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RAMOS, V. H. M.. Dualities in Quantum Field Theory. 2022. 94f. Dissertacdo (Mestrado
em Fisica) — Universidade Estadual de Londrina, Londrina, 2022.

RESUMO

Nesta dissertacdo estudamos o modelo conforme do béson compactificado ¢ = 1, em
particular investigamos uma maneira de descrever dinamicamente as configuracdes
topoldgicas de enroamento que este modelo apresenta. Aplicamos, entdo, a mesma
metodologia para um modelo exético chamado XY —plaquette. Para isso, comegamos
revisando alguns aspectos de relevancia em teoria conforme. Discutimos a simetria
conforme para teorias de dimensao arbitraria e focamos em fazer uma apresentagdo
detalhada do caso bidimensional, em que o béson ¢ = 1 se apresenta. Mostramos
em seguida que este modelo apresenta configuracdes de enrolamento e construimos
explicitamente o operador quantico que excita estas configuragdes a partir do véacuo.
Reconhecendo que o modelo XY na rede captura os elementos fundamentos do béson
compactificado, fazemos uma descricdo das caracteristicas desse modelo na rede e
mostramos que configuragdes de enrolamento também estdo presentes, sendo vortices
na rede. Entdo, a partir deste modelo na rede, obtemos uma teoria no continuo que
descreve dinamicamente as excitagdes do tipo vortice, chamada teoria de Sine-Gordon.
Por fim, utilizamos o método do grupo de renormalizacdo para estudar o running das
constantes de acopla-mento e encontramos que este modelo sofre uma transi¢do de
fase topoldgica.

Palavras-chave: Teoria Conforme de Campos. B6son Compactificado ¢ = 1. Transi¢des
de Fase Topolégicas
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(Master in Physics) — State University of Londrina, Londrina, 2022.

ABSTRACT

In this dissertation we study the conformal model of the compactified boson ¢ = 1, in
particular we investigate a way to dynamically describe the topological configurations
of winding that this model presents. We then apply the same methodology to an exotic
model called XY —plaquette. For this purpose, we start by reviewing some aspects
of relevance in conformal field theory. We discuss conformal symmetry for arbitrary-
dimensional theories and focus on making a detailed presentation of the two-dimen-
sional case, in which the boson ¢ = 1 presents itself. We then show that this model
presents winding configurations and we explicitly build the quantum operator that
excites these configurations from the vacuum. Recognizing that the XY model in the
lattice captures the fundamental elements of the compactified boson, we describe the
characteristics of this model in the lattice and show that winding configurations are
also present, being vortexes on the lattice. Then, from this model in the lattice, we
obtain a theory in the continuum that dynamically describes the vortex-like excitations,
called Sine-Gordon theory. Finally, we use the renormalization group method to study
the running of the coupling constants and conclude that this model undergoes a topo-
logical phase transition.

Keywords: Conformal Field Theory. ¢ = 1 Compactified Boson. Topological Phase
Transitions.
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CHAPTER 1

Introduction

We start by studying the role of symmetry in general classical and quantum
tield theories, exploring how it can be implemented in both regimes and what are
its consequences. The upshot of these discussions are Noether’s theorem and Ward
identities. We are particularly interested in the conformal symmetry in 2 dimensions.
However, before studying the subtleties of this particular case, essential general con-
cepts need to be introduced. Next, we define the conformal symmetry and determine
its associated algebra in a classical field theory. Next, show how its structure fixes the
two and three-point correlation functions up to a constant. Also, we derive the general
Ward identities for the conformal symmetry. We then study the two-dimensional cla-
ssical case. A variety of features appear with very interesting results. For example, in
two dimensions, the definition of the conformal group leads to the Cauchy-Riemann
condition for holomorphic functions, conducting us to the concept of primary fields,
which are one of the building blocks of a conformal field theory in two dimensions.
Symmetry implications for prima-ry fields are considered in the quantum theory, and
in order to create a systematic procedure to decide whether a field is primary or not, the
operator product expansion is established together with a couple of useful examples.

In the second chapter we apply the tools developed in the first chapter to a
concrete physical system, and we shall consider at first the free boson on the cylinder.
One reason to study this specific theory is that the c = 1 compactified boson we are
interested to describe consists of a free boson whose base space is the cylinder and
the target space is the circle. So the free boson on the cylinder, whose target space is
the real line, is an interesting intermediate step towards the full compactified boson.
By considering the former, we will notice that topological configurations only appear
when both base and target space have compactified directions, which seems to be a
general feature of systems alike. But before heading to this problem, a general discus-
sion about the canonical formalism in a conformal field theory is presented. That is, we
might analyse operators on the Hilbert space of a conformal field theory, considering
the usual canon of quantum field theory: implement a quantization procedure and
define asymptotic states, determine mode expansion of quantum fields and discuss

the algebra and spectrum of pertinent operators.

