + DµD2V⊥µ ) (3.74)

= DµDνCµν −KµνDµDνV∥ −DµD2DµV⊥ (3.75)

= DµDνCµν −
θ
3

hµνDµDνV∥ − 2KD2V⊥ + D4V⊥ (3.76)

= DµDνCµν −
θ
3

D2V∥ −D2(D2 + 2K)V⊥, (3.77)

using (3.59) one get

D2ψ̃−D2(D2 + 2K)Ẽ = D2ψ−D2(D2 + 2K)E−
θ
3

D2V∥ −D2(D2 + 2K)V⊥ (3.78)

= D2
(
ψ−

θ
3

V∥
)
+ D2(D2 + 2K)(E+ V⊥). (3.79)

Once the operator D2, and D2(D2 + 2K) are invertible and the scalar modes in which
they are acting are linearly independent, we get

Ẽ = E+ V⊥, (3.80)

ψ̃ = ψ−
θ
3

V∥. (3.81)

Returning to (3.35), using (3.67), and (3.72) one get the gauge transformation of the
vector mode b̃µ

B̃µ = DµB̃+ b̃µ (3.82)

Bµ + ∂t(DµV⊥ + V⊥µ ) −DµV∥ = DµB̃+ b̃µ (3.83)

DµB+ bµ −
2
3
θDµV⊥ + DµV̇⊥ + V̇⊥µ −DµV∥ = Dµ

(
B−

2
3
θV⊥ + V̇⊥ −V∥

)
+ b̃µ (3.84)

b̃µ = bµ + V̇⊥µ . (3.85)
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Performing one divergence of (3.68) and using the inverse of the operators we get

F̃µ = Fµ −V⊥µ , (3.86)

using these transformations and substituting on (3.68) we see

W̃µν = Wµν. (3.87)

Summarizing the gauge transformations of the modes:

Scalars:



ϕ −→ ϕ+ V̇∥

B −→ B+ V̇⊥ −
2
3
θV⊥ −V∥

ψ −→ ψ−
θ
3

V∥

E −→ E+ V⊥

(3.88)

Vectors:

bµ −→ bµ + V̇⊥µ
Fµ −→ Fµ −V⊥µ

(3.89)

Tensor: Wµν −→Wµν. (3.90)

Thereby, the tensor mode is gauge invariant since do not depend on the projections of
the gauge Vµ. However, Bardeen, J. in 1980 [23] investigated these transformations in
the context of Cosmological perturbations and found combinations of these geometrical
modes in such a way to get gauge-invariant (GI) variables. We will express these
combinations in this formalism.

The three GI scalar variables are:

Φ ≡ ϕ+ ∂t

(
B− Ė+

2
3
θE

)
; (3.91)

Ψ ≡ ψ−
θ
3

(
B− Ė+

2
3
θE

)
; (3.92)

Ξ ≡ 3Ψ̇ + θΦ. (3.93)

One can easily check that these three quantities are GI, using the gauge transformations
(3.88). The variables Φ and Ψ are the Bardeen potentials. Since these quantities are
linear combinations of perturbations is difficult to interpret them physically.

One possible way to deal with it is to choose a specific gauge to write the
decompositions, as we will do further. Besides that, there is a relation between the
choice of a gauge and the way to sectioning the physical manifold using a vector field
vµ, see [21] for details.

We may construct a GI vector variable as the following sum:

bµ + Ḟµ, (3.94)

again, one can check that is GI using (3.89).
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3.3 Energy-momentum tensor

In the last section, we describe the perturbations of the variables concerning
the geometric sector, to get the Einstein equations linearized, we need to perform the
same decompositions of the energy-momentum tensor since it describes the material
sector of Einstein’s equations, thus this section will focus to study the perturbed
energy-momentum tensor.

The first thing we need to do is write the required tensors on the spatial sections
defined by a time-like covector field vµ ∈ T∗pM, which in this case, represents the tangent
covector of the integral curves defining the observers following the fluid

δvµ = vµ − nµ (3.95)

we assume that this perturbation is of the same order as δgµν. Requiring the normality
condition of vµ

vµvµ = −1, (3.96)

ḡµν(nµ + δvµ)(nν + δvν) = −1, (3.97)

ḡµνnµnν + 2ḡµνnµδvν = 0, (3.98)

ϕ = −nµδvµ. (3.99)

Thus, we may write

δvµ = −nµϕ+ uµ, (3.100)

where uµ = h[δvµ] has the spatial degrees of freedom on the choice of the observers
which describe the fluid. The covector field describing the fluid is

vµ = (1−ϕ)nµ + uµ. (3.101)

In appendix C the perturbations of the projector and the spatial metrics were made. We
may define the projector in M̂ as

ĥµν = vµvν + δ
µ
ν. (3.102)

The most general decomposition of Tµν in M is given by (2.70). However, we can
assume a covector field vµ normal to hyper-surfaces, making a choice: uµ = 0, such that
the heat term of the energy-momentum tensor is zero

T̂µν = ρ̂vµvν + p̂ ĥµν + Π̂µν, (3.103)

wherein ρ̂ = T̂vv, p̂ =
T̂ µ
µ

3
, and Π̂ µ

µ = 0 have the same meaning of the variables on the

background, but projected on spatial sections in M̂ defined by the covector field vµ.
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Thus we can always choose vµ ∈ TpM to be normal to the hypersurfaces being
an eigenvector of Tµν.7

T̂µνv
ν = −αvµ, (3.104)

if we take the projector on both sides we get q̂µ = ĥ[T̂µνvν] = −αĥ[vµ] = 0 as expected.
Besides that, multiplying both sides by vµ one get α = ρ̂, then Tµνvν = −ρ̂vµ and ρ̂ is the
eigenvalue of T̂µν.

3.3.1 Gauge transformations of energy-matter modes

One may use the equations (3.100) and (3.103) to get the most general decompo-
sition induced by the geometric modes

δTµν = T̂µν − Tµν (3.105)

= (ρ̂+ p̂)vµvν + p̂vµvν + p δhµν + Π̂µν −
[
(ρ+ p)nµnν + pnµnν + Πµν

]
(3.106)

= (δρ− 2ϕ)nµnν + δphµν + 2(ρ+ p)n(µuν) + δΠµν+ (3.107)

+ 2p(B(µnν) + Cµν). (3.108)

the perturbation (C.7) has been used, one may get the mixed part of this tensor using
(C.8)

δT ν
µ = δρnµnν + (p + ρ)[uµnν + nµ(uν + Bν)] + δph ν

µ + δΠ ν
µ , (3.109)

thus the trace is

T = −δρ+ 3δp. (3.110)

As we did in (3.35) and (3.39) one may perform the decompositions of the vector mode
uµ and the tensor mode δΠµν:

uµ = DµV+ Vµ (3.111)

δΠµν = −

DµDν −
hµνD2

3

 δΠ(s) + D(µδΠ(v)
ν)

+ δΠ(t)
µν . (3.112)

with DµVµ = DµΠ(v)
µ = DµδΠ(t)

µν = δΠ(t) µ
µ = 0 Therefore, the modes are

Scalars: δρ, δp, δΠs, V. (3.113)

Vectors: δΠ(v)
µ , Vµ (3.114)

Tensor: Π(t)
µν . (3.115)

7 We are assuming there is no vorticity on M̂, i.e., ω̂[µν] = 0.
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We are in a position to determine the gauge transformation of these modes, note
that some modes above define simple perturbations, i.e.,

δρ = ρ̂− ρ = T̂vv − Tnn (3.116)

δp = p̂− p =
ĥ[T̂]

3
−

h[T]
3

(3.117)

δΠµν = Π̂µν −Πµν = ĥ[T̂µν] − phµν (3.118)

where T̂ = ĥµνT̂µν is the trace of the physical energy-momentum tensor, and the same
for the background version. Thus from (3.17) the gauge transformations are

δ̃ρ = δρ−LVρ = δρ− ρ̇ (3.119)

δ̃p = δp−LVp = δp− ṗ (3.120)

δ̃Πµν = δΠµν (3.121)

in which on the transformation (3.121) we know that in FLRW universe Πµν = 0. Is
directly to see that if δΠµν is GI thus δΠ(s), δΠ(v)

ν , and δΠ(t)
µν will be GI. For the modes

V and Vµ we get

Ṽ = V+ V∥, (3.122)

Ṽµ = Vµ. (3.123)

In appendix C some kinematic perturbations were calculated with arbitrary
background manifold, expressing the shear perturbation (C.23) for a FLRW background
manifold we obtain

δσµν =

D(µDν) −
hµνD2

3

S+ D(µbν) +
(
∂t −

2
3
θ
)
(D(µFν) + Wµν) (3.124)

=

D(µDν) −
hµνD2

3

S+ D(µSν) +
(
∂t −

2
3
θ
)

Wµν (3.125)

In which S ≡
(
B− Ė+

2
3
θE

)
, and Sν ≡ bν + Ḟν −

2
3
θFν, are the scalar shear and vector

shear potentials respectively, measured by the isotropic observers. The former tensor
did appear in (3.91), (3.92), so it was important to get the Bardeen potentials, making it
possible to construct GI variables. Using (3.88) the scalar shear transforms as

S̃ = S−V∥, (3.126)

analogously using (3.89)

S̃µ = Sµ −V⊥µ . (3.127)



Capítulo 3. Cosmological Perturbation theory 54

With these results, one may construct the GI variables of energy-matter sector8:

δρ = δρ−S ρ̇; (3.128)

δp = δp−S ṗ; (3.129)

V = V+S. (3.130)

From a geometric point of view, the scalar potential shear acts as a correction of the
perturbations on the spatial sections Σt ⊂ M̂ related by a gauge transformation between
frames of reference in M. Such that, both frames of reference get the same GI variable.

Assuming the energy-momentum conservation on M, one may obtain some
useful scalar equations using (3.103), then

∇̂µT̂µν = 0. (3.131)

Separating the spatial and temporal parts:

ĥ[∇̂αT̂αν] = 0 (3.132)

h[vν∇̂v̂ρ̂+ (ρ̂+ p̂)(vνθ̂+ vα∇̂αvν) + ∇̂νp̂ + ∇̂αΠ̂α
ν] = 0 (3.133)

(ρ̂+ p̂)âν + D̂νp̂ + D̂αΠ̂α
ν = 0 (3.134)

−vν∇̂µT̂µν = 0 (3.135)

∇̂v̂ρ̂+ ρ̂θ̂− ρ̂vµâµ − vµp̂∇̂νĥµν − vµ∇̂νΠ̂µν = 0 (3.136)

∇̂v̂ρ̂+ (ρ̂+ p̂)θ̂+KµνΠ̂µν = 0 (3.137)

∇̂v̂ρ̂+ (ρ̂+ p̂)θ̂+ K̂ (t)
µν Π̂µν = 0 (3.138)

in which on the third line of the spatial component we used the derivative product rule,
and on the last line of the temporal component the traceless extrinsic curvature has been
used, since the divergence of the anisotropic pressure is zero, i.e.,

K̂µνΠ̂µν =

K̂ (t)
µν +

ĥµν
3
θ̂

 Π̂µν (3.139)

K̂µνΠ̂µν = K̂
(t)
µν Π̂µν. (3.140)

Writing the expression (3.134) in terms of the perturbations

h σ
µ Dσ(p + δp) + δh σ

µ Dσ(p + δp) + (ρ+ p)(u̇µ −Dµϕ) + Dσ(Πσ
µ + δΠσ

µ) = 0 (3.141)

Dµ(p + δp) + [nµ(Bσ + uσ) + uµnσ]Dσp + (ρ+ p)(u̇µ −Dµϕ) + Dσ(δΠσ
µ) = 0 (3.142)

Dµδp + uµṗ + (ρ+ p)(u̇µ −Dµϕ) + Dσ(δΠσ
µ) = 0. (3.143)

8 We will use a line above the symbols for GI variables.
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In which (C.32) has been used, and on FLRW background manifold we have Dµp = 0
and Πσ

µ = 0. Doing the same for (3.138), we obtain

δ̇ρ+ ϕρ̇+ (Bν + uν)Dνρ+ θ(δρ+ δp) + δθ(ρ+ p) = 0

δ̇ρ+ ϕρ̇+ θ(δρ+ δp) + δθ(ρ+ p) = 0, (3.144)

where σµν = 0, and Dνρ = 0 in FLRW background, and the scalar expansion perturbation
is given in (C.20). The equations (3.143) and (3.144) are the first-order perturbation of
Euler’s equation and the continuity equation respectively.

3.4 Linear Einstein’s equations

The equations of motion in M are

Gµν + Λgµν = κTµν, (3.145)

raising one of the indexes of the equation and using (A.17) we get9

R ν
µ = κ

(
T ν
µ −

δ νµ T

2

)
(3.146)

R ν
µ = κT ν

µ , (3.147)

where T ν
µ ≡ T ν

µ −
δ νµ T

2
. Once the metric of the background manifold is FLRW, we may

define simple perturbations of the tensor above. Adding −R
ν
µ on both sides, we obtain

R ν
µ −R

ν
µ = κT ν

µ − R̄ ν
µ = κ(T ν

µ −T
ν
µ ) (3.148)

δR ν
µ = κδT ν

µ . (3.149)

We shall study how the perturbations above change under a gauge transformation.
Thus we could search for a GI version of Einstein’s equations.

It is possible to generalize the way the perturbations on Σt ⊂M transform, first
note that we can write any background mixed tensor of the form f̄ νµ on the spatial
sections as

f νµ = f (n)nνnµ + f (s)δ νµ , (3.150)

where f (n), and f (s) are scalar functions representing the time and spatial projections
of f νµ respectively, which Dµ f̄ (n) = Dµ f̄ (s) = 0, i.e., these functions are constant
on the hyper-surfaces due the homogeneity. We can define the pure perturbation
δ f νµ = f νµ − f̄ νµ , doing a gauge transformation on it

δ̃ f νµ = δ f νµ −LV f νµ (3.151)

9 The mixed tensors will simplify some calculations since the spatial metric becomes a Kronecker delta
tensor.
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calculating the Lie derivative

LV f νµ = LV( f (n)nνnµ + f (s)δ νµ ) (3.152)

= Vσ
∇σ f (n)nµnν + δ νµ Vσ

∇σ f (s) + f (n)LV(nµnν) (3.153)

= V∥ ˙f (n)nµnν + V∥ ˙f (s)δ νµ + f (n)LV(nµnν) (3.154)

= V∥(∂t f νµ ) + f (n)[Vσ
∇σ(nµnν) − nµnσ∇σVν + nνnσ∇µVσ] (3.155)

= V∥∇n f νµ − f (n)(nµ∂th[Vσ] + nνDµV∥). (3.156)

On the third line the vector field has been decomposed, and we used the derivative by
parts, moreover, in the last line we used the following results

(i) Vσ
∇σ(nµnν) = (V∥nσ + h[Vσ])∇σ(nµnν) = h[VσDσ](nµnν) = 0; (3.157)

(ii) nµnσ∇σ(V∥nν + h[Vν]) = nσnµ∇σh[Vν] = nµ∂th[Vν]; (3.158)

(iii) nνnσ∇µ(V∥nσ + h[Vσ]) = nνnσ∇µ(V∥nσ) + nνnσ∇µh[Vσ]; (3.159)

= nν(nσ∇µh[Vσ] −∇µV∥) = −nνDµV∥. (3.160)

Furthermore, the gauge transformation of the perturbation is given by

δ̃ f νµ = δ f νµ −V∥∇n f νµ + f (n)
[
nµ∂t(DνV⊥ + V⊥ν) + nνDµV∥

]
, (3.161)

analyzing the equation (3.161), we need to define the tensors with which the transfor-
mations cancel out the gauge terms: V∥, V⊥, V⊥ν. Following this procedure, one may
use the tensors S and Bν, which transformations are given by (3.89), (3.126) respectively,
then the GI tensor is

δ f νµ = δ f νµ −S∇n f νµ − f (n)(nµbν − nµDν
S+ nνDµS) (3.162)

We may calculate the projections of this GI perturbation: time-time

δ f n
n = δ f n

n −S ∂t( f (n) − f (s)) − f (n) (−bn + Dn
S+ DnS)︸                    ︷︷                    ︸

0

(3.163)

δ f n
n = δ f n

n −S( ˙f (n) − ˙f (s)), (3.164)

time-spatial projection: h[δ f νn ]

δ f νn = f νn −S∂t[( f (s) − f (n))nν)] − f (n)(−bν + Dν
S− nνṠ) (3.165)

h[δ f νn ] = h[ f νn ] + f (n)(bν −Dν
S), (3.166)

where the time terms cancel out by the spatial projector, analogously the space-time
projection h[δ̂ f n

µ ],

h[δ f n
µ ] = h[ f n

µ ] + h[ f (n)(nµṠ −DµS)] (3.167)

= h[ f n
µ ] − f (n)DµS (3.168)
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and the spatial-spatial projection :

h[δ f νµ ] = h[δ f νµ ] −S h[∂t( f (n)nνnµ) + f (s)δ νµ ] (3.169)

= h[δ f νµ ] −S h ν
µ

˙f (s). (3.170)

using the projections (3.164), (3.166), (3.168), and (3.170) one may find the GI tensors of
Einstein’s equations on first-order, let us start with the geometric part

3.4.1 Geometric sector

The Ricci tensor pertubation is

δR ν
µ = R̂ ν

µ −R ν
µ (3.171)

= R̂µα ĝαν −Rµαgαν (3.172)

= R̂µα ĝαν −Rµα ĝαν + Rµαδgαν (3.173)

= δRµαgαν + Rµαδgαν, (3.174)

in which on the second line we use (3.20), and on the last line we use the background
metric since we are neglecting the second-order perturbation terms.