The first section of the fourth chapter has the goal to find the mode expansion
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of the compactified boson using some facts about homotopy groups and our previous
results about the free boson on the cylinder. We will also derive creation and annihila-
tion operators for winding quantum states. The concept of duality will be shortly
discussed, and we will see that the original compactified boson is dual to another

boson.

Finally, in the last chapter we investigate how one can dynamically describe
configurations that present singularities. We are going to consider a lattice model that
captures the elementary properties of the compactified boson we are dealing. Then,
a continuum limit will be discussed in order to obtain a quantum field theory. A
renormalization group analysis is performed in the continuum theory and the topolo-
gical Kosterlitz-Thouless transition is discussed. Furthermore, we discuss some pro-
perties of the exotic XY-plaquette model and show that it is possible to apply the same
prescription in order to find a continuum prescription that describes vortices.
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CHAPTER 2

Conformal Symmetry

2.1 Symmetries

Consider a field theory described by a set of fields {®, } defined over a D—dimen-
sional space-time manifold M. The dynamics is dictated by the action

5[] = /de L (®a(x),3,Pa(x)), 2.1)

where the Lagrangian density is supposed to be a function of the fields and its first
derivatives. One can consider higher order derivatives, but this choice leads to quantum
theories with negative norm modes, called ghosts, which we will not discuss.

In field theories described by the means of (2.1), a symmetry transformation is
defined as a map that leaves the action invariant. Then, to investigate symmetry, it is
sufficient to know how the action changes for a general transformation of the fields

and coordinates of space-time, such as

x — x'(x) (2.2)

D (x) > D (x') = Fao (Pp(x)) (2.3)
Under an integral change of variables, we verify that

s [@)] = [

E)_x’
ox

r (fa (@ (x)), X 30y (@, <x>>) | 2.4

where |%—’§C/| is the Jacobian of the transformation.
As an example, consider the scale transformation
x — x'(x) = Ax, (2.5)
D, (x) — DL (x) = A7 2D, (x), (2.6)

with A the dilatation factor and A, the scale dimension of the field ®,(x). The coordinate

transformation implies that

a_x’
ox

p ox’ _
" oxH

-1
ALY, (2.7)
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and therefore, the action is changed to
S [®)] = / dPx APL (A2, (x), A2 719,, (x) ) 2.8)
For a massless scalar field theory, the Lagrangian density is

L (¢ (x),0,¢ (x)) =00 (x) ¢ (x). (2.9)

If the action is invariant we conclude that the theory has scale symmetry. For the
Lagrangian density above, we see that invariance requires S[¢] = AP~2/2-25[¢] which
is equivalentto A = D/2 — 1.

2.1.1 Continuous Symmetries

Before discussing further details about symmetry, we are going to specialize
our analysis. The conformal symmetry can be characterized as a continuous symmetry
associated with a connected Lie group, as we are going to see ahead. Because of that,
we will restrict our analysis to continuous transformations. Some facts about this kind
of group are worth mentioning. Lie groups are defined over smooth manifolds and
because of that, every element of the group is defined by a finite number of smooth
parameters (wy, . . ., wy ), with n being the dimension of the manifold. As a consequence
of smoothness, it is possible to show that to every group element A there is a continuous
sequence from the identity element to A. These facts are sufficient to ensure the comple-

teness of a linear (infinitesimal) description of the group transformations [2].
In conclusion, we can consider continuous infinitesimal transformations, defined,
in general, as the maps
xt i — 1M (x) = xM + wp—, (2.10)

0Fa

D, (x) — D () = Dy (x) + wp—.
dwp

(2.11)

(Summation over repeated indices are implicit unless stated the contrary). The indices
p, q,r are related to the number of independent parameters of the transformation, while
the indices 4, b, c account for the number of fields we are dealing and also for internal
degrees of freedom each ®, may have. Because we are supposing these transformations
are associated with a group, one can think of a linear representation of such group in
the space of fields. Each parameter w, will be associated with a generator G, that
acts on this space. Given that the group elements are connected to the identity, the
generators G, will also be connected to the corresponding identity element in the
representation space. Therefore, an infinitesimal transformation of the fields can be

written, in terms of the generators, as

D, (x) = @y (x) — iw,GP P, (x). (2.12)
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Using the infinitesimal transformations (2.11) with the explicit coordinate transforma-
tion (2.10), we obtain a relation between the fields at x’. Doing so, in the first order of
the parameters, we can then relabel the coordinate x’ — x, and compare with (2.12),
obtaining

oxH 0F,

iGp¢a — 5_8 @a 5(0 .
Wp p

(2.13)

This relation enables us to determine the algebraic generators using the structure of the
infinitesimal transformations. As an example, see that applying the above equation to

scale transformations, we find that its generator is D = —ix?‘ay.

2.1.2 Noether’s Theorem

A canonical implication to the symmetries discussed above is Noether’s theorem.

Given a system with a continuous infinitesimal symmetry, there is a conserved current.
Up to this point, only global transformations were considered. However, one approach
to derive the theorem is starting with a corresponding local symmetry, in which the
parameters are functions of space-time coordinates: w, — w,(x). If the action is invari-
ant under a global symmetry, it will not be invariant (in general) to the corresponding
local symmetry. The transformed action changes by an additional term due to the local
generalization, leading naturally to Noether’s current.

Considering the infinitesimal transformations characterized by (2.10) and (2.11),
see that we can determine the Jacobian by

ox'# SxH
LANETY (wp@), 2.14)
ax oxH

For the last identity, we used the infinitesimal expansion for the determinant of a
matrix det E ~ 1 + Tr E. From these expressions, we deduce the change in the action
by a local transformation as

oL ox' AL OF,
D 1 9= 2
65 = [ dPx K(s £ (@03 a) = 55° q)aa,/opa) 5, 3,00 MJ duwy.  (2.16)

We stress that only local contributions proportional to the derivative of the parameters
remained in the expression above. Factors proportional to w, do not contribute because

of global invariance. If we define

(2.17)

1%
b= (55‘.& (Pas0Pa) — =23, ) ox" | 9L o7

- + ,

the variation can be written simply as

65 = [ aPxwp,f. (2.18)
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Considering field configurations on-shell, the action is stationary. Therefore, for any
local parameter w,

dyujh = 0. (2.19)

That is, ]g is the Noether current associated with the infinitesimal symmetry. See that
there is, for each parameter, a conserved current associated. Furthermore, given the
conservation law, we see that dy jg = 0; ];, If the current vanishes at the infinity, then
integrating the latter in both sides and using the diverge theorem on the right-hand
side, we find another conserved quantity. Namely, Noether’s charge

Q, = / AP 1x f0(x). (2.20)

All the results obtained in this section are valid for classical field theories. The
analysis for implications of symmetry in a quantum theory of fields is quite distinct.
To begin with, we do not access dynamical quantities by the action, we do it rather by
the S matrix. This is because we are only able to determinate the quantum interacting
fields in rare cases!. Then, the information that we seek is the probability amplitude
between asymptotic states of particles, obtained by the LSZ formula using perturbation
theory on the correlation functions. The S matrix, defined as this amplitude, is the
object that allows us to obtain dynamical information about the system. For example,
in a scalar theory, the S matrix elements between asymptotic states |«) = |p1,..., Pn)

and |B) = [Py, Pi) is
i n-+m n ) m o
Sup = (_) [ TTatxe 5 (O 4 02) [Tty (O 4 0%) G 220
“P vz i=1 l ( >j:1 ] ( : )

where z is a renormalization parameter and

Gum = (O|T {p(x1),-., ¢(xu), §(y1), - -, $(ym) } |0) (2.22)

is the correlation function associated with the process. The operator T is the time-
ordered operator, in which fields with the smallest time coordinate acts first. Through
this formula, it is clear that the non-trivial factor of the S matrix elements are the
correlation functions, that explicitly depend on the dynamics of the interacting fields.
If symmetries are implemented dynamically, one can expect that it is going to leave
a trail in the correlation functions. These investigations will be the subject of the next

section.

1 See that if we do not know the solution of the equations of motion, we cannot express the conserved

current (2.17).
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2.1.3 Ward Identities

Ward identities are constraints between correlation functions as a result of sy-
mmetry. In this discussion, we are going to derive them using the path integral appro-

ach, reviewing [3]. The correlation functions in the path integral formalism are
1 .
(@4, (1) P, () = - / DO Dy, (x1) - - P, () 51 (2.23)

where the left-hand side denotes the vacuum expectation value of the time ordered

fields @,, (x1) - - - Dy, (x,) and Z is the generating functional for the correlation functions,
Z[)] = /DCID oS @a)+ [ dPx ', (2.24)

For a general transformation of the fields and coordinates of space-time, as (2.2) and

(2.3), it follows that by a change of variables

<CD’11 (x,l) Dy, (qu)> = <]:a1 (qDa(xl)) - Fay, (q)a(xn))> ’ (2.25)

where we have assumed a trivial Jacobian.

Considering the infinitesimal transformation (2.11), the generation functional

transforms, in the first order, as

Z[]] = /D(IDexp {ZS +/de]“ }{1+z/dD {18 ]W#—]“(S}—ﬂ wp}.