We may use the background Ricci tensor on the spatial sections, from (2.61), with
θ = 3H:

Rµα =
(
2K +

θ̇+ θ2

3

)
hµα −

(
θ̇+

θ2

3

)
nµnα, (3.175)

since the background Ricci tensor can be written as

Rµα = R(n)nµnα + R(s)gµα (3.176)

= (R(n)
−R(s))nµnα + R(s)hµα (3.177)

comparing these expressions, we get

R(n) = 2K −
2
3
θ̇; (3.178)

R(s) = 2K +
θ̇+ θ2

3
; (3.179)

R(n)
−R(s) = −

(
θ̇+

θ2

3

)
. (3.180)

Thus we can rewrite (3.174) as

δR ν
µ = δRµαgαν + [(R(n)

−R(s))nµnα + R(s)hµα](−2ϕnµnν − 2B(µnν) − 2Cµν)

= δRµαgαν + (R(n)
−R(s))(2ϕnµnν + nµBν) −R(s)(Bµnν + 2C ν

µ ). (3.181)
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We shall calculate the components of the Ricci perturbation using (3.181). The time-time
projection may be calculated by applying the simplification of FLRW background in
(C.37):

δR n
n = δRnαgαn + (R(n)

−R(s))2ϕ (3.182)

= δRnn + 2ϕ(R(n)
−R(s)) (3.183)

= −(C̈ + θϕ̇+ DνḂν + D2ϕ+ 2Kµν
∇nCµν) − 2ϕ

(
θ̇+

θ2

3

)
(3.184)

= Ξ̇ +
2
3
θΞ + (θ̇+ D2)Φ + ∂t

(
θ̇+

θ2

3

)
S. (3.185)

From (3.164) one may compute the GI time-time component of the Ricci tensor

δR n
n = δR n

n −S∂t(R(n)
−R(s)) (3.186)

= −

{
Ξ̇ +

2
3
θΞ + (θ̇+ D2)Φ + ∂t

(
θ̇+

θ2

3

)
S+S∂t(R(n)

−R(s))

}
(3.187)

= −
[
Ξ̇ +

2
3
θΞ + (θ̇+ D2)Φ

]
. (3.188)

calculating the spatial-time component taking the projector on (3.181), we obtain

h[δR n
µ ] = h[δRµn] + R(s)bµ (3.189)

=
1
2
(D2
Sµ + 2KSµ) −

(
2K +

θ2 + θ̇
3

)
bµ (3.190)

where (C.38) has been used with FLRW metric, using (3.168) the GI component then
will be

h[δR n
µ ] = h[R n

µ ] −R(n)DµS (3.191)

=
1
2
(D2
Sµ + 2KSµ) −

(
2K +

θ2 + θ̇
3

)
bµ −

(
2K −

2
3
θ̇
)

DµS (3.192)

=
1
2
(D2
Sµ + 2KSµ). (3.193)

The spatial-spatial projection may be calculated using the same simplification on
(C.39)

h[R ν
µ ] = DµDν(Φ −Ψ) +

(
Ξ̇ + 2θΞ

3
−D2Ψ +

θ̇Φ
3
− 4KΨ +

θ̈S
3

+
2
3
θθ̇S

)
h ν
µ+ (3.194)

+
(
D(µṠα) +

1
3
θD(µṠα)

)
+ Ẅ ν

µ + θẆ ν
µ + (2K −D2)Wν

µ. (3.195)
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Therefore, using (3.170) the GI spatial-spatial projection will be

h[δR ν
µ ] = h[R ν

µ ] −SṘ(s)h ν
µ (3.196)

= h[R ν
µ ] −S

(
θ̈+ 2θθ̇

3

)
h ν
µ (3.197)

= DµDν(Φ −Ψ) +

(
Ξ̇ + 2θΞ

3
−D2Ψ +

θ̇Φ
3
− 4KΨ

)
h ν
µ+

+
(
D(µṠα) +

1
3
θD(µṠα)

)
hαν + Ẅ ν

µ + θẆ ν
µ + (2K −D2)Wν

µ. (3.198)

3.4.2 Energy-matter sector

We have in hand the GI components of the geometric sector, now we may see
how to get the GI components of the source tensor T ν

µ . From (3.109), and (3.110) we get

δT ν
µ = δT ν

µ −
δ νµ

2
δT (3.199)

=

(
δρ+ 3δp

2

)
nµnν +

(
δρ− δp

2

)
h ν
µ+ (3.200)

+ (ρ+ p)[uµnν + nµ(uν + Bν)] + δΠ ν
µ . (3.201)

The background source term is

T
ν
µ = T (n)nµnν +T (s)δ νµ . (3.202)

Comparing the definition of T ν
µ and the background energy-momentum tensor (2.71).

T
(n) = ρ+ p, (3.203)

T
(s) =

ρ− p
2

. (3.204)

Using the expressions (3.164), (3.168), and (3.170), one get the GI components of δT ν
µ .

Calculating the perturbation of the time-time component

δT n
n =

δρ+ 3δp
2

, (3.205)

the GI variable will be

δT n
n = δT n

n −S
(
Ṫ

(n)
− Ṫ

(s)
)

(3.206)

=
δρ+ 3δp

2
−S

(
ρ̇+ 3ṗ

2

)
(3.207)

=
δρ+ 3δp

2
. (3.208)
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The spatial-time component

h[T n
µ ] = h

[
−nµ

(
δρ+ 3δp

2

)
− (ρ+ p)uµ + δΠ n

µ

]
(3.209)

= −(ρ+ p)uµ (3.210)

= −(ρ+ p)(DµV+ Vµ), (3.211)

then the GI version is

h[δT n
µ ] = −(ρ+ p)(DµV+ Vµ) − (p + ρ)DµS (3.212)

= −(p + ρ)[Dµ(V+S) + Vµ] (3.213)

= −(p + ρ)(DµV+ Vµ). (3.214)

In the same way the spatial-spatial component

h[δT ν
µ ] =

(
δρ− δp

2

)
h ν
µ + δΠ ν

µ , (3.215)

leading to

h[δT ν
µ ] =

(
δρ− δp

2

)
h ν
µ + δΠ ν

µ −S

(
ρ̇− ṗ

2

)
h ν
µ (3.216)

=

δρ− δp
2

 h ν
µ + δΠ ν

µ . (3.217)

3.4.3 Scalar equations

Finally, we can write the Einstein equations linearized for each mode, as said
before we will focus on the equations of motions for the scalar modes since it will
provide the mechanism we are interested in. The GI Einstein’s equations are

δR ν
µ = κδT ν

µ . (3.218)

The time-time equation is

δR n
n = κδT n

n (3.219)

Ξ̇ +
2
3
θΞ + (θ̇+ D2)Φ = −

κ
2
(δρ+ 3δp) (3.220)

taking the trace of (3.198), and (3.217) we obtain

h[δR µ
µ ] = D2(Φ −Ψ) + Ξ̇ + 2θΞ − 3D2Ψ + θ̇Φ − 12KΨ; (3.221)

h[δT µ
µ ] =

3
2
(δρ− δp). (3.222)
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Thus, from (3.218) we have

h[δR µ
µ ] = κh[δT µ

µ ], (3.223)

D2(Φ −Ψ) + Ξ̇ + 2θΞ − 3D2Ψ + θ̇Φ − 12KΨ =
3
2
κ(δρ− δp). (3.224)

The equations (3.220), and (3.224) are the first-order perturbative version of Friedmann’s
equations in the physical manifold M.

We may sum them to obtain an equation in which the matter sector depends only
on δρ, them substituting back on (3.224) to get an equation with source term solely of δp:

−

(
Ξ̇ +

2θΞ
3

+ (θ̇+ D2)Φ
)
+ Ξ̇ + 2θΞ + D2Φ − 4D2Ψ + θ̇Φ − 12KΨ = 2κδρ

θΞ
3
−D2Ψ − 3KΨ =

κ
2
δρ, (3.225)

replacing in (3.224)

Ξ̇ + 2θΞ + D2Φ − 4D2Ψ + θ̇Φ − 12KΨ = 3κ

1
κ

(
θ
3

Ξ −D2Ψ − 3KΨ
)
−
δp
2


Ξ̇ + θΞ + D2(Φ −Ψ) + θ̇Φ − 3KΨ = −

3κ
2
δp. (3.226)

Besides the two equations above, one may get two more linear independent
scalar equations by performing divergences of the vectorial, and tensorial components.
First, let us explicit the spatial part with a null trace of (3.218) by doing

h[δR ν
µ ] −

h ν
µ δR σ

σ

3
= κ

h[δT ν
µ ] −

h ν
µ δT

σ
σ

3

 ,

the left side is

h[δR ν
µ ] −

h ν
µ δR σ

σ

3
= DµDν(Φ −Ψ) +

(
Ξ̇ + 2θΞ

3
−D2Ψ +

θ̇Φ
3
− 4KΨ

)
h ν
µ+

+ f ν
µ(W ν

µ ,DνSµ)
−

h ν
µ

3
[D2(Φ −Ψ) + Ξ̇ + 2θΞ − 3D2Ψ + θ̇Φ − 12KΨ]

=

DµDν
−

h ν
µ D2

3

 (Φ −Ψ) + f ν
µ(W ν

µ ,DνSµ)
, (3.227)

while the right side:

h[δT ν
µ ] −

h ν
µ δT

σ
σ

3
=

δρ− δp
2

 h ν
µ + δΠ ν

µ −
h ν
µ

3

δρ− δp
2

 3 + δΠ σ
σ


= δΠ ν

µ

= −

DµDν
−

hµνD2

3

 δΠ(s) + l νµ(
DνδΠ(v)

µ ,δΠ(t)ν
µ

) . (3.228)
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In which (3.112) has been used, and f νµ and l νµ are just a compact way to writing all the
terms of these expressions since we will take the double divergence DνDµ on (3.227)
and (3.228), with Dµ f νµ = Dµl νµ = 0. Thus(

D2
−

D4

3

)
(Φ −Ψ) + 2KD2(Φ −Ψ) = −κ

(
D2
−

D4

3

)
− 2KD2δΠ(s)

D2
(
2K + 1−

D2

3

)
(Ψ −Φ) = κD2

(
2K + 1−

D2

3

)
δΠ(s)

Ψ −Φ = κδΠ(s). (3.229)

We know from (3.79) that the operator D ≡ D2
[
3(2K + 1) −D2

]
has an inverse, i.e.,

D
−1
D = I. Therefore, we have one of the useful scalar equations that relate the Bardeen

potentials, with the matter sector. We may write one more relation taking the derivative
Dµ on the spatial-time components, using (3.193), and (3.214), we have

Dµh[δR n
µ ] = κDµh[δT n

µ ]

−D2
(2
3

Ξ
)
= −D2

[
κ(ρ+ p)D2

V

]
Ξ =

3
2
κ(ρ+ p)V. (3.230)

One may obtain one more GI scalar equation by performing a divergence on
(3.143), thus

Dµuµṗ + D2δp + (ρ+ p)(Dµu̇µ −D2ϕ) + DµDαδΠα
µ = 0

D2
Vṗ + D2δp + (ρ+ p)(D2

V̇ −D2ϕ) −D2
(2
3

D2 + 2K
)
δΠ(s) = 0

D2
[
Vṗ + δp + (ρ+ p)(V̇ −ϕ) −

(2
3

D2 + 2K
)
δΠ(s)

]
= 0

δp + ṗV+ (ρ+ p)(V̇ −Φ) −
(2
3

D2 + 2K
)
δΠ(s) = 0, (3.231)

where the gauge transformations (3.91), (3.130), and (3.129) were used on the last line.
The set of the four scalar equations (3.225), (3.226), (3.229), and (3.230) specify the

relations of the six GI scalar variables: Φ, Ψ,V, δp, δρ, and δΠ(s). Therefore, we need
two more equations to close the set of equations and specify each of these variables
solely.10

3.4.4 Scalar perturbation dynamic

In the next chapter, we will see in detail how to specify the two more equations
from the relativistic kinetic theory, in addition to the theorem that guarantees the
equilibrium of the fluid. But for now, we will use this result without proof, i.e., the fluid

10 The equations provided by ∇̂µT̂µν = 0 can be obtained from (3.220) and (3.224).
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is in local thermodynamic equilibrium if vµ∇̂µŜ = 0, where Ŝ is the entropy of the fluid,
therefore in this case, one may use thermodynamics relations.

Assuming p̂ = p̂(ρ̂, Ŝ), we can write

δp = c2
sδρ+ ι δS, (3.232)

where

c2
s ≡

∂p
∂ρ

∣∣∣∣∣
S

, ι ≡
∂p
∂S

∣∣∣∣∣
ρ

. (3.233)

In which c2
s is the sound’s velocity of the fluid. From the equilibrium condition

vµ∇̂µŜ = 0 (3.234)

∇n(S + δS) + (nµ + δvµ)∇µ(S + δS) = 0 (3.235)

(1−ϕ)Ṡ + uµDµS + Ṡ + δ̇S = 0 (3.236)

δ̇S = 0, (3.237)

wherein the background entropy is constant, i.e., Ṡ = 0. Also, one may write the time
variation of p as

ṗ = c2
s ρ̇+ ιṠ

= c2
s ρ̇

= −c2
sθ(ρ+ p). (3.238)

From the Friedmann’s equations (2.72), (2.75), we might subtract them to get

Ḣ = −
κ
2
(ρ+ p) + K,

θ̇ = −
3κ
2
(ρ+ p) + 3K. (3.239)

where θ = 3H.
One may combine some scalar equations to obtain more compact equations.

Replacing (3.230) in (3.225), we have

θ
2
κ(ρ+ p)V− (D2 + 3K)Ψ =

κ
2
δρ

κθV
2
−

D2
KΨ

ρ+ p
=
κ
2
δρ

−D2
KΨ =

κ(ρ+ p)
2

(δρ − θV), (3.240)

wherein δρ ≡
δρ

ρ+ p
is the density contrast, and D2

K ≡ D2 + 3K. The equation (3.240) is

the generalized Poisson’s equation, note that if we take θ = 0 and K = 0 we recover the
Poisson’s equation in the context of Newtonian perturbation.
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Using the equation of state (3.232) in (3.231), we obtain

c2
sδρ + S−

Vθc2
s (ρ+ p)
ρ+ p

+ V̇ −Φ −
2

3(ρ+ p)
D2

KδΠ(s) = 0

V̇ − (Φ − S) + c2
s (δρ −Vθ) −D2

KF = 0. (3.241)

Where (3.238) has been used, and F ≡
2δΠ(s)

3(ρ+ p)
. In the same way, we may use (3.232) in

(3.144) obtaining

δ̇ρ

p + ρ
−
ϕθ(ρ+ p)
ρ+ p

+
θ(δρ+ c2

sδρ+ ιδS)
ρ+ p

+ D2
V+ δθ = 0

δ̇ρ − θ(1 + c2
s )δρ + θδρ(1 + c2

s ) + θ (S−ϕ) + θδρ(1 + c2
s ) + δθ+ D2

V = 0

δ̇ρ − θ (ϕ− S) + θδρ(1 + c2
s ) + δθ+ D2

V = 0, (3.242)

Wherein S ≡ ι
δS
ρ+ p

, and on the second line the derivative by parts was used on the first

term.
Before expressing the dynamic of the scalar perturbation variable, we should

choose a specific gauge to work with. As said earlier one needs to determine a gauge to
interpret the GI variables, there are many possible gauges to use. Here and further, we
will use the Newtonian gauge.

This gauge consists of takingB = E = 0 on the gauge transformations, physically,
the isotropic background observers will measure a null shear potential on the physical
manifold, i.e., S = 0. From the definition of the shear potential, we can see how the
gauge components behave

S̃ = 0, (3.243)

B+ V̇⊥ −
2
3
θV⊥ −V∥ − (Ė+ V̇⊥) +

2
3
θ(E+ V⊥) = 0, (3.244)

S+ V∥ = 0, (3.245)

V∥ = 0. (3.246)

Therefore the spatial vectors on the spatial sections of the background manifold will
not have parallel components on the physical manifold, in other words, the Newtonian
gauge is equivalent to choosing a sectioning on M, such that preserves the orthogonality
of the spatial vectors on M̂.

From the potentials (3.91), (3.92), (3.93), we have Ψ = ψ, Φ = ϕ, and Ξ = δθ, in
this gauge the scalar Φ is related to the usual Newtonian potential on the weak field
limit, i.e., ∇2Φ = 4πρ. The scalars ψ and Ξ, are related to the curvature perturbation,
and the scalar expansion respectively 11.
11 Even though we are taking S the Bardeen variables are still GI.
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It will be useful to write the (3.230) in terms of the Bardeen potentials and the
Hubble function:

Ψ̇ + HΦ =
κ(ρ+ p)

2
V. (3.247)

Hereafter we will calculate the perturbations in the plane geometry, i.e., K = 0. This
choice will be clear in chapter 5. Let us define the Mukhanov-Sasaki variable as

ζ ≡ Ψ +
θV

3
. (3.248)

The variable ζ has all the information about the scalar perturbations associated with
the geometry and the matter, in the literature it is called the curvature perturbation.
Calculating the time derivative of this variable, using the Newtonian gauge (S = 0),

ζ̇ = Ψ̇ +
1
3

(
θ̇V+ θV̇

)
(3.249)

= Ψ̇ +
1
3

{
−

3κ
2
(ρ+ p)V+ θ

[
(Φ − S) − c2

s (δρ − θV) + D2F
]}

(3.250)

=
κ(ρ+ p)

2
V−

θ
3

Φ +

(
θ2c2

s

3
−
κ(ρ+ p)

2

)
V+

θ
3

[
(Φ − S) − c2

sδρ + D2F
]

(3.251)

=
θ
3

(
−S− c2

sδρ + D2F + c2
sθV

)
(3.252)

=
θ
3

[
−S + D2F− c2

sδρ + c2
s

(
2D2Ψ
κ(ρ+ p)

+ δρ

)]
(3.253)

=
θ
3

(
−S + D2F +

2c2
s D2Ψ

κ(ρ+ p)

)
, (3.254)

on the second line, we used (3.239) and (3.241), and on the third and fifth lines (3.247),
and (3.240) were used respectively.