(2.26)

One of the factors in the right-hand side is the generating functional and the remaining

must vanish,

/dD /Dq)exp{zS —|—/de]” } {18 ]PF‘+]“5]:Q} wp = 0. (2.27)

Wp

However, the expression above must vanish for any local parameter w), and therefore

= /DQD exp {iS (@] +/de ]“fba} [18 P4 ) Ma} = 0. (2.28)
Wp

If we derive this functional and take | = 0 afterwards, we can establish constraints

between correlation functions. For example, the first functional derivative with respect

to J*(y) is
/ DS ®d] liayjm‘(x) + S

<01 OF
ar i8)[@d] 0% ¢ 5(D) ( _ 1y —
sz@C(yH / 1050 — ) =0,

(2.29)

which can be rewritten using the expansion (2.13) and the definition (2.23) as

Ay (P (x)®a(y)) = —idP) (x — y) (GPD,(x)) . (2.30)
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Taking the second derivative, we find that

Ay (JPH (x)®y (x1) Py (x2)) = —i6P) (x — 21) (GP D (2) Dy (x2)) —
—i6P) (x — x3) (@4 (1) GPPy(x)) (231)

In conclusion, for n derivatives, induction tells us that a n-point correlation function

must satisfy the Ward identities

n

Ay (P (%) @ay (1) -+ P, (x)) = =i ) 0P) (x — x;) (Pay (x1) ... G Dy, (x) ... Pa, (3x0))
i=1
(2.32)

as an implication of symmetry transformations in a quantum theory. Apart from that,
Ward identities encodes some important facts. Integrating over all space-time, the left-
hand side is trivial if x # x;, and then the infinitesimal transformation of the correlation

function must vanish,

n
b (Pay (1) -+ - P,y (x0)) = —iwp Y (D, (x1) ... GP Py, (x) ... Py, (1)) = 0. (2.33)
i=1
If we now integrate over a submanifold of space-time X~ whose boundary are spatial
surfaces specified by the time coordinate parameters t_ < t < t, further important

details are obtained. To simplify the notation, we introduce a string of fields as
Yoyooa, (X2,...,%n) = Dy, (x2) - - - Py, (%) - (2.34)

We will often not write all the coordinate points, and Yj;,...,, must be seen as a function
of x3,...,x,. Consider y* = (t,x) € X with t different from all time coordinates
appearing in the above string. Integrating the Ward identities in this region, and using

the divergence theorem in the left-hand side, we obtain

/E)): dsy <]'P/H(y)<I>a1 (x1) Yapoa,) =

n i
=iy, /t dt / dP=160) (y — x;) (@, (x1) ... GPDg (x) ... Dy, (1)), (2.35)
i=1""-

with dS, = dP~!yn, the normal area element and 9% the boundary of £. The right-
hand side can be determined realizing that because ¢ is different from all the time
coordinates in the string, the Dirac deltas ¢ D (y — x;) vanish for i = 2,...,n. Therefore,
the first term in the sum is the only contribution. For the left-hand side, see that the
boundary can be written with a par of disjoint hyperplanes Ry = {y" € X : y* =
(t+,y)}. In other words, we may write 0 = R; U R_. Since the intersection is a
null set, the integral over the complete boundary can be expressed as a sum of the

integral over these hyperplanes. Furthermore, the normal vector n* is orthogonal to the
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spatial directions in a flat space-time, and when in contraction with j##, only the zeroth
component will remain. With these considerations, we can parametrize n/, = (+1,0)

as the normal vectors to R+, obtaining

S P (), (1) Yooy} = [ 477y (70 (4) P (1) Yo ) =

D-1 P
-/ y (" (y) Pay (11) Yoy, ) - (236)

If we now use the definition of conserved charge,

dSy, (P (y)Pay (x1) Yayea,) = (QF (t1) Pay (%1) Yaya,) — (Pay (1) QF (E-) Yay-ay) -
(2.37)

ox

Taking the limit of t_ — ¢t = t, the commutator of the conserved charge with a local

tield appear in the above expression, valid for an arbitrary string. Then,
[QF, @, (x)] = —iGPD, (x), (2.38)

showing that Noether’s charge is indeed generator of the infinitesimal transformation.

With these results, we will start to investigate the conformal symmetry and its

implications on both classical and quantum regimes.

2.2 Classical Conformal Symmetry

The conformal group is defined as the set of diffeomorphic coordinate transfor-

mations x’ such that the metric tensor g transforms with a local scale factor:

g;w (x') = A (x) guv (x), (2.39)

together with the composition of transformations. The conformal group is a connected
Lie group [4], and then, it is sufficient to study infinitesimal transformations in order

to characterize the finite ones, and also, all the generators of the associated Lie algebra.