Therefore we have

ζ̇ =
2Hc2

s

κ(ρ+ p)
D2Ψ +

2HD2

3(ρ+ p)
δΠs
−

ιδS
ρ+ p

. (3.255)

To close the system of equations the last assumption is to consider the fluid on
the physical manifold M̂ as described by a perfect fluid, such as, on the background we
have Π̂µν = 0, but this implies δΠµν = 0, therefore δΠs = 0. From (3.229) then Φ = Ψ,
considering adiabatic perturbations: δS = 0, we obtain

ζ = Ψ + HV, (3.256)

ζ̇ =
2Hc2

s

κ(ρ+ p)
D2Ψ, (3.257)

Ψ̇ =
κ(ρ+ p)

2
V−HΨ, (3.258)
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using (3.256) in (3.258), we get

Ψ̇ =
κ(ρ+ p)

2H
ξ−

(
κ(ρ+ p)

2H
+ H

)
Ψ, (3.259)

applying the laplacian operator on both sides and using (3.54), (3.257) and (3.259)

D2Ψ̇ =
κ(ρ+ p)

2H
D2ζ−

(
κ(ρ+ p)

2H
+ H

)
D2Ψ (3.260)

∂t

(
κ(ρ+ p)

2Hc2
s
ζ̇

)
=
κ(ρ+ p)

2H
D2ζ−

(
κ(ρ+ p)

2H
+ 3H

)
κ(ρ+ p)

2Hc2
s
ζ̇ (3.261)

ζ̈ = −

[
3H +

κ(ρ+ p)
2H

+
H

ρ+ p
∂t

(ρ+ p
H

)]
︸                                         ︷︷                                         ︸

(i)

ζ̇+ c2
s D2ζ, (3.262)

let us simplify the factor (i) which multiply ζ̇, assuming a barotropic fluid p = wρ, with
w = cte,

∂t

(ρ+ p
H

)
=

ρ̇

(
ṗ
ρ̇
+ 1

)
H

−
ρ+ p

H2 Ḣ (3.263)

= −3ρ(1 + w)2 +
3ρ(1 + w)2

2
(3.264)

= −
3ρ(1 + w)2

2
, (3.265)

where we used w = c2
s =

ṗ
ρ̇

, and the equations (2.72), (2.73) and (2.76) with K̃ = 0. Then

(i) = 3H +
κ(ρ+ p)

2H
−

H
ρ+ p

3ρ(1 + w)2

2
(3.266)

= 3H +
3H2(1 + w)

2H
−

3(1 + w)H
2

(3.267)

= 3H. (3.268)

Furthermore, the dynamical equation for ζ(x, t) will be

ζ̈+ 3Hζ̇− c2
s D2ζ = 0 (3.269)

Writing the above expression on the conformal time, and making a Fourier transform 12,

we have D2ζ(x, η) = −
k2

a2ζ(k, η), then

ζ
′′

+ 2Hζ
′

+ω2ζ = 0 (3.270)

12 The Fourier transform to the momentum space is ζ(k, η) =
∫
∞

−∞
d3x ζ(x, η) e−ix·k.
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where we define ω2
≡ c2

s k2, in which k is the wave number associated with the field ζ,
andH is the conformal Hubble function.

Assuming a scale factor on the form a = tα, with 0 < α < 1 then

ζ
′′

+
( 2α
1− α

) 1
η
ζ
′

+ω2ζ = 0. (3.271)

The differential equation above has an analytical solution, given by Bessel functions

ζ(k, η) = η
1
2(1− 2α

1−α)
[
AkJ 1

2(1− 2α
1−α)

(ωη) + BkY 1
2(1− 2α

1−α)
(ωη)

]
(3.272)

wherein Jν(ωη) and Yν(ωη) are the Bessel functions of the first and second kind
respectively and A and B constants. One may analyze this solution on the limits of
sub-Hubble and super-Hubble discussed in chapter 2.

The sub-Hubble limit: λ ≪ RH ⇒ k ≫ H , thus ωη ≫
csα

1− α
, the solution will

be13

ζ(k, η) =
(

2
πωη

)1/2 {
Ak cos

[
ωη−

π
2

(1
2
−

2α
1− α

)]
+ Bk sin

[
ωη−

π
2

(1
2
−

2α
1− α

)]}
(3.273)

we obtain an oscillatory solution, with decreasing amplitude on time, as a damped
oscillator with frequency ω.

On the other hand the super-Hubble limit: λ≫ RH ⇒ ωη≪
csα

1− α
, leads to

ζ(k, η) = Ck
η1− 2α

1−α

1− 2α
1−α

+ Dk. (3.274)

in which C and D are constants, which depend on the initial condition of the differential
equation (3.271).

One may apply the solution (3.272) on the radiation domination era, setting
α = 1/2 and c2

s = 1
3 , the figure 4 shows the behavior of the field for different modes,

comparing with the figure 5 one can see the wave-length λ associated with k = 30 (blue)
is bigger than the Hubble radius (purple), leading to a super-Hubble solution, in which
the mode it is "frozen"in time, on the other hand, the modes with the wave-length less
than the Hubble radius have oscillatory solutions, as expected.
13 Both the factor α and the sound’s velocity cs are less than 1 thus ωη >> 1 is a sufficient condition for

the limit.
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Figure 4 – Curvature perturbation ζ(k, η) for the radiation domination era, i.e., α = 1/2
and c2

s = 1
3 for three frequencies: k = 30(green), 1(yellow), 0.1(blue), with

the initial condition ζ(k, 0) = 10−5 and ζ′(k, 0) = 0.

Source: Author.

Figure 5 – Wave-lenghts associated with the frequencies of the figure 4 (same colors),
and the Hubble radius (purple), with RH = η on the radiation domination
era.

Source: Author.

With the evolution of the scalar perturbation in hands we may calculate the
power spectrum defined as the two-point function of the field, i.e., Pk = ⟨ζ∗ζ⟩, this
quantity will be important for our analysis, we will return to this later in chapter 5. For
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now, we will focus on the kinetic theory in FLRW universe to understand some features
of the thermal history of the universe which is relevant to compute the desired spectral
distortions of CMB in the primordial universe.
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4 Kinetic theory in curved spacetime

4.1 Kinetic theory in FLRW universe

The goal of this chapter is to describe the thermodynamic properties of the CMB
and its interaction with other matter sources of the universe from first principles, in
particular in the range 103 < z < 106 of redshift. The relativistic kinetic theory fulfills
this objective, once the CMB may be described as a gas of photons.

Furthermore, we will see that the relativistic hydrodynamics approach1 is not
enough to describe the behavior of the photons and baryons on the decoupling limit.
Therefore being important to use the kinetic theory to have a full description of the
primordial plasma and consequently the calculation of the CMB anisotropies. Besides
that, we will prove the H-theorem which formalizes the condition of quasi-equilibrium
used in chapter 2 concerning the assumption of the equation of state.

Since the universe can be described by a non-Euclidean geometry on large scales
undergoing an accelerated expansion, we should study a relativistic kinetic theory
in curved space-time, being necessary to evoke classical statistical hypotheses and
reconcile them locally with the structure of Minkowski space, incorporating restricted
covariance into the formalism.

One of the pioneers of this work was Synge in 1934 [25], which introduced
the notion of the world lines of gas particles as the most fundamental ingredient for
describing a relativistic gas. This idea led to the development of the modern generally
covariant formulation of relativistic kinetic theory [26], allowing the generalization of
the kinetic theory of gas to more general geometries, which will be relevant in this
chapter. As the main references, we will use the books [27], [28], [10], and the article [26]
which developed the kinetic theory in curved space-time emphasizing the Hamiltonian
structure on it.

4.1.1 Distribution Function

The central hypothesis in kinetic theory is that the average properties of the gas
are described by the one-particle distribution function f (x, q) [26]. It is a scalar function
defined on the fiber Px ⊂ TM defined as

f : Px → R; (4.1)

(x, q)→ f (x, q) (4.2)

1 Relativistic Euler’s equation and the continuity equation.



Capítulo 4. Kinetic theory in curved spacetime 71

where x ∈M, and q ∈ Px, such that, gx(q, q) ≤ 0. 2

Hereafter the vector q will be time-like or null-like, in a local chart (U, M)

q = qµ∂µ. We will use the tensors without indices for denoting the geometric object, and
with indices for denoting the components on a local basis, otherwise will be emphasized.

The distribution function f (x, q) has the meaning of the density of the particles in
the position x with momentum q. From special relativity, we have that all the particles
with mass m should satisfy the dispersion relation given by

gx(q, q) = −m2, (4.3)

where in a local frame

gµνqµqν = −m2 (4.4)

g00(q0)2 + 2g0iq0qi + gii(qi)2 = −m2. (4.5)

For a set of particles with the same mass m, one may define the mass shell Σ ⊂ TM as

Σ =
{
(x, q); x ∈M, q ∈ Px,m

}
(4.6)

wherein

Px,m = TxM∩
{
gx(q, q) = −m2, q0 > 0

}
. (4.7)

It is important to note that we will use M4 in this context as a time-oriented manifold,
i.e., q0 > 0 always. The future part of the mass hyperboloidal is shown in figure 6.

Once the distribution function has the meaning of the density of number in M4,
to get the desired statistical features of the microscopic system we might integrate it
on the fiber bundle (phase space) TM4, thus we need to define the volume form of this
space

ω = ωg ∧ωq (4.8)

wherein the natural 4-forms from a local frame on phase space are [8]

ωg =
√
−detg dx0

∧ dx1
∧ dx2

∧ dx3, (4.9)

ωp =
√
−detg dq0

∧ dq1
∧ dq2

∧ dq3. (4.10)

One may write an induced volume form for the moments using the constraint of the
mass shell

ωm,q =

√
−detg

E
dq1
∧ dq2

∧ dq3
∧ dq4, (4.11)

thus, the induced volume form on Px will be

ωm = ωg ∧ωm,q. (4.12)

The proof of (4.11) is found in appendix D.
2 We are using the metric signature (−,+,+,+) and the label x is to emphasize that the inner product is

defined on the point x.
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Figure 6 – Representation of Σ in a local basis on TM for a particle with mass m > 0
consequently q0 > 0. The coordinate q0 is oriented parallel to the z-axis (up)

Source: Author.

4.1.2 Estatistical Moments

With the volume form of these spaces well defined, is possible to define the
tensor fields in M4 by integrations of geometric quantities involving the distribution
function. The moment of order zero is 3

n(x) ≡
∫

Px

f ωp, (4.13)

it represents the particle density in space-time. Following the same idea, one may define
the density number of trajectories crossing a submanifold S ⊂ TM of the phase space:

N(S) =
∫

S
f ω̄, (4.14)

in which X is a vector field in TM, we will explore it more ahead, and ω̄ ≡ iXω =< ω, X >,
this inner product is inducing the volume form ω̄ on S.

The current and the stress-energy tensor in x ∈M4 are defined as

Jx(α) =

∫
Px

f (x, q)α(q) ωq, (4.15)

Tx(α, β) =
∫

Px

f (x, p)α(q)β(q) ωq, (4.16)

in which α, β ∈ T∗M4 are one-forms, and the integration is on the fiber Px. Given a local
frame {xµ} in M4, we have Tx(dxµ, dxν) and Jx(dxµ), then

Jµ(x) =
∫

Px

f (x, q) qµ ωq =

∫
R3

f (x, q)
pµ

|q0|
d3q, (4.17)

Tµν(x) =
∫

Px

f (x, q)qµqν ωp =

∫
R3

f (x, q)
qµqν

|q0|
d3q. (4.18)

Wherein |q0| = |q0(x, qi)|, and d3q = dq1
∧ dq2

∧ dq3.
3 We will not put the normalization term (2π)3 on most of the equations, when it is important to

calculation we will write it
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The vector field J and the symmetric contravariant tensor field T are defined as
the first moment and second moment respectively. One may define a macroscopic unit
flow velocity from the current:

uµ =
1
r

Jµ, (4.19)

where r2
≡ −JµJµ, in which r ≥ 0 is the proper mass density, if Jµ is time-like, then uµ

will be time-like.
If the distribution function f = f (x, vσqσ), with vµ a time-like covector on

M4, then the first and second moments of f read respectively as the particle number
momentum vector and the stress-energy tensor of a perfect fluid. Besides that, the unit
flow velocity uµ is parallel with vµ. Let us prove these results

Using a local orthonormal frame gµν = ηµν, and the covector field vµ(x) = −λδ 0
µ ,

with λ =
√
−vσvσ, then the first moment and second moment are

Jµ(x) =
∫

R4
f (x,−λq0) qµ d4q, (4.20)

Tµν(x) =
∫

R4
f (x,−λq0)qµqν d4q. (4.21)

Calculating the temporal and space components

T00 =

∫
R4

f (x,−λq0)(q0)2 d4q ≡ ρ (energy density), (4.22)

Tii =

∫
R4

f (x,−λq0)(qi)2 d4q ≡ 3p (isotropic pressure), (4.23)

T0i =

∫
R4

f (x,−λq0)q0qi d4q ≡ χi = 0 (heat flux), (4.24)

Ti j =

∫
R4

f (x,−λq0)qiq j d4q ≡ Πi j = 0 (anisotropic pressure), i , j, (4.25)

Ji(x) =
∫

R4
f (x,−λq0) qi d4q = 0, (particle number current) (4.26)

J0(x) =
∫

R4
f (x,−λq0) q0 d4q ≡ n(x) (particle number density), (4.27)

the components (4.24-4.26) are zero because the integral goes from −∞ to∞ for all the
moment components, with q0 > 0 and the integrand of these components being odd
functions, the integrals are zero directly.

From the equations above Tµν and Jµ describe a perfect fluid. From (4.19) the

flow velocity is uµ =
1
λ

vµ, once they are collinear one may choose to use the same
time-like vector to sectioning the space-time and defining the flow of matter as we did
in the last chapters.
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Note the variables in (4.22-4.27) are in that form for the inertial frame with
four-velocity uµ = −λδ

µ
0 , nonetheless the equations (4.15) and (4.16) are covariant

version valid for any frame.4

From equations (4.22) and (4.23), one may obtain the state equations of the fluids
which were used in previous chapters. For a local frame on the mass shell, we have

d4q =
d3q

E(q)
, wherein q0 = E(q). The pressure and the energy density are given by 5

p =
Ti

i

3
=

1
3

∫
f (x, q)q2

E(q)
d3q, (4.28)

ρ = T00 =

∫
f (x, q) E(q) d3q. (4.29)

For the relativistic particles: E = q, is straightforward

prad =
1
3
ρ, (4.30)

which describes the equation of state for radiation, from (3.232).

For the non-relativistic particles we have E = m +
q2

2m
, then

ρ =

∫ (
m +

q2

2m

)
f (x, q) d3q (4.31)

= m n(x) +
∫

f (x, q)
q2

2m
d3q, (4.32)

the pressure will be

p =
1
3

∫
f (x, q)q2

m + q2/2m
d3q (4.33)

=
1
3

∫
f (x, q)q2

(
1
m
−

q2/2m
m2

)
d3q (4.34)

=
2
3

∫
f (x, q)

q2

2m
d3q (4.35)

=
2
3
(ρ−m n(x)) . (4.36)

Where on the second line we expanded the denominator near q = 0, on the third line
we ignored the term with q4, and on the last line we used (4.32).

From this expression, the energy density of the comoving observers is ρ = m n(x),
thus pcold = 0, for cold matter. Nevertheless, if we consider observers with a small

velocity, we get an effective relation: pwarm =
2
3
ρe f f , which describes a warm matter.

4 Although the results were found for the inertial frame, by the general covariance they will be true for
any other frame of reference.

5 We are making the computation on the mass-shell, one needs the normalization factor 1/(2π)3 for a
correct numerical result.
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It is important to note that we obtained these relations without the form of the
distribution function f (x, q), consequently, these relations are valid independently
from the Boltzmann equations.

4.1.3 Liouville-Vlasov equation

When the system is described by a distribution function in curved space without
interaction with an external force, then the particles will follow a geodesic flow in TM
given by the field X = (q, Q), in a local coordinate system

qα =
dxα

dλ
(4.37)

Qα =
dqα

dλ
= −Γαµνq

µqν (4.38)

where on the second line we use the geodesic equation (A.11), λ is a temporal parameter,
being the proper time of the observers for time-like curves, and an affine parameter for
null-like curves, and Γ are the Cristoffel symbols, i.e., we are assuming ∇αgµν = 0.

It was shown in appendix D that X is a vector field on TM, i.e., X ∈ T(TM), in
which generate integral curves in TM given by the one-parameter group ϕλ(x). In what
follows we present the theorem which guarantees the dynamical equation we want to
obtain

Theorem 4.1. (Liouville theorem) The volume form ω is invariant under the geodesic flow, i.e.

LXω = 0. (4.39)

The proof can be found in appendix D. From a geometric perspective, this result
shows the invariance of the volume element of the phase space under the flux generated
by X, this invariance guarantees the integration of the distribution function using the
same measuring element given by the volume form.

Corollary 4.1. The form ω̄ = iXω is closed, moreover for any f ∈ C∞(R)

d( f ω̄) = (LX f )ω. (4.40)

Proof. Using the Cartan identity, and Liouville’s theorem, one gets

(LX f )ω = LX( fω) = iXd( fω) + diX( fω) = d( f iXω) = d( f ω̄) = 0, (4.41)

for the case f = 1, we have dω̄ = 0, thus it is a closed form.
As from (4.14), letting the field X normal to each submanifold S flow, one may

construct V = ∪
t

S, with 0 < t < T, as a tubular submanifold of TM, such that, the
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boundary ∂V will not contribute for the integration since ∂V = ∪
t
∂S, then

∫
∂V f ω̄ = 0,

therefore the density of trajectory crossing ∂V is given by

N(ST) −N(S0) =

∫
∂V

f ω̄. (4.42)

using the Stoke’s theorem (A.10), and the corollary 4.1.3 we have

N(ST) −N(S0) =

∫
V

d( f ω̄) =
∫

V
LX f ω. (4.43)

Therefore the density of trajectories crossing S(t = T) is the density of trajectories that
crossed the hypersurface S(t = 0) summed by the contribution of the right side of (4.43),
this term is due to the interaction between the particles that constitute the gas.