Considering an infinitesimal transformation x# — x* = x# + ¢/ (x), the metric

tensor transforms as

g;w (x) = guv (x) — 9uey (x) — Byey (x). (2.40)

Defining f(x) = 1 — A(x) and applying the above to the metric conformal transfor-

mation, we obtain

f(x)guv (x) = dpey (x) + dvey (x) . (241)
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In order to characterize the transformations, some useful relations need to be derived.
Simply taking the trace,

fx)= %aﬂﬁy (x), (2.42)

Furthermore, considering an Euclidean metric tensor, and differentiating (2.41),
du f (x) v = arxayev (x) + arxavsy (x) . (2.43)

With the last three equations, we will characterize all conformal transformations. The
idea is find an equation exclusively for f. See that if we exchange the indices and

linearly combine the equations,
2000y (X) = 9af (x) &uv + 9puf (X) Zav — Ivf (¥) Gua- (2.44)
Writing in this way, we can contract « and y, obtaining
2019,e, (x) = (2— D) dyf (x), (2.45)
derivate it and use equation (2.42) to find that
(D —1)3*f (x) =0. (2.46)

In one dimension there is no constraint (any smooth function f is conformal). The two
dimensional case will be studied in detail next section, so in what follows we will focus
onD > 2.

Because of the last constraint derived (2.46), in a series expansion of f(x) all

coefficients of order higher than linear must be zero, remaining
f(x) =A+ BuxV. (2.47)

Plugging this result in (2.44), and using the same argument (for Euclidean metric

tensor),
ey (x) = ay + byux" + cypaxtx". (2.48)

Now, using the relations derived above (2.41, 2.42, 2.44) we can determine each of these
coefficients, and therefore, characterize infinitesimal conformal transformations order
by order. See that all these relations contain derivatives in the infinitesimal parameter.
Then, the zeroth order coefficient in (2.48) remains undetermined by these constraints.
However, considering the first order, we obtain by (2.41) that

Agyv = ay (byex”) + 0y (byaxa) = by‘u + b‘m/- (2.49)
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Considering now the second relation (2.42),
2 2
A= Ba“ (waa) = Bb%— (250)
Comparing the last two expressions,
2 (o
Bb o&uv = byy + byy. (2.51)

Considering this expansion coefficient as a tensor, the above relation tells us that the
symmetric part depends on the trace. Then, in a tensorial decomposition,

1
buy = Bb”agw + My, (2.52)

where m,,, is the antisymmetric part of by,.

The third relation (2.44) vanishes the first order coefficient (because it has only
second derivatives in the infinitesimal parameter), but gives us information about the
second order. In fact, considering (2.44) and contracting the first two free indices of

Cupn, We Obtain

4 u

B“ — BC ]/lD(

= 4b,. (2.53)
Therefore, the most general form of this coefficient is
Cvpua = bagw/ + bygoa/ - bvgwx- (2.54)

See that we can now derive all infinitesimal conformal transformations by consi-
dering independent coefficients. That is, if by, = cyva = 0, the coordinate transforma-

tion will be
x'* = xt + et (x) = xH +a¥, (2.55)
characterizing a coordinate translation. On the other hand, for a;, = c;ya = 07by = 0,
x'* = x4+ et (x) = 2 +mh, (2.56)
which is identified as a Lorentz transformation (11, is antisymmetric)z. If only b5 # 0,
—— 1 O M
x't = x4+ Bb X (2.57)

we find scale transformations. Finally, for non-vanishing b,,, special conformal transfor-

mations are

x'* = x4 2buxxt — b a2 (2.58)

2 We will denominate these generally as rotations
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Having determined infinitesimal transformations, the next step is consider their
finite form. In order to do that, we first determine the generators associated with each
infinitesimal transformation by simply plugging them into (2.13), obtaining

D = —ix"d, (scale)
Py, = —iad, (translation)
Lyy =i (x40y — x,0y) (rotations)
&534@%ﬂm—ﬁ@) (SCT)

These operators are the generators of the conformal algebra, realized by the following
commutation relations:

[ } _ [Pa, Ky] = =2i (gauD — Lay)
K K]_zxxL 9% [Par L] = 1 (g = guaF)
7 v — v .
: g [Lyv/ K«x} =1 (gway - g;uxKv)
[Ljws Lap] = =i (8uaLvp + 8upLua + vaLyp + upLya)

(2.59)
Now, exponentiating the above generators with associated parameters, we determine

the finite form of the transformations,

x'" = Al xV (rotations)
x't = x4 g (translation)
1
X't = xt + Bb‘}x" (scale)

with A = exp(iw,, LM"). For SCT, an alternative and derivation is considered by seeing
that the ratio x# /x? transforms linearly. To realize this, notice that

xH u
0 (F) = —ob". (2.60)
Then, the finite form of this ratio transformation is
x'H xH

Taking the square and isolating the transformed coordinate leads to

2
” x* — x“b#

T 14+2(b-x)+ b>x?