If we assume there is no interaction between the particles, or in other words, the
collisionless situation, thus N(ST) = N(S0) which implies

LX f = 0 (4.44)

this is Liouville’s equation, which tells us the behavior of the distribution function on
the phase space without interaction between the particles of the gas.

Liouville’s equation may be written as

d f (x, q)
dλ

= 0, (4.45)

qα
∂ f
∂xα

+ Qα ∂ f
∂qα

= 0, (4.46)

qα
∂ f
∂xα
− Γαµνq

µqν
∂ f
∂qα

= 0, (4.47)

let us apply this equation to the FLRW universe,

q0∂ f
∂t

+ qi ∂ f
∂xi − Γ0

i jq
iq j ∂ f
∂q0 − 2Γ j

0iq
0q j ∂ f
∂q j = 0 (4.48)

using the Cristoffel symbols in FLRW space (A.14) and (A.15), and E = q0, it is convenient
to separate the dependence of conformal momentum on its modulus q̄ ≡ |q̄| =

√
q̄iq̄i

and the unit direction :

q̄i = C q̂i, (4.49)

q̄i =
q
a

q̂i, (4.50)

in which q2 = a2C2, since q̂iq̂i = 1. Using the mass shell condition, then

∂ f
∂t
− q̄H

∂ f
∂q̄
− 2Hq̂ j ∂ f

∂q̂ j +
q

aE
q̂ j ∂ f
∂x j = 0 (4.51)
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one can drop the last two terms, as we will see the third term represents a second-order
perturbation term, and by homogeneity, the last term will be zero. 6

∂ f
∂t
− q̄H

∂ f
∂q̄

= 0, (4.52)

a possible solution is

f (q, t) ∝ exp
(
−

q̄a
T0

)
= exp

(
−

q̄
T

)
, (4.53)

wherein T =
T0

a
, if we consider relativistic particles q̄ ≫ m, then E = q̄ then the

distribution function above describes a Bose-Einstein or Fermi-Dirac gas of massless
particles, in which the temperature falls by a factor 1/a. If the gas is non-relativistic, for
example, cold matter consisting of particles with mass at low velocities we need other
treatment to obtain the temperature as we will see later.

Integrating (4.52) on the moment’s space, one may obtain a relation to the density
of particle number.

d
dt

(∫
d3q f

)
︸     ︷︷     ︸

n(t)

−4π
∫

d2q q3∂ f
∂q

= 0 (4.54)

dn(t)
dt

+ 3Hn(t) − 4πH
∫
∞

0

∂(q3 f )
∂q

dq = 0 (4.55)

dn(t)
dt

+ 3Hn(t) = 0 (4.56)

where on the second line we integrated by parts, where the last term is (q3 f )|∞0 = 0, in
which limq→∞ f (q, t) = 0, since we are assuming a well-behaved distribution function,
then

dn(t)
dt

+ 3Hn(t) = 0, (4.57)

dn(t)
dt

+ 3
ȧ
a

n(t) = 0, (4.58)

a
dn(t)

dt
+ 3

da
dt

n(t) = 0, (4.59)

d
dt
(na3) = 0, (4.60)

n(t) ∝ a−3. (4.61)

As expected once the expansion of space increases the volume and the density of
particles’ number will decrease proportionally.
6 On first-order perturbation of FLRW universe the last term will not be zero.
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4.2 Boltzmann equation

When considering collisions between the particles, the right side of (4.44) will
have a nonzero term

LX f = C[ f ], (4.62)

wherein C[ f ] is an integral operator given by

C[ f ](x, q) =
∫

[ f (x, q′) f (x, k′) − f (x, q) f (x, k)] A(x, q′, k′, q, k) d4k′d4q′d4k. (4.63)

The collision term can be linked with the probability of two particles of momentum
q′ and k′ interacting at x and given after the shock two particles, one of them with
momentum q and the other with momentum k [27].

The conservation of the moments in the collision can be written as

q′ + k′ = q + k, (4.64)

The function A(x, q′, k′, q, k) is the cross-section, a phenomenological quantity without an
exact form, it may be obtained from Quantum Field Theory (QFT) for different collisions.
We will define the collision (4.64) as a reversible collision, in this kind of collision time
reversal combined with parity holds, in this case, the function A(x, q′, k′, q, k) has the
property of invertibility:

A(x, q′, k′, q, k) = A(x, q, k, q′, k′). (4.65)

Also one may argue that this invertibility comes from the unitarity of the S-matrix of
QFT, which is a weaker statement than the combination of time reversal and parity [28].

4.2.1 Thermal equilibrium

As discussed earlier one of the objectives of kinetic theory is to provide the
thermodynamics relations from a relativistic microscopic theory. In this section we
will expose the H-theorem which establishes the conditions of global equilibrium or
the local one, moreover, we will see the difficulty of defining a global equilibrium in a
non-stationary universe [27].

The entropy flux can be defined as

Sµ ≡ −kb

∫
Px

( f ln f ) qµωq, (4.66)

where kb is the Boltzmann constant

Theorem 4.2. (H-theorem) If collisions are elastic and the symmetry (4.65) holds, then the
entropy flux Sµ satisfy

∇µSµ ≥ 0. (4.67)
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The proof is sketched in appendix D. The thermal equilibrium condition for the
gas is obtained when

∇µSµ = 0. (4.68)

From (D.11), a necessary and sufficient condition is LX f = 0, in other words, the
distribution function should conserve under the integral curves generated by the field X

LX f = 0⇒ C[ f ] = 0. (4.69)

From the collision term, we have

f (x, q′) f (x, k′) − f (x, q) f (x, k) = 0, e q′ + k′ = q + k, (4.70)

one may solve the system above by applying the logarithm on both sides of the first
equation

ln f (q′) + ln f (k′) = ln f (q) + ln f (k), (4.71)

given the collision equation, we have three independent momentum variables, qµ =

qµ
′

+ kµ
′

− kµ, calculating the derivative of the above expression with respect to qν
′

1
f (qµ′)

∂ f (qµ
′

)

∂qν′
=

1
f̃

∂ f̃
∂qν′

, (4.72)

where f̃ ≡ f (qµ
′

+ kµ
′

− kµ), keeping kµ
′

constant, the equality will be of the form
F(x) = F(y) = cte, x , y, i.e., will hold if it is constant on the momentum variables.7

1
f (qµ′)

∂ f (qµ
′

)

∂qν′
= bν(xµ), (4.73)∫

1
f (qµ′)

∂ f (qµ
′

)

∂qν′
dqν

′

= bν

∫
dqν

′

, (4.74)

ln f (xµ, qν
′

) = bν(qν
′

+ C(xµ)), (4.75)

f (xµ, qν
′

) = c(xµ) exp (bνqν
′

). (4.76)

On the covariant form,

f (x, q) = c(x) exp (bµ(x)qµ). (4.77)

This is the unique solution to the equations (4.70), c(x) > 0, and bµ are an arbitrary
real function and co-vector field on space-time respectively, moreover if bµ is a future
time-like vector, thus bνqν < 0 allowing to define a well-behave integration of f (x, q), the
7 Will be constant on the momentum variables, but is coordinate dependent.
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distribution function of this form with bµbµ < 0 is called Maxwell-Jüttner distribution.
For this distribution, we get

LX f = exp (bσqσ)
[
qα
∂c(x)
∂xα

+ c(x)
(
qαqµ

∂bµ
∂xα
−Qµbµ

)]
(4.78)

= exp (bσqσ)
[
qα
∂c(x)
∂xα

+ c(x)qαqµ∇αbµ

]
(4.79)

= exp (bσqσ)
[
qα
∂c(x)
∂xα

+
c(x)

2
qαqµ

(
∇αbµ +∇µbα

)]
. (4.80)

where on the second line we used
∂bµ
∂xα

= ∇αbµ + Γ σ
αµ bσ, in which we choose ∇α = ∂α,

and on the last line the symmetrization has been used 8. If we assuming c(x) = cte, then

LX f = 0⇒ qαqµ∇(αbµ) = 0. (4.81)

Therefore to establish the thermal equilibrium in the system, a necessary condition is a
time-like killing vector field bµ defined on M9. For this reason in the FLRW universe is
impossible to get a perfect equilibrium, once there is no time symmetry (no time-like
killing vector field) in FLRW solution, i.e., only stationary spaces reach the perfect
thermal equilibrium.

Nevertheless one can calculate in the relativistic and non-relativistic regimes an
approximate thermal equilibrium in this space by solving directly from (4.52). First,
let us write the distribution function using a time-like vector field bµ in FLRW metric
f = c exp (bµqµ) = c exp (−Eβ(t)), being β(t) the time component of the vector field,
thus from the Boltzmann equation without collision term mentioned before we have(

β̇

β
−

Hq
E
∂E
∂q

)
f (E, t) = 0, (4.82)

for the relativistic case q >> m the energy is E = q, then

β̇

β
= H, (4.83)

β(t) =
1

T0
exp

(∫ t

t0

H dt′
)
=

1
T0

a(t), (4.84)

the factor
1

T0
is a constant of integration of the variable β, the distribution function is

given by f (t, E) = c exp
(
−

a(t)
T0

E
)
= c exp

(
−

E
T

)
, in which T =

T0

a(t)
this is the solution

for radiation fluid (photon, neutrino) as we have obtained before.
8 Since the term qαqµ is symmetric then only the symmetric part of ∇αbµ will remain
9 For the case qαqα = 0, one may have a conformal killing vector:∇(αbµ) = λgαµ



Capítulo 4. Kinetic theory in curved spacetime 81

For the non-relativistic case, we have E =
q2

2m
, from (4.82):

β̇

β
= 2H, (4.85)

β(t) =
1

T0

[
exp

(∫ t

t0

Hdt′
)]2

=
a(t)2

T0
. (4.86)

The distribution function will be f (t, E) = c exp
(
−

a(t)2

T0
E
)
= c exp

(
−

E
Tb

)
, wherein

Tb =
Tb,0

a2 , i.e., the temperature for the non-relativistic particles in an expanding universe
falls with the square of the scale factor.
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5 Spectral distortions on CMB

Spectral distortions in the CMB are tiny deviations from a perfect blackbody
spectrum, created by processes that drive matter and radiation out of thermal equilibrium
after thermalization becomes inefficient at redshifts z < 2× 106 [29].

To understand the formation of the current CMB spectrum, we assume photons
initially had a pure blackbody spectrum. We study processes that lead to photon
production or destruction and energy release or extraction, which introduce temporary
distortions to the CMB spectrum [1].

The Silk damping of primordial small-scale perturbations [2] causes energy
release in the early universe [30, 31], resulting in small spectral distortions in the CMB
spectrum that depend on the shape and amplitude of the primordial power spectrum.
Modes with wavenumbers 50 Mpc−1 < k < 104 Mpc−1 dissipate their energy during the
µ-era (5× 104 < z < 2× 106), producing a residual chemical potential at high frequencies
[30, 32, 31].

Precise measurements of the CMB spectrum by COBE/FIRAS limit possible
deviations from a blackbody to µ ≲ 9× 10−5 at 95% confidence [33]. The proposed CMB
experiment PIXIE [5] might detect distortions 103 smaller than the COBE/FIRAS limits.
At this sensitivity, PIXIE could detect distortions from the dissipation of acoustic modes
for a power spectrum with nS = 0.96 [31].

5.1 Thermalization problem

The thermalization problem can be solved by studying the Boltzmann equation
for the photons coupled with the temperature evolution equation for the matter (baryons,
electrons) in an isotropic universe. In general, this system of equations is nonlinear,
but we may impose simplifications using the time scale of the interactions between the
constituents of the universe as we will see later.

In this chapter, we want to develop the main ideas of the spectral distortions by
energy injection in the early universe without the numerical precision on the estimations,
for more details about the numerical results see [34].

The main interactions between the photons and baryonic matter are governed
by Compton scattering (CS), double Compton scattering (DC), and normal electron-ion
Bremsstrahlung (BR). Furthermore, due to the expansion of the universe, the photons
redshift and the non-relativistic electrons and baryons cool adiabatically [35].

Since the Compton interaction is very efficient on the period we want to analyze
z ∈ [103, 106] and the Compton time scale is much smaller than the Hubble radius
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tH = 1/H we can parametrize the Boltzmann equation for the photon in terms of the

optical depth dτ =
dt
tC

of the electron scattering, thus

∂ f
∂τ
−HtCν

∂ f
∂ν

=
d f
dτ

∣∣∣∣∣
C
+

d f
dτ

∣∣∣∣∣
DC

+
d f
dτ

∣∣∣∣∣
BR

, (5.1)

where tC =
1

σTNec
, ν is the photon frequency, and on the right side we have the collision

terms. Let us analyze how these terms are associated with the change of the photon
distribution function in phase space.

5.1.1 Compton scattering

The first term in the right-hand of (5.1) describes the Compton interaction
between the photons and the electrons. It may be obtained in light of the Kompaneets
equation, which derivation can be found in [36]

d f
dτ

∣∣∣∣∣
C
=
θe

x2
∂
∂x

{
x4

[
∂ f
∂x

+ ϕ f ( f + 1)
]}

. (5.2)

In which we write the electron temperature in units of electron rest mass θe =
kTe

mec2 ,

and the dimensionless frequency x ≡
hν
kTz

, and ϕ ≡
Tz

Te
, Tz = T0(1 + z) is the photon

temperature due the expansion of the universe.
This equation describes the redistribution of photons over frequency x, and the

number of photons is conserved under this interaction. To see that, one may multiply
both sides by x2 and integrate over the frequency

dNγ

dτ

∣∣∣∣∣∣
C
∝

∫
dxx2

(
d f
dτ

)
C
= 0, (5.3)

applying the integration by parts on the first term in the right side of (5.2), and using
the fact that the photon distribution function vanishes sufficiently fast for x→ 0 and
x→∞.

This interaction will be significant in determining the temperature evolution of
the baryons in the universe on the regime we are interested. In equation (5.2) we are
neglecting relativistic corrections and we will do henceforward for all the interactions
since these terms are expected to affect the results at the level of a few percent at redshift
z > 106 [37].

5.1.2 Bremsstrahlung and Double Compton Scattering

In cosmology, the most effective photon number changing processes are Brems-
trahlung (BR): e− + X → e− + X + γ (where X is an ion), and the double Compton
Scattering (CS): e− + γ→ e− + γ+ γ [35].
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The BR process occurs due to the deceleration of the electron when it interacts
with an ion in the primordial plasma, then the electron emits a photon with a specific
energy. The DC emission is a process in which a single high-energy photon interacts
with an electron, resulting in the emission of two lower-energy photons, instead of one
photon being scattered, two photons are produced.

The contribution of these interactions in the Boltzmann equation (5.1) is given by
[38]

d f
dτ

∣∣∣∣∣
BR+DC

=
1
x3

[
1− f (eϕx

− 1)
]

K(x,θz,θe), (5.4)

in which K = KBR + KDC is the emission coefficient, we will see that if x → ∞ then
K→ 0, showing that the main emission and absorption of photons is occurring at low
frequencies, moreover the equation (5.4) becomes very small in this limit.

At high redshifts, z > 105, DC emission dominates over BR in photon production,
the DC emission coefficient can be given as [38, 37]

KDC(x,θe,θz) =
4αθ2

z

3π
gdc(θe,θz, x) (5.5)

where α is the fine structure constant and gdc(x,θz,θe) is the effective DC Gaunt factor.
At low redshifts z < 105 BR process becomes more effective in producing photons,

and the BR emission coefficient can be given by [39]

KBR(x,θe) =
αλ3

eθ
−7/2
e e−ϕx

2π
√

6πϕ3

∑
i

Z2
i Ni g f f (Zi, x,θe) (5.6)

wherein λe =
h

mec
is the Compton wavelength of the electron, Zi, Ni and g f f (Zi, x,θe)

are the charge, the number density and the BR Gaunt factor for a nucleus of the atomic
species i, respectively. Some simplifications can be made in gdc, and g f f depending on
the redshift under consideration, these expressions can be found in [37].

5.1.3 Matter temperature evolution

Since the timescale of the Coulomb interaction between the protons and electrons
is very small compared to the Compton time scale, the baryons temperature (protons,
Hydrogen, Helium) thermalizes very fast with the electron temperature. Thus, we may
consider the same temperature between the electrons and the baryons, i.e., Tb = Te

[4]. Knowing that the baryons are in a non-relativistic regime, we will use a Maxwell
Boltzmann distribution function for the baryons/electrons to extract some statistical
quantities.