(SCT)

Having determined all conformal transformations, we will start to study their
role in quantum field theories. One final concept we will introduce is of quasi-primary

fields. Considering a scalar (spinless) field, it transforms under the conformal group as®

11—A/D
o (x') _ ox

A detailed discussion on how to find the representation of the conformal algebra on the space of
fields is in the appendix.

3
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where the Jacobian above is related with the local conformal scale by

ox’'

| = A2, (2.63)

All the fields transforming with a well defined conformal scale, as the above, are
called quasi-primary fields. In what follows we will explore the conformal properties
of correlation functions and the Ward identities for quasi-primary fields.

2.3 Quantum Conformal Symmetry

Consider a two point correlation function for quasi primary fields ¢; and ¢,
with scale dimensions A and A,, respectively. Under a conformal transformation, it
changes as

Ay/D Ay/D

a !/
: (91 (x1) $2 (%2)), (2.64)

ox

8_x’
ox

(@1 (1) §2 (x2)) =

X=X1 X=X2

where we have relabeled x <> x’ in (2.25). The strategy now is use the covariance of
correlation functions and see, for each conformal transformation, what constraints it
imposes. To simplify the manipulations, we take f(x1,x2) = (¢1 (x1) ¢2 (x2)). For scale
transformations, we saw that the Jacobian is simply AP, which implies

Fxy,x0) = AM1T82 £ (Axq, Axp) . (2.65)

Rotations keep distances and angles invariant, then knowing that translations preserves
relative distances, we conclude that f(x1,x2) = f (|x1 — x2|). This, together with (2.65),
implies

f(|X1—XQD :)LAH_AZf()\‘xl—XzD. (2.66)
Defining x15 = |x1 — x2| and deriving both sides with respect to A,
(A1 + D) ABTHA27L £ (Axn) + xpp AR A2 £ (Axgp) = 0. (2.67)

Particularly for A = 1, we see that f must be the solution of a first order differential
equation,

f/ (X) _ _Al +A2
f(x) x

which always have a solution (up to a constant). Integrating this expression we obtain

(2.68)

Ci2

X1 — x2|

fx1,x2) = (2.69)

ASENAY
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Finally, if we consider SCT, with the Jacobian

ox’ 1 1
el 5=, (2.70)
ox (1+2b-x+ b%x?) Tx
the following holds
A+Dy A+
M T Ci2
fx1,20) = : (2.71)
')’1A172A2 |x1 — x2|A1+A2
Covariance implies that
A+Dy  A+Ay
7 2 o 2
fx1,x) = A f(x1,x2), (2.72)
Y1 72

which is valid only in the case that the multiplicative factor depended of -y is the unit.
That is, when A = A, = A covariance is established, otherwise f(x1,x;) = 0. We
can conclude, then, that SCT and covariance forces the correlation function to vanish
when we consider quasi-primary fields with different scale dimensions. With these

considerations, we reach a final form for the propagator, up to a constant factor,

Ci2

— =12 (2.73)
‘xl . x2|2A

(91 (x1) P2 (x2)) =

In an analogous fashion, the three point correlation function is also constrained by
conformal symmetry to be

Ci23
<4)1 (xl) 4)2 (xz) 4)3 (X3)> = AM+Ar—As  —AN+A3+0Ay A—Dr+A3° (274)
X12 Xo3 X31

At first sight we could think that it is possible to fix an arbitrary n—point correlation
function, but not quite. For the next case of 4 points, we already see that we can
construct a conformal invariant argument, such that any function of it will remain
unchanged. For instance, consider a functionI'(x1, . . ., x,,) of the space-time coordinates
x;. If we want its argument to be invariant, we already know that translations and
rotations forces I'(xy,...,x,) =T (|xi — x]-|). Scale invariance will require that depen-
dence is on the ratio of modules,

T (|x; — xj]) :r(ﬁ). (2.75)

Xkl
At this point we see that we need at least three points to construct the invariant argu-
ment. SCT will cause to increase this number by one. To see this, note that the module
transforms as

o
Xl = - . (2.76)

[1 —2b-x; + b2 (xi)z] ’ [1 —2b-xj+b? (xj)z]

N|—
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Then, if we want the ratio to be invariant, the same points appearing in the numerator
must also appear in the denominator in a non-trivial setting (that is, when the ratio is
not simply the unit). For instance, this do not hold for 2 and 3 points, and the reason
is simply because for two points the ratios are trivial, and for three points the number
of possible ratios is 3 (precisely, x12, x13, X23) and from these three we cannot choose
any two such that the condition above remains. We, then, consider functions with four

points arranged like

X12X43 ) X12X43 . (2.77)
X24X31 X14%23
Such conformal invariant argument are called anharmonic ratio, and they are the reason
why we cannot keep making use of conformal symmetry to fix correlation functions,
because whatever the form we find by the procedure discussed, we could always
multiply by an arbitrary function dependent of an anharmonic ratio. To illustrate this,

see that for a 4 point function,

X12X X12X A/3—=A;—A;
12443 A12 43) Hx i 8y

, ° (2.78)
X04X31 X14X23 g

(91 (1) ¢z (x2) 3 (x3) da (1a)) =T (

i<j
where A is the sum of all four scale dimensions [5].

To finish our discussion about conformal symmetry, we now turn to determine
Ward identities associated with each conformal transformation. Considering currents
and genera-tors (one for each symmetry), we can simply apply them to Ward Identities.

However, it is convenient to write currents using the energy-momentum tensor,

jocyv = szyxv — TavXy, (rotations)

j% = Thx". (scale)

The current associated with translation is the energy-momentum tensor itself, and
these expressions have two assumptions. In order to obtain the first current above,
it is necessary to consider a symmetric energy-momentum tensor (on shell), and the
second requires a traceless one (also on shell)*. Furthermore, we do not consider SCT,
and in fact we do not need to consider such transformation if we restrict ourselves to
irreducible representations of the Lorentz group, where the associated generator must

vanish, see appendix (B).

Considering translations,

Ay (TH () Xeyercn) = — 3 0P) (2 — x;) Y (Xeyep.cn) (2.79)
i=1

4 More details on the assumptions of whether or not we can consider a symmetric, traceless energy-
momentum tensor is given in the appendix (??)
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which tells us that for all coordinates different from the ones on the string, the energy-

momentum tensor is conserved within correlation functions. Now, for rotations,

n .
9 ((Tuets — Tewty) Xerern) = 320 (v = ) (@, (i8], ) Doy e, )+
i=1

n

+ Y0P (=) (@ o (1), (B0), = (30),, (30),) Py P, ), (2.80)
i=1
where @, is a function of the coordinate x;. It is possible to simplify this expression
if we explicitly act with the coordinate derivatives in the left-hand side and use the
former identity (2.79), obtaining

n

<(TVV - TP‘V) X01C2-~-Cn> = —i Z 5(D) (x - xi) S;w <XC1C2---Cn> . (2'81)
i=1

That is, the energy-momentum tensor is symmetric within correlation functions in all

coordinates different from the ones on the string X. Finally, the identity associated with
scale symmetry is

3y ((ThAY) Xereycn) = — 25@) (x — x;) <<I>c1 (x1)... (x;.xa; + Ai) D (x)... P, (xn)> .

(2.82)
Acting with the derivate in the left-hand side we obtain
n
<T;;X51C2---Cn> - Z 5(P) (x —x;) Di (Xeyepoen) s (2.83)
i=1

meaning that the energy-momentum tensor is traceless within correlation functions
when evaluated at a point distinct to those on the string X. With these four identities
we conclude the general discussion about conformal symmetry and turn to study the
two-dimensional case.

2.4 1+1 Classical Conformal Symmetry

In two dimensions, an interesting property of the conformal transformations
appear. To realize it, let us consider coordinates on the plane z# = (z%z!) and a
conformal transformation z# +— w/ (z). We know, by the definition of the conformal

group that
g = A(z) g". (2.84)

Or, using the transformation of the metric tensor by this change of coordinates,

JwH dwV
- ap

(2.85)
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Choosingy =v=0anduy=v =1,

w0\ [ow\?

Al(z) = (—;;0) + (—;Z‘)l) , (2.86)
'\  [ow'\?

Al(z) = (a_ZZUO) +(a—2’1) . (2.87)

(Remember that we consider g, as the Euclidean metric tensor). Comparing these two

ow’ 2 ow’ 2 ow! 2 ow! 2
(@) +(g) = (@) +(§> . (2.88)

On the other hand, we can choose 1 = 0 and v = 1 and obtain

expressions,

owY ow! L 0w ow!
0z0 9z0 = 9zl 9z1

= 0. (2.89)

By inspection, we see that both conditions above are satisfied if

ow’ ow! ow! 9w’
or also, if
o’  ow! ow! ow”

The two pair of equations above can be identified as the Cauchy-Riemann equations
for holomorphic (2.91) and anti-holomorphic functions (2.90). This is one of the reasons
why we describe a 2D conformal theory on the complex plane, as we are going to
see next. Considering z and z as the complex plane coordinates, we can simplify the

equations above using the map

1 L1,
ZOZ—Z+Z, zm==\z—2),

2(_ ) 2i _) (2.92)
d =049, 81:1'(8—8),

where 9 is a derivate with respect to z and 0 a derivative with respect to z. We will call
them conjugate coordinates, with z being the holomorphic component and z the anti-
holomorphic one. Notice that, in principle, this does not seem to be an independent set
of variables.