To get the evolution of the electron temperature we will consider the first law of
thermodynamics for each species i = γ, e, H, He with an external source of energy

dQi = d(a3ρi) + Pid(a3) (5.7)
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where ρi and Pi are the energy density and pressure for each species respectively, the
total energy rate by volume a−3 will be

1
a3

dQ
dt

=
∑

i

(
1
a3

d(a3ρi)

dt
+

1
a3

da3

dt
Pi

)
. (5.8)

For photons, Pγ =
ργ

3
, from the equation (4.56), one gets

1
a3

da3

dt
= 3H, making an

algebraic manipulation, the contribution of the photons (i = γ) is:

1
a3

dQ
dt
∝

1
a4

d(a4ργ)

dt
. (5.9)

For the baryons, we may use the relations (D.57) and (D.58), such that

1
a3

dQ
dt

=
1
a4

d(a4ργ)

dt
+

∑
i,γ

mic2
(
F(θi)

1
a3

d(a3Ni)

dt
+ Ni

dF(θi)

dt
+ 3HNiθi

)
, (5.10)

wherein F(θi) is defined in (D.59) and θi =
kTi

mec2 , and we will assume no crea-

tion/destruction of baryons, then the first term vanishes. We can simplify the second
term using the definition of the specific heat capacities, cV,i (see D.61).

mic2Ni
dF(θi)

dt
= kNi

dTi

dt
dF(θi)

θi
= NicV,i

dTi

dt
. (5.11)

As said previously we are assuming the temperature of all species of baryons equal the
electron temperature Ti ≡ Te, moreover the baryons are in the non-relativistic regime 1,

i.e, cV,i =
3
2

kb, thus

1
a3

dQ̃
dt

=
1
a4

d(a4ρ̃γ)

dt
+

∑
i,γ

3
2

Ni

(
dθe

dt
+ 2Hθe

)
, (5.12)

where the tilde denotes that the quantity is expressed in units of the electron rest mass.
Using (D.62), (D.63), and (D.64) the number densities of the species can be written as

3
2

Ni =
3
2

[
χe

(
1−

Yp

2

)
+

(
1−

3Yp

4

)]
Nb ≡ α, (5.13)

where χe is the ionization fraction of the hydrogen and helium atoms, and Yp = 0.2485
is the primordial mass fraction of helium [40]. The characteristic time scale in equation
(5.12) is the Compton time tC, once the interaction of electrons and photons determines
it, rewriting the equation in terms of the optical depth τ

dθe

dτ
=

1
α

 1
a3

dQ̃
dτ
−

1
a4

d(a4ρ̃γ)

dτ

− 2HtCθe. (5.14)

1 Even though we would consider relativistic corrections in the kinetic collision terms, in this case, due
to the masses of the nuclei of H, He and the other light elements are orders of magnitude larger than
the electron rest mass, one can neglect relativistic corrections [37].
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Due to the Compton scattering which is very effective in early epochs, the electron
temperature is close to an equilibrium temperature θeq

e which is close to the effective
photon temperature θγ (we will discuss later). Thus it is convenient to rewrite the
equation above in terms of the relative difference between the photon and electron

temperature,
∆θe

θγ
≡ (θe − θγ)/θγ, this leads to

d
dτ

(
∆θe

θγ

)
=

1
θγα

 1
a3

dQ̃
dτ
−

1
a4

d(a4ρ̃γ)

dτ
−HtCαθe

 . (5.15)

The first term on the right side of the equation (5.15) denotes the exchange of energy
due to some physical effect, we will explore some mechanism of energy exchange later.

But at the moment let us use the Boltzmann equations for the photons to write
explicitly the second term of the right side of the equation. By energy conservation, the

interaction between the photons and the matter follows
dρ̃e

dτ
= −

dρ̃γ
dτ

, and we should
take into account the Compton scattering, and low-frequency photon by DC and BR
processes:

−
d(a4ρ̃γ)

dτ
=

dρ̃e

dτ

∣∣∣∣∣
C
+

dρ̃e

dτ

∣∣∣∣∣
DC+BR

. (5.16)

Since most of the photons are produced at low frequencies by the DC and BR processes
usually the second term on the right side will be very small as compared to energy
transfer due to Compton scattering, therefore for our purposes in this work we will
ignore them2.

Before writing a form for the Compton scattering, let us analyze the effective
photon temperature θγ. We know from a Planckian distribution that

ρ̃γ = G
PL
3 θ4

γ, (5.17)

whereinGPL
3 ≡

∫
∞

0 x3 fPL dx =
π4

15
, with fPL(x) =

1
ex − 1

. If we consider a small distortion
in the distribution f (x) = fPL + ∆ f in (4.29) we will have an effective energy density,
given by

ρ̃γ = G3θ
4
γ, (5.18)

where G3 ≡ G
PL
3 +

∫
∞

0 x3∆ f dx, comparing the two energy densities we can define an
effective (thermodynamic) photon temperature by

Tγ =

 ργ
GPL

3

1/4

=

 G3

GPL
3

1/4

Tz, (5.19)

2 For a numerical precision is important to take into account these effects, but at moment we want to
understand qualitative aspects due to energy injection in the early universe. In future work a full
treatment will be made.
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thus in general Tγ , Tz, they will be the same if we neglect the small distortion ∆ f = 0,
wherein G3 = GPL

3 ⇒ Tγ = Tz.
Finally let us write a form for the Compton scattering, by multiplying the

Kompaneets equation by E = qc and integrating over d3q making use of integration by
parts, then

dρ̃e

dτ

∣∣∣∣∣
C
= ρ̃γ

(
I4

G3
θγ − 4θe

)
. (5.20)

Where I4 ≡
∫
∞

0 f ( f + 1)x4 dx.
The Compton scattering equilibrium temperature θeq can be found by solving

the equation
dρ̃e

dτ

∣∣∣∣∣
C
= 0. Since this temperature is reached when the Compton heating

and cooling are equal, i.e., energy transfer by Compton scattering vanishes

ρ̃γ

(
I4

G3
θγ − 4θeq

)
= 0 (5.21)

θeq =
I4

4G3
θγ (5.22)

for photons that follow a perfect black body distribution fPL, we get θeq = θγ, once
I

PL
4 = 4GPL

3 , this result will simplify our numerical results later.
Rewriting the equation (5.20) in terms of the equilibrium temperature

dρ̃e

dτ

∣∣∣∣∣
C
= 4ρ̃γ(θeq − θe). (5.23)

Inserting this term in (5.15) one gets

dρe

dτ
=

tC

αθγa3
dQ̃
dt

+
4ρ̃γ
α

(ρeq − ρe) −HtCρe. (5.24)

wherein we define ρe ≡
Te

Tγ
, and we write the energy rate in the cosmic time. We neglect

the BR and DC scattering in this equation for the reasons mentioned before.
In section 5.4.2 we will see how the Silk damping effect and the adiabatic cooling

of baryons in an expanding universe affect the evolution of the matter temperature in a
stationary regime 3.

5.2 Spectral distortions in the primordial universe

From a thermodynamic point of view, we can understand the creation of spectral
distortions on CMB and consequently, the energy injection that produces it by the
mixing of black bodies with different temperatures.
3 The stationary regime means near zero temperature difference. Moreover, other physical effects can

generate spectral distortions on CMB but in this work, we will explore these two effects predicted by
ΛCDM
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As shown in the previous section in the radiation era in the early universe,
primordial perturbations excite sound waves on entering the sound horizon, consequen-
tly, photons from different phases of the sound waves, having different temperatures,
diffuse through the electron-baryon plasma and mix together [41].

To understand the mixing of blackbodies one could take a spatial average of a
Taylor expansion of the photon distribution function in fPL(T + ∆T), where T is the
average temperature (CMB temperature), keep the expansion until the second order
term in Θ ≡ ∆T/T.〈

fPL(T + ∆T)
〉
=

〈
1

e
E

k(T+∆T) − 1

〉
=

〈
fPL(T) +

∂ f
∂Θ

∣∣∣∣∣
Θ=0

Θ +
∂2 f
∂Θ2

∣∣∣∣∣∣
Θ=0

Θ2
〉

(5.25)

= fPL(Tnew) +
1
2

Y(x)
〈
Θ2

〉
, (5.26)

where ⟨Θ⟩ = 0 has been used, Tnew ≡ T
[
1 +

〈
Θ2

〉]
, and the Y(x) being the y-type

distortion given by

Y(x) ≡
xex

(ex − 1)2

(
xex(ex + 1)

ex − 1
− 4

)
. (5.27)

Therefore if we mix the blackbody spectra with different temperatures, the resultant
spectrum is not blackbody and at the lowest order, the distortion is given by a y-type
spectrum.

Moreover, we get in the first term a black-body distribution with a new tempera-
ture Tnew > T. Assuming a superposition of two blackbody spectra 4 with temperatures
T1 = T + ∆T and T2 = T − ∆T, with average temperature T, one may calculate the
energy spectrum and number density of the average spectra by

ρaver =
aR

2
(T4

1 + T4
2) ≈ aRT4

[
1 + 6Θ2

]
> aRT4; (5.28)

Naver =
bR

2
(T3

1 + T3
2) ≈ bRT3

[
1 + 3Θ2

]
> bRT3. (5.29)

Where O
(
Θ(n)

)
≈ 0 with n > 2, and the coefficients aR and bR are defined in D, as we

can see the average energy density and number density are greater than the black-body
energy and number density respectively, one can estimate an effective temperature
considering the new number density Naver

Te f f =
(Naver

bR

)1/3
(5.30)

≈ T
[
1 + Θ2

]
, (5.31)

which is the Tnew of the black body part of (5.26), indicating that the photons after the
mixing go into creating new blackbody spectra with a higher temperature.
4 There is no loss of generality to considering only two black bodies, the difference results in the average

process, in the general case we may take in an ensemble of black bodies
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One may estimate the energy from a blackbody spectra with the temperature
Tnew given by

ρ f = aRT4
new ≈ aRT4

[
1 + 4Θ2

]
< ρaver. (5.32)

This result shows that part of the energy is going to create spectral distortions. If we
multiply E3 in (5.26) and integrate over the energy we get

ρ f − aRT4 =
2
3
(ρaver − aRT4), (5.33)

using (5.28) and (5.32), is straightforward

ρ f − ρaver = −2aRT4Θ2, (5.34)

substituting ρ f above in (5.33)

1
3

(
ρaver − aRT4

)
= 2aRT4Θ2. (5.35)

Furthermore, it is well known [42] that the magnitude of the y-distortion is yY = 1
2 Θ2,

and in [34] was shown by using second-order perturbation of Boltzmann equation that

2aRT4Θ2
∝ yY

∫
x3Y(x) dx. (5.36)

Therefore one can interpret 2/3 of the energy as going to increase the energy
density of the black-body part of the spectrum, while the remaining 1/3 of the energy
density appears as a y-type distortion5.

5.2.1 µ-type distortion

At redshifts z ≳ 105 the y-type distortion will rapidly comptonize to µ distortion
due to the effectivity of the Compton scattering, leading to a Bose-Einstein spectrum
f (x, t) = 1/[ex+µ(x)

− 1] with a small chemical potential µ.
In this scenario, one may assume that the electron temperature is equal to

the photon temperature 6 Te = Tγ = T0(1 + z). And that the photons evolve along
a sequence of equilibrium spectra. Since |µ(x, t)| ≪ 1 one may expand the photon
distribution f (x, t) = 1/[ex+µ(x)

− 1] ≈ fPL + µ ∂x fPL.
The photon energy density and the photon distribution for a small chemical

potential are given by ργ(t) = ρPL fµ and Nγ(t) = NPLϕµ, see D.54 for the definitions
of the functions, the index µ just indicate that the function has a chemical potential
dependence.
5 The y-distortion is just a redistribution of the photons of the new blackbody spectrum, one can see it

verifying that the photon number vanish
∫

dx x2Y(x)dx = 0 [34].
6 Notice we are considering small distortions then the effective photon temperature will be the

photon-redshift temperature.
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One may solve the time evolution of the energy density and the number density
for a small chemical potential at high frequencies (x ≫ 1), since these photons will
be the main contribution of the energy and number density, in this regime one may
approximate µ(x, t) ≈ µ0(t) as a constant, then deriving the energy and number density
in time

1
ργ

dργ
dt

= 4
dlnT

dt
+

dln fµ
dµ0

dµ0

dt
; (5.37)

1
Nγ

dNγ

dt
= 3

dlnT
dt

+
lndϕµ
dµ0

dµ0

dt
(5.38)

Combining these equations it is possible to eliminate the time derivative of the tempera-
ture, writing in terms of the optical depth [30, 37]

dµ0(τ)

dτ
=

1
Bµ

[
3

1
ργ

dργ
dt
− 4

1
Nγ

dNγ

dt

]
. (5.39)

Where Bµ = 3
dln fµ
dµ0

− 4
dlnϕµ
dµ0

=
8I1

I2
−

9I2

I3
≈ 2.143. The definition of Ii used to calculate

this coefficient is in appendix D.
The change in the number density of the photons is only due to DC emission

since Compton scattering conserves the number of photons. Therefore using equation
(5.4), in the limit of |µ| ≪ 1 one may find

1
Nγ

dNγ

dt
=

4x̂cθe

I2
I(θγ, x̂c), (5.40)

wherein µ̂ = µ(x, t)/µ0, and I given by an integral

I(θγ, x̂c) = µ0

∫
∞

0
dy µ̂(x, t)

ey/2

y(ey/2 − 1)
, (5.41)

it was solved explicitly in [37], and the critical frequency x̂c was found in the regime of
thermal equilibrium of the Boltzmann equation (5.1) for small chemical potential7 [37]

x̂c ≈ 3.03× 10−6(1 + z)2. (5.42)

Substituting the equations (5.40) and (5.41) in (5.39) we get

dµ0

dt
= 1.4

dQ
dt
−

µ0

tµ,DC
, (5.43)

in which

tµ,DC =
BµI2

16x̂2
c θγ I

. (5.44)

7 Considering only Compton and double Compton scattering, then
d f
dτ

∣∣∣∣∣
C
+

d f
dτ

∣∣∣∣∣
DC

= 0
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Solving the equation (5.43) one get [35]

µ = 1.4
∆ργ
ργ

∣∣∣∣∣∣
µ

. (5.45)

In which

∆ργ
ργ

∣∣∣∣∣∣
µ

=

∫
∞

zµ,y

Q̇ Tbb

H(z′) ργ(1 + z′)
dz′. (5.46)

Where Tbb = exp
[
−(z′/zµ)5/2

]
is the visibility function for spectral distortions wherein

zµ ≈ 1.98× 106 is the thermalization redshift [37]. And zµ,y = 4× 104 denoting the end
of the µ-era. For z≫ zµ the thermalization process is very efficient, so all the released
energy just increases the average temperature of the CMB, only below zµ that spectral
distortion will be generated by the energy dissipation process.

5.3 Photon-baryon dynamics

In this section, we will develop the solution that presents the Silk damping
effect in the photon-baryon dynamics in the early universe. It will be necessary to
associate this with the temperature fluctuation of the plasma and the creation of spectral
distortions by the dissipation of energy in the sound waves.

Here we will follow [10]. From the hydrodynamics equations derived in appendix
D for photons and baryons

δ′γ =
4
3

kvγ + 4Φ′; (5.47)

δ′b = kvb + 3Φ′. (5.48)

In which vγ, and vb are the photon and baryon velocity respectively, the Euler equation
for photons and baryons (D.41), and (D.48) are [10]

v′γ +
1
4

kδγ −
2
3

kΠγ + kΨ = −Γ(vγ − vb), (5.49)

v′b +Hvb + kΨ =
Γ
R
(vγ − vb), (5.50)

vγ−b =
R
Γ
(v′b +Hvb + kΨ). (5.51)

With R = 3ρb/4ργ, Γ = aNeσT is the scattering rate, and vγ−b ≡ vγ − vb being the slip
velocity, which is the velocity of the photons in the baryon frame, in the tight coupling
limit in which Γ is very large we have vγ ≈ vb since the scattering rate is big the photons
and baryons will thermalize, thus

v′γ +
kδγ

4(1 + R)
+ kΨ +

( R
1 + R

)
Hvγ −

2kΠγ

3(1 + R)
= 0. (5.52)
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The last term can be suppressed because the shear will be very small in the tight coupling
limit, deriving in the conformal time the equation (5.49) and substituting (5.52) in it we
get

δ′′γ = −
4
3

k
[

kδγ
4(1 + R)

+ kΨ +
R

1 + R
Hvγ

]
+ 4Φ′′, (5.53)

doing some algebraic manipulation

δ′′γ +

(
R′

1 + R

)
δ
′

γ + c2
s k2δγ = −

4
3

k2Ψ +

(
R′

1 + R

)
4Φ′ + 4Φ′′. (5.54)

wherein c2
s ≡

1
3(1 + R)

, and R ∝ a→H = R′/R has been used.

The equation (5.54) describes the complete photon-baryon dynamics, but for this
work, we will pay attention to the Silk damping mechanism

5.3.1 Silk damping

The source of damping which we will derive in this section is due to the photon
diffusion between hot and cold regions erases temperature differences on small scales,
i.e., deep inside the Hubble radius, then one may ignore the expansion termsHvb ≪ v′b
in (5.51), and since H2δγ ∝ k2Φ2

∝ Ψ2, then kδγ ≫ kΨ, thus we can ignore this term
from the Euler equation for photons, then the equations (5.49) and (5.51) become

v′γ +
k
4
δγ −

2
3

kΠγ = −Γvγ−b, (5.55)

vγ−b =
R
Γ

v′b, (5.56)

in order to capture the damping of the fluctuation we need to study these equations
at leading order in an expansion in k/Γ < 1. For this reason, we leave the anisotropic
photon stress, combining the equations above

v′γ−b = −
(1 + R

R

)
Γvγ−b −

k
4
δγ +

2
3

kΠγ, (5.57)

we can perform solutions for each term of the expansion k/Γ, the first term is the
tight-coupling limit in which Πγ → 0 and v′

γ−b ≈ 0, with vγ−b very small and given by

vγ−b ≈
k

4Γ

(1 + R
R

)
δγ. (5.58)

As said earlier the slip velocity is the photon velocity measured by the baryons frame,
this can be interpreted as a photon energy flux seen in the baryons frame8.
8 Since the dimension of [δγ/Γ] = [energy/area].
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Since ργ ∝ T4 one may write (5.58) as vγ−b ∝ δT/T, which means that it describes
the energy flux coming from a gradient in the photon temperature between hot and
cold regions, the finite slip velocity is therefore associated with thermal conduction [10].

Let us collect the next order term, by adding (5.55) and (5.56)

v′b +
v′γ
R

+
k

4R
δγ −

2k
3R

Πγ = 0, (5.59)

deriving (5.58) and using the slip velocity definition we get

v′b = v′γ +
k

4Γ

( R
1 + R

)
δ′γ, (5.60)

substituting in (5.59)

(1 + R)v′γ = −
k
4
δγ −

R2

4(1 + R)
k
Γ
δ′γ +

2
3

Πγ. (5.61)

From (D.43) we see that the photon anisotropic stress is related to the photon viscosity.

Using (5.47) in the sub-Hubble scales δ′γ =
4
3

kvγ, then

(1 + R)v′γ = −
k
4
δγ −

1
4

(
8
9
+

R2

(1 + R)
k
Γ

)
δ′γ, (5.62)

deriving the continuity equation δ′′γ =
4
3

kv′γ, and substituting in the equation above

δ′′γ +
k2

3(1 + R)Γ

(
8
9
+

R2

1 + R

)
δ′γ + c2

s k2δγ = 0. (5.63)

Comparing this equation with (5.54) we see that going beyond leading order
in the tight-coupling approximation has introduced a friction term proportional to δ′γ.
Moreover, the amplitude of the friction depends on the wavenumber k.

As the way to deduce this equation showed, macroscopically, the dissipation of
sound waves can be identified as due to the shear viscosity and thermal conduction in
the relativistic fluid composed of baryons, electrons and photons.

The damping of sound waves on small scales due to thermal conduction was
pointed out by Lifshitz in 1946 [43] and first calculated by (Silk 1968) and is known as
Silk damping [2].

The differential equation above is identical to the one describing a damped
harmonic oscillator, in this case, we can solve it analytically using a WKB approximation,
assuming the ansatz:

δγ ∝ exp
[
i
∫ η

0
ω(η̃)dη̃

]
. (5.64)



Capítulo 5. Spectral distortions on CMB 94

Where ω is the sound frequency, we assume it changes slowly, i.e., ω′ ≪ ω2. Then

δ′γ ∝ iωδγ, (5.65)

δ′′γ ∝ (iω′ −ω2)δγ ≈ ω
2δγ. (5.66)

As we can see this approximation leads to a plane wave behavior, substituting in (5.63)

(k2c2
s −ω

2) +
k2

3(1 + R)Γ

(
8
9
+

R2

1 + R

)
iω = 0 (5.67)

making a perturbation in the frequency ω = kcs + δω, then doing some algebraic
manipulations using δω2

≈ 0, we obtain

δω = i
k2

6(1 + R)Γ

(
8
9
+

R2

1 + R

)
. (5.68)

Therefore the photon density contrast will be

δγ ∝ exp
[
i
∫ η

0
(kcs + δω)dη̃

]
(5.69)

= e−k2/k2
D exp

[
ik

∫ η

0
csdη̃

]
(5.70)

= e−k2/k2
D [Akcos(krs) + Bksin(krs)]. (5.71)

where Ak and Bk are the WKB amplitudes determined by the initial condition, rs ≡
∫ η

0 csdη̃
is the sound horizon, and the damping scale kD is

k−2
D =

∫ η

0

dη̃
6(1 + R)Γ

(
8
9
+

R2

1 + R

)
(5.72)

for the tight-coupling limit R→ 0, in [44] was estimated a damping scale 9

kD ≈ 4× 10−6(1 + z)3/2. (5.73)

Although the photon mean free path due to Compton scattering on electrons is
very small, they are still able to traverse a considerable distance since the big bang (or
bounce), performing a random walk among the electrons. This diffusion and mixing of
photons as a result of Thomson scattering erase the sound waves on scales corresponding
to the diffusion scale kD (and smaller) [41].

5.3.2 Energy injection by dissipation of sound waves

As discussed earlier from the microscopy point of view, diffusion of photons
mixes photons from different phases of sound waves which have different temperatures.
9 Including polarization corrections to the scattering would give the same result with 8/9→ 16/15 [44]
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Denoting the perturbation in the Fourier space Θ(xi, n̂i) → Θ(ki, n̂i) wherein n̂i is the
photon unit direction, from (5.35) we have

∆ργ
ργ

∣∣∣∣∣∣
acou

= 6
〈
Θ2

〉
(5.74)

= 6
∫

d3k
(2π3)

eikixi
∫

d3k′

(2π)3

〈
Θ(k′i, n̂i)Θ(ki

− k′i, n̂i)
〉

(5.75)

= 6
∫

dkk2

2π2 Pi(k)

 ∞∑
l=0

(2l + 1)Θ2
l

 (5.76)

where on the second line we make a variable transformation of k′′i = ki − k′i , and
on the second line we make an expansion in terms of the Legendre polynomials,
i.e., Θ(n̂ik̂i, k) =

∑
l(−i)l(2l + 1)Pl(n̂ik̂i)Θl(k), in which k and k̂i are the comoving

wavenumbers and the unit vector along the Fourier mode respectively, the latter being
parallel to the electron peculiar velocity in linear perturbation.

Pi(k) is the power spectrum of initial curvature perturbations ζi, the result
above was achieved in (D.31) with n̂ = n̂′. As we see in the previous section before
cosmological recombination starts at z ≈ 6× 103, electrons/baryons and radiation are
tightly coupled such that most of the energy of the sound waves are in the monopole
and dipole terms, then one may neglect l > 2 modes

∆ργ
ργ

∣∣∣∣∣∣
acou

= 6
∫

dkk2

2π2 Pi(k)
[
Θ2

0 + 3Θ2
1

]
. (5.77)

In order to find the contribution of the energy dissipation over time and how it
is related to the creation of distortions of CMB we should get the rate of change in the
energy dissipation, but instead of using the expression above one may find a general
relation by

d
dt

∆ργ
ργ

∣∣∣∣∣∣
acou
∝ −2

〈
Θ

dΘ
dt

〉
. (5.78)

Using the linear Boltzmann equation (D.30) with polarization corrections

d
dt

∆ργ
ργ

∣∣∣∣∣∣
acou
∝ 2NeσT

∫
dkk2

2π2 Pi(k)

Θ1(3Θ1 − v) +
9
2

Θ2
2 −

1
2

Θ2
(
ΘP

2 + ΘP
0

)
+

∑
l>2

(2l + 1)Θ2
l

 .

(5.79)

Where ve(k) ≡ −ik̂v(k) is peculiar velocity of baryons/electrons and ΘP
l denote polariza-

tion multipole moments. This expression was derived in [34] using the second-order
Boltzmann equation in the same work the authors showed that potential metric pertur-
bations can not create spectral distortions, then they were ignored in (5.79)

Based on previous sections about the description of Silk damping we can interpret
each term of (5.79) associated with the macroscopic effects known. In this case, as
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discussed in [41], the first three terms of (5.79) give the dominant contribution to the
dissipation of sound waves. The first term mixes the blackbodies in the dipole resulting
in the transfer of heat along the temperature gradient, and can thus be identified as
the effect of thermal conductivity. The second term, similarly, mixes the blackbodies in
the quadrupole or the shear stress in the photon fluid and can thus be identified as the
effect of shear viscosity. The third term is a correction of the shear viscosity due to the
polarization effects in the Compton scattering.

Following the work [45], let us define the spatially average source function
⟨Sac⟩ ≡

d
dt

∆ργ
ργ

∣∣∣∣
acou

. As mentioned, we are interested in understanding the dissipation of

energy before recombination z > 104 then the tight-coupling limit can be used such that,
at that time, the universe is still radiation-dominated and the small baryon loading given

by R =
3ρb

4ργ
≈ 0. In this limit, v = 3Θ1, then the first term vanishes, also Θ2 ≈

8k
15τ̇

Θ1

and ΘP
2 + ΘP

0 ≈
3
2

Θ2, also we can neglect high order terms (l > 2), then

⟨Sac⟩ ≈
1
τ̇2

∫
dkk4

2π2 Pi(k)
16
15

Θ2
1. (5.80)

From (D.33), (D.38) and (D.39) one may associate the monopole with the photon density

contrast, in addition to Θ1 = −
1
k
∂ηΘ0, doing a WKB approximation in δγ (inside the

horizon) as we did before, thus

Θ0 ≈
1

(1 + R)1/4
[Akcos(krs) + Bksin(krs)] e−k2/k2

D , (5.81)

Θ1 ≈
cs

(1 + R)1/4
[Aksin(krs) − Bkcos(krs)] e−k2/k2

D . (5.82)

In which Ak and Bk are the WKB amplitudes, c2
s = 1/3(1 + R) ≈ 1/3 the photon-baryon

sound speed, rs = η/
√

3 the sound horizon and kD is the damping scale, squaring the
dipole (5.82)

⟨Sac⟩ ≈
16

45τ̇2

∫
dkk4

2π2 Pi(k)
[
A2

ksin2(krs) + B2
kcos2(krs) − 2AkBkcos(krs)sin(krs)

]
e−2k2/k2

D .

(5.83)

For the net effect of many modes on the CMB spectrum, we are only interested in
time-averaged values, taking the average of the right side of the equation above one
obtain

〈
sin2(krs)

〉
→ 1/2 and

〈
cos2(krs)

〉
→ 1/2 and the interference term vanishes, then

⟨Sac⟩ ≈
8

45τ̇2

∫
dkk4

2π2 Pi(k)
[
A2

k + B2
k

]
e−2k2/k2

D . (5.84)

In [45] the authors analyzed the energy dissipation to isocurvature perturbations to
understand a general scenario of exchange of energy, but here we will use the adiabatic
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initial condition given by [46]

Ak ≈

(
1 +

4
15

Rν
)−1

, and Bk ≈ 0, (5.85)

wherein Rν = ρν/(ργ + ρν) ≈ 0.41 denotes the fractional contribution of massless
neutrinos to the energy density of relativistic species.

The energy rate of change of the injection will then

1
ργ

dQac

dt
= 4τ̇ ⟨Sac⟩ . (5.86)

where the factor of 4 arises because of the change in the photon energy density by
∆ργ ≈ 4ργ due to the y-distortion. The factor τ̇ arises because the source function
⟨Sac⟩ > 0, is defined concerning the Thomson-scattering time scale [45].

From (5.84) with the adiabatic perturbation initial condition (5.85), and the
expression (5.86) we obtain

dQac

dt
= 9.4ργ H(z)

∫
∞

0

dk k4

k2
D 2π2

Pi(k) e−2k2/k2
D . (5.87)

For the tight coupling regime, one may use Hubble of the radiation domination era,i.e.,
H(z) = 2.1× 10−20(1 + z)2 s−1, and the damping scale is kD = 4× 10−6(1 + z)3/2Mpc−1.
The equation above explicitly shows the sensitivity of the energy injection by the Silk
damping mechanism with the power spectrum of the initial curvature perturbations in
the primordial universe.

As we know the distortions are sensible to the energy injection and consequently
with the power spectrum, this result opens a window to explore and constrain different
inflation models, or general quantum cosmological models that predict a specific power
spectrum from an initial curvature perturbation.

5.4 Small-scale power spectrum effects

The models we are interested in constrain in this work are the bounce models.
They are cosmological models in which the universe undergoes a contraction phase
followed by a minimum size and then re-expands, avoiding the cosmological singularity
and solving the cosmological problems discussed in chapter 2, without the need for the
inflation field. A review of this subject can be found in [15, 16].

Nonetheless in [16] the authors showed that in general to produce a classical
bounce, one has to violate the Null energy Condition (NEC)10, which must lead to
instabilities of the solutions, moreover to violate the NEC often one needs an exotic
10 Being kµ a null vector, the condition is given by Tµνkµkν ≥ 0, it is essential for maintaining the causal

structure of spacetime and to get stable solutions.
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matter in the model with negative pressure, i.e., p < wρ, with w < −1, which is subject
of criticism.

For this reason, we will study the spectral distortions generated in a quantum
bounce model with a barotropic fluid. In [7] the properties of quantum bounce
cosmology have been studied. The quantum bounce in these models will originate from
the canonical quantization of GR assuming a mini-superspace model composed of the
symmetries of a homogeneous and isotropic background. It is outside the scope of this
work to explain this mechanism, for more details see the reference above.

In the same work, was found a power spectrum of the primordial perturbations
following a power law given by Pζ ∝ kns−1, with

ns = 1 +
12w

1 + 3w
. (5.88)

In which w > 0, in the case of a single dust-like fluid (w ≈ 0) the spectral index is almost
scale-invariant, i.e., ns ≳ 1.

As we can see the power spectrum is blue, quasi-scale invariant, this is a specific
problem of this model since the PLANCK data shows a red, quasi-scale-invariant,
adiabatic power spectrum, which was predicted by the inflation, given a power
spectrum with spectral index ns = 0.96 [47].

5.4.1 Spectral distortion due Silk damping

Substituting the power spectrum Pζ =
As2π2

k3

(
k
k0

)ns−1

of the bounce model in

(5.87)

dQac

dt
=

9.4ργ H(z)As

k2
D kns−1

0

∫
∞

0
dk kns e−2k2/k2

D . (5.89)

Where observations with WMAP from large scales set the amplitude of the power
spectrum as As = 2.4.10−9 for pivot scale k0 = 0.002 Mpc−1 [48]. Making a change of
variables u =

√
2 k/kD we have

dQac

dt
=

9.4ργ H(z)Askns−1
D

2(ns+1)/2 kns−1
0

∫
∞

0
du uns e−u2

, (5.90)

the integral will give a gamma function∫
∞

0
dk uns e−u2

=
1
2

Γ [(ns + 1)/2] , (5.91)

defined for ns > −1, then

dQac

dt
=

9.4AsΓ [(ns + 1)/2] ργ H(z)kns−1
D

2(ns+3)/2 kns−1
0

(5.92)

= F (ns) H(z) ργ(1 + z)3/2 (5.93)
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wherein

F (ns) ≡
9.4AsΓ [(ns + 1)/2]

2(ns+3)/2 kns−1
0 (4× 106)ns−1

. (5.94)

Where the damping scale kD = 4× 10−6(1 + z)3/2 has been used, and the function F (ns)

can be seen as an amplitude of the energy rate.
Using the spectral index (5.88), in table 2 we compare the amplitude of energy

dissipation for different fluids, in figure 7 we plot the energy release for these components

Table 2 – Amplitude of energy release

Component w nS F (ns)
Dust matter 0 1 5.64× 10−9

Radiation 1/3 3 4.51× 10−20

Warm matter 2/3 11/3 1.07× 10−23

Stiffmatter 1 4 1.69× 10−25

Figure 7 – Energy release as function of time

Source: Author.

We used a logarithm plot both in the Q̇ac[1/(s cm3)] and the 1+ z since the energy
transfer varies greatly in the interval, moreover, we used the Hubble of the ΛCDM
(2.85), and the energy density of photons (D.49).
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The energy release grows with the spectral index, such that most of the energy
is transferred in high redshift z ≳ 104. For quasi-scale invariant index ns ≈ 1 at high
redshift one have Q̇ac ∝ (1 + z)6 as discussed in Chluba paper [4]. Furthermore, there
is a change in the amplitude of the energy release by 11 orders of magnitude between
the dust matter and the radiation, indicating the possibility of constraints in the power
spectrum of models that include radiation and dust matter.

With the energy release in hands, one may compute directly the µ distortion due
to Silk damping using (5.45), thus

µ = 1.4F (ns)

∫ zµ

zµ,y

e−(z
′/zmu)5/2

(1 + z′)(3ns−5)/2dz′, (5.95)

making a change of variable v =

(
z
zµ

)5/2

, then z = zµv2/5, the integral will be

µ = 0.56 F (ns) zµ

∫ v2

v1

e−vv3/5(1 + zµv2/5)(3ns−5)/2dv. (5.96)

In which v1 = (zµ,y/zµ)5/2
≈ 0, and v2 = (zµ/zµ)5/2 = 1.

One may solve the integration above analytically by using the approximation
(1 + x)n

≈ xn, with x = zµv2/5, this is a good approximation for small ns we will call this
solution µap, but for a general and more accurate solution we should solve numerically,
some works in literature estimate the distortion without the visibility function T = e−v,
thus we solve for this case just to compare. The results for each ns are in table 3 and
figure 8 below

Table 3 – µ-type distortion

Component nS µ µv
Inflaton 0.96 3.3× 10−8 7.1× 10−10

Dust matter 1 6× 10−8 1.6× 10−9

Radiation 3 1× 1010 2.7× 109

Warm matter 11/3 1.5× 1016 4.2× 1015

Stiffmatter 4 1.9× 1019 5.5× 1018
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Figure 8 – µ distortion

Source: Author.

On the left side we plot the distortion in terms of the equation of state, and on
the right side the spectral index for the one fluid quantum bounce model. The distortion
µv was calculated using the visibility function, on the other hand, µwas not, and the µap

is the approximate solution, which we plot to compare the error of this approximation.
The distortion increases for larger ns, notice the large difference of the distortion

between the dust matter and radiation (18 orders of magnitude), as said before this may
be used as a probe of cosmological models.

5.4.2 Matter temperature due Silk damping

At this stage, from (5.24) we can compute the time evolution of the electron/baryon
temperature due to the dissipation of acoustic waves at small scales.

dρe

dτ
=

tCQ̇
αθγ

+
4ρ̃γ
α

(ρeq − ρe) −HtCρe. (5.97)

Unfortunately, we do not solve this equation fully until the moment, still one may get
an approximate solution as Chluba did for general energy exchange in [4], assuming a
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quasi-stationary solution, i.e.,
dρe

dz
≈ 0, we get

ρe(z) =
ρeq +

tCQ̇
4ρ̃γθγ

1 + Λ
. (5.98)

We just isolate ρe(z), and

Λ =
αtCH
4ρ̃γ

=
3
8

(
fHe + χe

χe σT c ρ̃γ

)
H(z). (5.99)

using the energy dissipation (5.93), χe = 1, and fHe = NHe/NH (D.63, D.64). In figure 9
we plot the stationary solution, and the derivative of the solution to verify the valid
domain

Figure 9 – Stationary solution for different equation of state

Source: Author.
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Figure 10 – Time derivative of the matter temperature

Source: Author.

Apparently, only for dust matter (ns = 1) do we observe well-behaved evolution
during the considered interval. In the left figure 10, we see when the evolution is
approximately stationary, indicating that for ns > 1, this solution fails at high redshifts.
Notice in the right figure that for inflation (ns = 0.96), the derivative of ρe becomes
negative near the last scattering surface (z ≈ 103), representing an unphysical solution,
while at this redshift we have stationary solutions for components with ns ≥ 1.

5.5 Conclusion

The main result of this work was the estimation of the µ distortion for a single
fluid quantum bounce model, as shown in Table 3. Although this model has the issue of
predicting a blueshifted power spectrum [7], it provides insight into the magnitude of
the spectral distortion for the single-fluid case with different types of matter content,
making it useful for evaluating multifluid models, such as dust and radiation.

Notably, there is a significant difference in the distortion between dust matter
and radiation (18 orders of magnitude). As mentioned previously, this disparity could
serve as a probe for cosmological models.

It is important to emphasize that we use the photon redshift temperature in all
estimations, alongside the assumption of tight coupling between electrons and photons.
For greater numerical precision, it is advisable to solve the equations assuming a small
distortion in the photon distribution, such that Tγ , Tz.

Additionally, in the stationary temperature evolution shown in Figure 9, we
do not account for the BR and DC processes. For a complete description, these terms
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should be included, and the evolution of the electron temperature should be solved in
conjunction with the Boltzmann equation for photons.11

In future work, we aim to include these effects to obtain a more accurate numerical
solution and provide a complete matter temperature evolution. Furthermore, we plan to
extend the analysis of spectral distortions due to Silk damping for a two-fluid quantum
bounce model, incorporating both radiation and dust matter, as this may offer signatures
to test and constrain the model.

11 For high-energy photons, Compton scattering is dominant since DC dominates over BR scattering.
However, for lower redshifts, BR effects prevail.
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A Differential geometry

A.1 Mathematical definitions

In this section are the mathematical definitions used in the work
Let M and N manifold of dimension m and n respectively, let ϕ : M → N a

C∞(R) map. Thus the pullback of any dual vector wµ at ϕ(p) ∈ N to the dual vector at
p ∈M is the map ϕ∗ : V∗

ϕ(p) → V∗p, such that, for all vµ ∈ Vp:

(ϕ∗w)µvµ = wµ(ϕ∗v)µ (A.1)

in which ϕ∗v( f ) : Vp → Vϕ(p) = v( f ◦ϕ) is the pushforward of the vectors at p to vectors
at ϕ(p), where f ∈ C∞(N)

The operation above is necessary to take the tensor from a manifold to another
manifold and was important to define the frame of reference on the spatial sections
Σt ⊂ M4 since it allows us to carry the spatial vectors defining the basis for one
hypersurface to any other. Next, we will define the Lied derivative which is useful to
calculate the variations of tensor fields on a manifold.

Let ϕt a one parameter group of diffeomorphism generated y a vector field
vµ, then one may carry a tensor field Tµ1...µn

ν1...νk
under the flux using ϕt

∗, thus the Lied
derivative of this tensor field is

LvTµ1...µn
ν1...νk

= lim
t→0

ϕ−t
∗ Tµ1...µn

ν1...νk
− Tµ1...µn

ν1...νk

t

 (A.2)

From this definition the action on scalar, vector and dual vector fields are [49]

Lv f = v( f ) =
d f
dt

, (A.3)

Lvuµ = [v, u]µ =

(
vν
∂uµ

∂xν
− uν

∂vµ

∂xν

)
, (A.4)

Lvwµ = vν∇νwµ + wν∇µvν, (A.5)

with the results above one may generalize the action on general tensor fields Tµ1...µn
ν1...νk

.
Let us calculate for the metric gµν

Lvgµν = vλ∇λgµν + gλν∇µvλ + gµλ∇νvλ (A.6)

= ∇µvν +∇νvµ, (A.7)

where we used ∇λgµν = 0.
Note if ϕt was a symmetry transformation of the tensor field Tµ1...µn

ν1...νk
, then

ϕ−t
∗ Tµ1...µn

ν1...νk
= Tµ1...µn

ν1...νk
, therefore LvTµ1...µn

ν1...νk
= 0, ∀t ∈ R.
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Let ϕt : M→M the group of isometries, i.e., ϕ∗t gµν = gµν, where gµν is the metric
of spacetime, then the vector field v which generate the flux ϕt is called a killing vector
field, from (A.7)

∇µvν +∇νvµ = 0. (A.8)

A killing vector is a geometric object that does not depend on a frame of reference and
is very useful for studying the geometric aspects of a space, including the analysis of
conservations of variables in these spaces.

When dealing with differential forms a useful way to calculate the lie derivative of
any form ω ∈

∧d of an antisymmetric space defined on a pseudo-Riemannian manifold
of dimension d is by Cartan’s identity [50]

LXω = diXω+ iXd(ω) (A.9)

Finally, the Stokes theorem is a generalization of Gauss theorem in general spaces,
being a useful result to make a bridge between the definitions of fields and variables
from the boundary of a manifold ∂V with the manifold itself V∫

M
ω =

∫
∂M

dω (A.10)

the proof of this theorem can be found in [50].

A.2 General Relativity

The theory nowadays that better describes the nature of gravity is General
Relativity (RG), in this theory, gravity is not a fundamental force as in the Newtonian
law of gravity, it is an effect of curvature on spacetime. In another way, on RG we
can not define an inertial observer, for a detailed discussion about the definition of an
inertial frame to define a force and the relationship with other fundamental forces see
[8].

What is made in GR is to use the equivalence principle which asserts there is no
way locally to distinguish an observer in free fall, under the effect of gravity from an
accelerated observer with equal modulus in the opposite direction. Therefore studying
the motion of these observers in free fall following a geodesic curve in space with
four-velocity nα, under effect only of curvature of space in which has the metric gµν as
the fundamental structure of the theory.

In the frame of the free-falling observers, the geodesic equation is

dnα

dτ
= nµ∇µnα = 0 (A.11)

d2xα

dτ2 + Γαµλ
dxµ

dτ
dxλ

dτ
= 0 (A.12)
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In which nµ =
dxµ

dτ
, with nµnµ = −1. And Γα

µλ
are the Christtofel symbols associated

with the metric gµν, with components

Γαµλ = −
gασ

2

(
∇µgαν +∇νgµα −∇σgµν

)
. (A.13)

As an example the non-zero Christtofel symbols on FLRW space with K = 0, wherein
the metric is given by (B.21). are

Γ0
i j = δi j aȧ (A.14)

Γi
0 j = δi

j H (A.15)

A.2.1 Einstein field equations

As discussed at the beginning of this section gµν is the fundamental structure
that tells us the influence of gravity in any test body and vice-versa, its dynamic is given
by Einstein’s equations

Rµν −
1
2

Rgµν = κT(Λ)
µν (A.16)

T(Λ)
µν ≡ Tµν −

Λgµν
κ

, and κ = 8πG taking the trace of the above equation

R = −κT (A.17)

with T = Tµ (Λ)
µ .

The left side of equations has the geometric objects that carry the information of
the curvature of space, Rµν and R are the Ricci tensor and scalar Ricci tensor respectively,
they may be obtained from the Riemann tensor R ν

αβµ , which has the properties:

R ν
αβµ = −R ν

βαµ (A.18)

Rαβµν = −Rαβνµ (A.19)

R ν
[αβµ]

= 0 (A.20)

∇[γR ν
αβ]µ

= 0. (A.21)

the last property is called Bianchi identity, it is crucial to to deduce the left side of
Einstein’s equations, for details of how to deduce Einstein’s field equations look [8].

The right side of (A.16) is the matter sector where Tµν is the stress-energy tensor,
which modifies the curvature of spacetime, wherein Λ is the cosmological constant,
responsible for the accelerated expansion of the universe, and believed be a kind of
energy on nature.
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B Geometric aspects in FLRW space-
time

B.1 Metric on FLRW universe

One way to obtain the metric in the desired space is to induce the metric defined
in the space M4 into the space Σt. For this, we need to fix some variable in order
to express one coordinate as a function of the others. Let the sphere S3

⊂ R4, with
R = const, that is, we impose that the radius of the sphere is constant so that we can
induce the metric into a lower-dimensional space.

(x1)2 + (x2)2 + (x3)2 + (x4)2 = R2, (B.1)

taking the differential of both sides, we get

x1dx1 + x2dx2 + x3dx3 + x4dx4 = 0, (B.2)

dx4 = −
1
x4
(x1dx1 + x2dx2 + x3dx3), (B.3)

writing r2 = (x1)2 + (x2)2 + (x3)2
⇒ rdr = x1dx1 + x2dx2 + x3dx3, then

dx4 = −
1
x4

rdr⇒ (dx4)2 =
r2dr2

(x4)2
, (B.4)

from the constraint, r2 + (x4)2 = R2,

(dx4)2 =
r2dr2

R2 − r2 , (B.5)

the metric in R4 in spherical coordinates is

ds2 = (dx1)2 + (dx2)2 + (dx3)2 + (dx4)2, (B.6)

fixing the radius, we can then induce the metric from R4 to S3 by expressing one of the
coordinates as a function of the others, as we did by choosing x4 = x4(r, R),

ds2
|S3 = dr2 + r2(sin2 θ dϕ2 + dθ2) +

r2

R2 − r2 dr2 (B.7)

=

(
1 +

r2

R2 − r2

)
dr2 + r2(sin2 θ dϕ2 + dθ2) (B.8)

=
1

1−
( r
R

)2 dr2 + r2(sin2 θ dϕ2 + dθ2) (B.9)

=
( 1
1 + Kr2

)
dr2 + r2(sin2 θ dϕ2 + dθ2), (B.10)
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where we defined K ≡ −
1

R2 . Here, K is the spatial curvature of S3.
Let’s analyze another possible geometry that satisfies all the previously mentioned

spatial symmetries. To achieve this, we only need to modify the constraint equation by
placing a negative sign on the right-hand side of the equation.

(x1)2 + (x2)2 + (x3)2 + (x4)2 = −R2, (B.11)

The above equation describes a hyperboloid, which we will denote as H3. We will
follow the same procedure as we did for S3.

x1dx1 + x2dx2 + x3dx3 + x4dx4 = 0, (B.12)

rdr− x4dx4 = 0 (B.13)

dx4 =
r

x4
dr⇒ (dx4)2 =

r2

(x4)2
dr2, (B.14)

From the constraint r2 + (x4)2 = −R2
⇔ (x4)2 = −(r2 + R2), therefore

(dx4)2 = −
r2

r2 + R2 dr2 (B.15)

The general metric is given by B.6, fixing the radius, and using the constraint equation,
we obtain

ds2
|H3 = dr2 + r2(sin2 θ dϕ2 + dθ2) −

r2

r2 + R2 dr2 (B.16)

=

(
1−

r2

R2 + r2

)
dr2 + r2(sin2 θ dϕ2 + dθ2) (B.17)

=
1

1 +
( r
R

)2 dr2 + r2(sin2 θ dϕ2 + dθ2) (B.18)

=
( 1
1−Kr2

)
dr2 + r2(sin2 θ dϕ2 + dθ2), (B.19)

Note that the only modification in the metric is the sign accompanying the
curvature term of the space, such that, when considering K < 0, we are dealing with
hyperbolic space (H3), and for K > 0, with spherical space (S3). Observe that for K = 0,
the space reduces to Euclidean space (R3). Thus, we can generalize the three metrics for
maximally symmetric spaces:

ds2
|Σ =

( 1
1−Kr2

)
dr2 + r2dΩ2


K = 0 (R3)

K > 0 (S3)

K < 0 (H3)

(B.20)

where dΩ2=̇ sin2 θ dϕ2 + dθ2 is the solid angle element.
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Since the universe is expanding, and all geodesic observers must measure the
same proper time interval between constant time hypersurfaces Σt and Σt+δt, the most
general metric for spacetime M4 must be

ds2 = −dt2 + a2(t)
[( 1

1−Kr2

)
dr2 + r2dΩ2

]
(B.21)

where a(t) is an arbitrary function of proper time only, as we are imposing spatial
homogeneity on the spatial hypersurfaces, and t is the proper time measured by isotropic
observers.

We can use another coordinate system to rewrite the metric (B.21), to place the
curvature dependence in the angular part of the metric. Suppose that r̃ = r̃(r), we want
that;

dr̃ =
1

√

1−Kr2
dr (B.22)

then

dr̃ =
∂r̃
∂r

dr (B.23)

dr
√

1−Kr2
=
∂r̃
∂r

(B.24)∫ r

0

dr′
√

1−Kr′2
= r̃(r) − r̃(0) (B.25)

Choosing without loss of generality r̃(0) = 0, and solving the definite integral,

r̃(r) =
1
√

K
sin−1(

√

Kr) (B.26)

Inverting the above relation to substitute into the metric B.21,

r(r̃) =
1
√

K
sin(
√

Kr̃) (B.27)

ds2 = −dt2 + a2(t)

dr̃2 +
sin2(

√
Kr̃)

K
dΩ2

 , (B.28)

We can analyze how the component will be for the three possible geometries K =

{−1, 0, 1}, 
K = 1⇒ sin2 r̃;

K = 0⇒ limK→0
sin2(

√
Kr̃)

K
=

(
√

Kr̃)2

K
= r̃2;

K = −1⇒ − sin2(ir̃) = −(i sinh r̃)2 = sinh2(r̃).

(B.29)
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Writing the metric explicitly,

ds2 = −dt2 + a2(t)
(
dr2 + f 2

K(r)dΩ2
)

, (B.30)

where fK(r) =


f1(r) = sin(r)

f0(r) = r

f−1(r) = sinh r

B.1.1 Spatial metric on homogeneous and isotropic spaces

In homogenous spaces, we have an isometry group on the spatial sections Σt,
consequently one has the killing vectors on the spatial sections {ξ µa }, a = 1, 2, 3 which
are generators of these symmetries. In these spaces, we have a natural geodesic foliation
nµ, since Lξnµ = 0 and aµ = ∇nnµ = 0, moreover ∇n(nµξ

µ
a ) = 0, then nµ is orthogonal

to the killing fields and normal to all spatial sections.
Therefore is useful to define a spatial basis: {ea

µ}, which is linearly independent
and tangent to the spatial sections for each t ∈ R+, in such a way that it is invariant by
the isometry group, i.e., Lξea

µ = 0, being possible defining it in all the points p ∈ Σt by
an isometry transformation, the induced metric in this basis is

hµν = habea
µeb

ν (B.31)

where hab are the components of the metric in this basis, it is straightforward to show
that hµν is invariant by the isometry group Lξhµν = 0, thus, Lξhab = 0⇒ ξ αc ∂αhab = 0,
then hab are constant on the spatial section.

The results to ea
µ are true for a specific spatial section, nevertheless one may define

this basis for any other spatial section imposing Lt ea
µ = ėa

µ = 0, is easy to check that
this basis will be normal to nµ in all the sections, i.e., ∂t(nµea

µ) = 0, and will be invariant
by the isometry group for any section, since [∂t,Lξ]ea

µ = 0⇒ ∂t(Lξea
µ) −Lξ(∂tea

µ) =

0⇒ ∂t(Lξea
µ) = 0.

Furthermore, if on any point p ∈ Σt the isotropy group is isomorphic to the
rotational group in three dimensions (SO(3))1, it is possible to show that hab = a2(t)δab,
in which a(t) is a constant function on Σt, thus the induced metric on an isotropic and
homogeneous space in this basis is

hµν = a2(t)δabea
µeb

ν (B.32)
1 This symmetry group gives us three more killing fields associated with the rotations, intuitively this

isotropy group tells us that in each point p of the three-dimensional space there is no a special direction
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B.1.2 Spatial curvature and extrinsic curvature

We may associate the extrinsic curvature on M4 and with the Riemann tensor in
Σt, using the Bianchi identity (A.21) contracted with a time-like vector nγ

∇nRµναβ + nγ
(
∇µRνγαβ +∇νRγµαβ

)
= 0 (B.33)

making the spatial projection of the equation above with some algebra (see [18] for
details), we get

∇nRµναβ + 2
(
DµD[αKβ]ν −DνD[αKβ]µ +K

γ

[µ
Rν]γαβ

)
= 0 (B.34)

contracting µ and ν indices:

∇nRµα + DµDαθ− 2DνD(µK
ν
α)
+ D2

Kαµ + 2Rγ(αK
γ

µ)
= 0 (B.35)
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C Perturbations of geometry

C.1 Kinematics quantities

Let us develop some useful results of the perturbations on kinematics quantities
of GR, the first result is that any difference between covariant derivatives acting on an
one- form can be written as [8]

(∇̂µ −∇µ)wν = Γ α
µν wα. (C.1)

where Γ α
µν is a tensor with the property Γ α

[µν]
= 0, i.e., we are assuming null torsion in M̂.

Applying the difference of the covariant derivatives on the metric gµν is straightforward
that

Γ α
µν = −

ĝασ

2

(
∇µ ĝαν +∇ν ĝµα −∇σ ĝµν

)
(C.2)

= −
gασ

2

(
∇µδgαν +∇νδgµα −∇σδgµν

)
(C.3)

where we use ∇σgµν = 0.
The physical spatial metric is ĥµν = vµvν + ĝµν, then its perturbation is given by

δhµν = ĥµν − hµν (C.4)

= vµvν + gµν + δgµν − nµnν − gµν (C.5)

= 2n(µδvν) + 2ϕnµnν + 2B(µnν) + 2Cµν (C.6)

= 2n(µuν) + 2B(µnν) + 2Cµν (C.7)

where we use (3.100), raising one indice

δh ν
µ = nµ(Bν + uν) + uµnν (C.8)

the inverse of this perturbation will be

δhµν = 2u(µnν) − 2Cµν (C.9)

The perturbed extrinsic curvature K̂µν has rich information about the kinematics
on the physical manifold, since we may get from it the acceleration of the physical
observers, the physical shear tensor, the vorticity, and the physical scalar expansion,
then let us explicit this tensor

K̂µν = h[∇̂µvν] (C.10)

= h
[
Kµν(1−ϕ) + ∇µuν + Γ σ

µν nσ − nν∇µϕ
]

(C.11)

= (1−ϕ)Kµν + 2hσ
(µ
δh γ

ν)
Kσγ + Dµuν + h[Γ σ

µν nσ] (C.12)
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the second term is

2hσ
(µ
δh γ

ν)
Kσγ = 2n(µKν)σ (B

σ + uσ) (C.13)

while the last term will be

h[Γ σ
µν ]nσ− = h

[
−nσ

2

(
∇µδgαν +∇νδgµα −∇σδgµν

)]
(C.14)

= −
1
2

h
[
∇µ(nσδgαν) + ∇ν(nσδgµα) −∇nδgµν −K σ

µ δgσν −K σ
ν δgσµ

]
(C.15)

= 2ϕKµν + D(µBν) + Ċµν (C.16)

where the derivative by part has been used on the second line, and the decomposition
(3.25), substituting these results on the extrinsic curvature we obtain

K̂µν = Kµν + 2n(µKν)σ (B
σ + uσ) + Dµuν + D(µBν) + ϕKµν + Ċµν. (C.17)

One may contract the two indices to obtain the physical scalar expansion θ̂ = K̂
µ
µ , but

first we need to upper one of the indices with the physical metric

K̂
ν
µ = (1 + ϕ)K ν

µ +K
β
α

[
h α
µ uβnν + h ν

β (u
α+Bαnµ)

]
+ Dµuν + D(µBσ)h

σν+

+ Ċ ν
µ − 2K σ

µ C ν
σ + 2K ν

σ C σ
µ , (C.18)

taking the trace of this tensor

θ̂ = ĥµνK̂µν = θ+ Dσuσ + DσBσ + ϕθ+ Ċ (C.19)

Thus, the scalar expansion perturbation is

δθ = Dσuσ + DσBσ + ϕθ+ Ċ (C.20)

From (C.17) we have the vorticity as

ω̂µν = K̂[µν] = D[µuν] (C.21)

note that if ω̂µν , 0 we can not use vµ to sectioning the perturbed manifold M̂ since it
will not be normal to the hypersurfaces.

As we did for the background tensors, if we subtract the trace above from the
symmetric part of the extrinsic curvature we obtain the shear

σ̂µν = K̂(µν) −
θ̂ĥµν

3

= (1 + ϕ)σµν + 2n(µσν)β
(
Bβ + uβ

)
+ D(µuν) +

(
Dµh β

ν −
hµν
3

Dβ

)
(uβ + Bβ)+

+ Ċt
µν +

2
3
(Cσµν − θCt

µν). (C.22)
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wherein Ct
µν = Cµν −

Chµν
3

, thus the shear perturbation is given by

δσµν = ϕσµν + 2n(µσν)β
(
Bβ + uβ

)
+ D(µuν) + (Dµh β

ν −
hµν
3

Dβ)(uβ + Bβ)+ (C.23)

+ Ċt
µν +

2
3
(Cσµν − θCt

µν). (C.24)

The last important kinematic quantity is the physical acceleration field âµ, let us calculate
it 1

âµ = vσ∇̂σvµ = vσ∇̂σvµ − Γ µ
vv (C.25)

= ∇n(uµ + Bµ) + nµϕ̇− Γ µ
nn +K

µ
σ (uσ + Bσ) (C.26)

(C.27)

where Γ µ
vv = Γ µ

nn , since δvσΓ µ
σα ≈ 0, explaining this term:

Γ µ
nn = −

gµσ

2

[
∇n(δgσn) + ∇n(δgnσ) + δgαβ∇n(nαnβ) −∇σ(δgnn)

]
(C.28)

= 2ϕ̇µ +∇nBµ +Kµ
σ Bσ (C.29)

= 2ϕ̇µ + gµσḂσ (C.30)

wherein ġµν = Kµν has been used on the last line, using the result on the acceleration
field

âµ = hµσu̇σ −Dµϕ (C.31)

Then the covector field will be

âµ = u̇µ −Dµϕ (C.32)

as we may see, if we assume geodesic observers on the physical manifold,i.e., âµ = 0,
we will have the following choice of the spatial gauge u̇µ = Dµϕ.

C.2 Ricci Tensor perturbations

One may define the curvature tensor in the perturbed manifold by

[∇̂µ, ∇̂ν]vα = R̂ β
µνα vβ (C.33)

from (C.1) we have

R̂ β
µνα = R β

µνα + 2∇[µΓ β

ν]α
+ 2Γ λ

α[µ
Γ β

ν]λ
(C.34)

1 since vµ is not necessarily geodesic âµ , 0.
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extracting the Ricci tensor on first order:

R̂µα = Rµα +∇µΓ ν
να −∇νΓ

ν
µα (C.35)

δRµα = ∇µΓ ν
να −∇νΓ

ν
µα . (C.36)

Furthermore, to get the components of (C.36), i.e., δRnn, h[δRµn], and h[δR ν
µ ] one need

to calculate the projections of the connection Γ c
ab , look the reference [18] for the details

on the calculations, here we will put the results for a general geometry
The time-time component will be

δRnn = −(C̈ + θϕ̇+ DνḂν + D2ϕ+ 2Kµν
∇nCµν) (C.37)

For the spatial-time component, we have

h[δRαn] = −DαĊ +K
γ
α DγC + hσαDνĊ σ

ν +KµγDαCγµ −DνD[αBν]−

−Dγ(θ+∇n)K
γ
α +K

γ
α Dγϕ− θDαϕ (C.38)

Finally, the spatial-spatial component:

h[δR ν
µ ] =(DµDν

−K
ν
µ ∂t)(ϕ−C) + DγDµCνγ + DγDνC γ

µ −D2C ν
µ −

− 2Dγ(K
[γ
µ Bν]) +K ν

γ DµBγ + 2(θ+∇n)(ϕK
ν
µ )+

+ (θ+ ∂t)(D(µBα)h
αν) + (θ+ ∂t)Ċ ν

µ+

+ 2(θ+ ∂t)(C
γ
µ K

ν
γ −K

γ
µ C ν

γ ) + BνDµθ− 2R γ
µ C ν

γ . (C.39)
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D Results of Kinetic Theory

D.1 Proofs of theorems

D.1.1 Volume form on the mass shell

In any relativistic system, its moment’s coordinate need to satisfy the mass shell
(4.3), which allows us to induce a volume form on this constraint. Following [27], on a
local frame one may write

ωm,q ∧ d
(
−qαqα + m2

2

)
= ωq (D.1)

writing the volume form on an orthonormal frame: ωq = ϵµναβ dqµ ∧ dqν ∧ dqα ∧ dqβ =√
−det(ηµν)︸        ︷︷        ︸

1

dE∧ dq1
∧ dq2

∧ dq3. Using the constraint of the mass shell, one may write

q0 = E(qi), then

ωm,q ∧ d
(
−qαqα + m2

2

)
= ωm,q ∧

(
E dE− qidqi

)
= E ωm,q ∧ dE (D.2)

thus from (D.1)

E ωm,q ∧ dE = dE∧ dq1
∧ dq2

∧ dq3 (D.3)

ωm,q =
dq1
∧ dq2

∧ dq3

E
(D.4)

D.1.2 Liouville’s theorem

Lets calculate in a local frame (xα, qα), and vetor field XA = (qα, Qα) First note
that ωµνβσ = ω0 1,...,7 do not depend on q, then

LXω0 1,...,7 = qα
∂
∂xα

ω01,...,7 +ωA 1,...,7
∂XA

∂x0 + ... +ω0 1,...,A
∂XA

∂x7 (D.5)

Using the property ωabcdωabcd = n! [8], the first term will be

qα
∂
∂xα

ω01,...,7 = qαgλγ
(
∂gλγ
∂xα

)
ω0 1,...,7. (D.6)

from the action of a covariant derivative on a metric tensor, we have

gλγ
(
∂gλγ
∂xα

)
= 2Γσσα (D.7)
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sinceω is antissymetric it can not repeat the index, thus the seven terms of (D.5) becomes

ω0 1,...,7
∂XA

∂xA = ω0 1,...,7
∂Qα

∂qα
(D.8)

whereas qα is independently of xα, from the geodesic equation

∂Qα

∂qα
=

Γαµν
qµqν

= −2Γααµqµ (D.9)

combining the terms the lie derivative with respect at XA of the volume form ω is

LXω0 1,...,7 =
(
2Γσσµ − 2Γααµ

)
qµω0 1,...,7 = 0 (D.10)

D.1.3 H-theorem

Calculating the divergence of the entropy flux

∇µSµ = −kb

∫
Px

∇µ

(
qµ f ln fωq

)
(D.11)

using a spatial orthonormal frame {ea
µ}, ∇α → ∂α when acting in general tensor, then

∂µSµ = −kb

(∫
Px

qµ∂µ( f ln f )ωq + qµ f ln f (∇µωq)

)
(D.12)

= −kb

∫
Px

qµ∂µ f (ln f + 1)ωq (D.13)

= −kb

∫
Px

LX f (ln f + 1)ωq (D.14)

= −kb

∫
Px

C[ f ](1 + ln f )ωq (D.15)

= −kb

∫
Px

C[ f ] ln fωq (D.16)

where on the first line line, ∂µϵabcd = 0, on the third line: LX f = qµ∂µ f , since Qµ = 0 in
this frame, and on the fourth line:∫

C[ f ]ωq = (D.17)

=

∫
[ f (x, q′) f (x, k′) − f (x, q) f (x, k)︸                                 ︷︷                                 ︸

F(x,q,q′,k,k′)

] A(x, q′, k′, q, k) d4k′d4q′d4k d4q = 0 (D.18)

since F(x, q, k, q′, k′) → −F(x, q′, k′, q, k), and A(x, q, k, q′, k′) → A(x, q′, k′, q, k), thus we
have an odd integrand being integrated into all the fiber. Therefore

∂µSµ = −kb

∫
[ f (x, q′) f (x, k′) − f (x, q) f (x, k)] ln f (x, q) A(x, q′, k′, q, k) d4k′d4q′d4k d4q

(D.19)

= −
kb

4

∫
[ f (q′) f (k′) − f (q) f (k)] ln

(
f (q) f (k)

f (q′) f (k′)

)
A(x, q′, k′, q, k) d4k′d4q′d4k d4q ≥ 0

(D.20)
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wherein on the second line we used the reversibility property of A(x, q, k, q′, k′), the

inequality above is always valid if A > 0, since [ f (x) f (y) − f (z) f (r)] ln
(

f (z) f (r)
f (x) f (y)

)
≤

0, ∀ f ∈ R.

D.2 Boltzmann equation for photons and baryons

This section will present the way to get the linear Boltzmann equation following
[10], let us expand the distribution function of the photon and substituting in (4.62),
then

f (η, x, ϵ, q̂) = exp
[

ϵ

aT0(1 + Θ(η, x, q̂))
− 1

]−1

(D.21)

where ϵ = E/a, is the comoving energy, and Θ = δT/T is the temperature fluctuation,
expanding this distribution in linear order

f (η, x, ϵ, q̂) ≈ f̄ (ϵ) −Θ(η, x, q̂)
d f̄

dlnϵ
(D.22)

substituting this expression on the left side of the Boltzmann equation, we get

dΘ
dη

=
dlnϵ
dη

(D.23)

=
dΨ
dη

+ Φ′ + Ψ′ (D.24)

in which in the second line we used the geodesic equation with a perturbative metric,
and ′ represents the partial derivative with the relation of the conformal time

As for the right side, a way to deduce the collision term is by assuming a Compton
scattering, with a cross-section calculated by QFT considerations.

To define the quantities we need a frame of reference, let us use the background
frame. We need to compare the collision in the electron frame in order to get the correct
expression which is given by [10]

C[ f (ϵ, q̂)] =
d f̄

dlnϵ
Γ[Θ(q̂) −Θ0 − q · ve], (D.25)

wherein the Γ = aNeσT is the scattering rate, and the monopole of the fluctuation is
defined as

Θ0 =

∫
dq̂in

1
4π

Θ(q̂in) (D.26)

The monopole is the average of the fluctuation around the k space, we will see that it is
proportional to the photon energy fluctuation.
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Therefore the complete linear Boltzmann equation is

dΘ
dη

=
dlnϵ
dη
− Γ[Θ(q̂) −Θ0 − q · ve] (D.27)

We will see next when the scattering rate is large: Γ ≫ H , Θ → Θ0 + q̂ · vb in the
background frame, then the parenthesis on the right-hand side vanishes, leading to
the thermalization of the photon gas, such that the equilibrium is reached, and the
fluctuations will change only because the gravitational potentials.

writing the equation (D.27) in Fourier space we get

Θ′ + ikµΘ = Φ′ − ikµΨ − Γ[Θ −Θ0 − iµvb] (D.28)

in which vb = ikvb, and µ ≡ k̂ · q̂
Expanding the fluctuation in Legendre polynomials in Fourier space

Θ(η, k,µ) =
∞∑

l=0

(−i)l (2l + 1)Θl(η, k)Pl(µ). (D.29)

we may rewrite the Boltzmann equation in terms of this expansion inside the Hubble
horizon [41]

dΘ
dt

= Θ0 −
1
2

(
Θ2 −ΘP

0 + ΘP
2

)
P2(n̂ik̂i) −Θ(n̂ik̂i) − ivP1(n̂ik̂i) (D.30)

where we neglect gravitational potentials since they are small compared with the
fluctuations, and we add anisotropic Compton scattering terms, for more detail on how
this term appears see [10] With this expansion, we can obtain the two point-function in
the Fourier space of this fluctuation given by [10]

〈
Θ(n̂)Θ(n̂′)

〉
=

∑
l

(2l + 1)
(∫

d ln k P2
i (k)Θ

2
l (k)

)
Pl(n̂ · n̂′) (D.31)

To relate the matter quantities with the temperature fluctuations, we use the definition
of the energy-momentum tensor with the multipole expansion

Tµν =
∫

d3q
E(q)

f qµqν (D.32)

expand the distribution in linear order, and doing some algebraic manipulation one
obtains

δγ = 4Θ0, (D.33)

similarly

vγ = −3Θ1 (D.34)
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then the velocity of the photons is associated with the dipole term of the fluctuation.
Finally

Πγ = 3Θ2. (D.35)

Showing that the quadrupole of the temperature fluctuations is associated with the
anisotropic stress of the photons

Another special feature of the expansion made before is the Boltzmann hierarchy,
substituting (D.29)in (D.28) we obtain

Θ′l +
k

2l + 1
[(l + 1)Θl+1 − lΘl−1] = δl0Φ′ + δl1

kΨ
3

Γ [(1− δl0)Θl + δl1vb/3− δl2Θ2/10]

(D.36)

when writing in this form is directly to apply the tight coupling approximation, observing
the equation for l > 2 for Γ ≫ k we have

Θl ≈
k
Γ

Θl−1 ≪ Θl−1 (D.37)

which shows that all higher moments are indeed small in the tight-coupling regime.
The dominant multipole moments are therefore the monopole and the dipole, writing
the equations for l = 0 and l = 1

Θ′0 = −kΘ1 + Φ′ (D.38)

Θ′1 = −
k
3
(2Θ2 −Θ0) +

k
3

Ψ − Γ
(
Θ1 +

vb

3

)
(D.39)

using the previous relations

δ′γ =
4
3

kvγ + 4Φ′ (D.40)

v′γ +
1
4

kδγ −
2
3

kΠγ + kΨ = −Γ(vγ − vb) (D.41)

In next-to-leading order (l = 2), it must be taken into account of the quadrupole moment
which will lead to a damping of the fluctuations, the Boltzmann equation for it is

Θ2 ≈ −
4k
9Γ

Θ1 (D.42)

in which if we use the relation with the anisotropic stress we get

Πγ ≈ −
4
9

k
Γ

vγ (D.43)

indicating when Γ ≫ k, then Πγ → 0.
Lastly one may get the baryon evolution equation for vb, applying momentum

conservation to the coupled photon–baryon system:

q′i + 4Hqi = −DiδP−D jΠ
j
i − (ρ̄+ P̄)DiΨ (D.44)
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in Fourier space we have

qi = iki

(4
3
ρ̄γvγ + ρ̄bvb

)
(D.45)

δP ≈
1
3
ρ̄γδγ (D.46)

Πi j = −
4
3
ρ̄γk̂ik̂ jΠγ (D.47)

where Pb ≈ 0, using (D.41) we get

v′b +Hvb + kΨ =
Γ
R

vγ−b (D.48)

with R ≡
3ρ̄b

4ρ̄γ
.

D.3 Statistical moments of photons and baryons

Using the Planckian distribution function fPL = 1/ex
− 1, we have

ρPL
γ =

8πk4
b

15c3h3 T4
∫

dx
x3

ex − 1
(D.49)

=
8π5k4

b

15c3h3 T4 (D.50)

= aRθ
4
γ (D.51)

with aR = 0.26 eVcm−3, the number density is

NPL
γ =

8πk3
bT3

c3h3

∫
x2

ex − 1
dx (D.52)

= bRT3 (D.53)

with bR = 410 cm−3

For the case of small chemical potential in a distribution f = 1/(ex+µ(x)
− 1),

we have f (x, t) ≈ fPL + µ ∂x fPL = f − [ f ( f + 1)] µ The photon energy density and
the photon distribution for a small chemical potential are given by ργ = ρPL fµ and
Nγ = NPLϕµ, where

fµ ≡ 1−
3I2

I3

 Iµ2
I2
−

Iµ
′

3

3I2

 (D.54)

ϕµ ≡ 1−
2I1

I2

 Iµ1
I1
−

Iµ
′

1

2I2

 (D.55)

in which Iµi =
∫
∞

0 µ xi fPL dx, here µ′ = ∂xµ. If µ = µ0 = cte, we have Iµi = Ii µ and

Iµ
′

i = 0.
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To describe the non-relativistic matter we used a Maxwell-Boltzmann distribution,
given by

fi(q) =
Ni exp [−q̄2/(2θi)](

2πm6
i θi

)3/2
(D.56)

where q̄ = q/(mi c) using this distribution and the definitions (4.28), and (4.29), the
energy density and the pressure for the baryons are

ρi = mic2NiF(θi) (D.57)

p = NikbTi (D.58)

in which

F(θi) ≡

(
1 +

3k
2
θi

)
(D.59)

The specific heat capacity at constant volume may be defined as

ci,V = Ci,V/Ni =
1

Ni

(
dρi

dTi

)
V

(D.60)

ci,V = kb
dF(θi)

dθi
=

3kb

2
(D.61)

where (D.57) has been used in the second line. This is the heat capacity of an ideal gas
as expected.

The electron, hydrogen, and helium number densities can be related to the
baryon number densities Nb by [37]

Ne =
(
1−Yp/2

)
χeNb (D.62)

NH =
(
1−Yp

)
Nb (D.63)

NHe =
(
Yp/4

)
Nb (D.64)

in which χe is the ionization fraction of the hydrogen and helium atoms. At high
redshifts (z ≳ 104) the ionization fraction is χe = 1. The factor Yp = 0.2485 is the
primordial mass fraction of helium
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