In this setting, the metric tensor and its inverse are transformed to

2
gyv:< ) g””z(i()), (2.93)

Ni— O
O NI
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with Greek indices indicating the pair z,z. The map between covariant and contrava-
riant vectors induced by the metric now also creates a correspondence between holo-
morphic (covariant and contravariant) and anti-holomorphic (contravariant and cova-
riant, respectively) components

az = gzzaz = Eaz, a7 = §z,0" = Eﬂz- (2.94)

Furthermore, recall that the completely anti-symmetric tensor is defined as

e = \/|8l€u, (2.95)

where €, = *1 is the completely anti-symmetric symbol. Then,

)
€4y = i . (2.96)
' <—20>

We can also rewrite the conditions over conformal transformations in this new coordi-

N~

nate system. Considering the Cauchy-Riemann equations, we simply apply the chain
rule and sum them up, obtaining

ow (z,z) = 0. (2.97)
Equivalently, we can rewrite the anti-holomorphic equations simply as
0w (z,z) = 0. (2.98)

In this simplified form, we see that holomorphic transformations are those independent
of z and anti-holomorphic ones are independent of z. We also emphasize that these
conditions are local in the complex plane, in the sense that a transformation satisfying
them does not need to be defined and invertible over all C. So next, we would like to
discuss further this possibility.

In our previous discussions about the conformal group, all transformations
we found were well-defined invertible maps over the entire space-time. They were
associated with the finite dimensional conformal algebra and lead us to the notion of
quasi-primary fields and its interesting implications. As before, we will first analyse
the algebraic structure. The upshot of this investigation is that the global sector is a

subalgebra of an enhanced infinite dimensional local algebra.

Consider a infinitesimal transformation
Z=z+e(z), Z=z2+€(2), (2.99)

with ¢(z) and € (Z) begin parameters admitting a Laurent expansion in the neighbour-

hood of the origin. Given a scalar field, it transforms as

¢’ (2,2) = ¢ (2,2) —€(2) 9: (2,2) —€(2) 3¢ (2,7), (2.100)
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implying in a variation

0p (2,Z) = —€(2) 029 (2,2) —€(2) 9z¢ (2,Z) . (2.101)
Now, if the Laurent expansion of the infinitesimal parameters are
e(z) =) a2, E(@) =) @z, (2.102)
nez nez

we can plug this into the previous variation and find that
5p(z7) =Y (—cnz”“az - Enz”“az) ¢ (2,%). (2.103)
nez
This is a sum of parameters times generators acting on the field, just as we discussed
earlier about continuous symmetries (2.12). Therefore, the generators of the local con-

formal algebra are
b, =—2"9,,  1,=-7z""9; (2.104)

and the expansion coefficients in (2.103) are the associated parameters. These generators
satisfy the classical Witt algebra

[, ] = (1 — 1) Lysm, [Zn,zm} = (n—m) Cpsm, [zn,zm} —=0. (2.105)
The last commutator tells us that this algebra is, indeed, the direct sum of the holomor-
phic and anti-holomorphic sectors, each generated by ¢, and /,,, respectively. Further-
more, this algebra has a unique central extension called Virasoro algebra, which is its
quantum version [5]. Here, we will not derive the algebra for the quantum fields as this
extension, we will consider a physical approach where we can extract the generators
from conserved charges. We mentioned earlier that the global sector is a subalgebra of
the local one. See that the generators

(1 =—-0, Lly=—20,, {4 =—2°0, (2.106)
are exactly those in the global conformal algebra: /_; generates rotations, ¢y scale
transfor-mations and /¢, the SCT.

Following what we considered in the general D—dimensional case, we would
like to define a notion of quasi-primary fields compatible with the complex structure
introduced. If we recall that a quasi-primary field transforms with a power of the

Jacobian, we can simply consider
ox’

—A/2 —AJ2 ;o= —A/2
dw dw
Ix (E) (E) ' (2.107)

We can also consider a non-trivial spin label and define quasi-primary fields as those

transforming as

¢ (ww) - (1) N (%) e (2.108)
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where the conformal dimensions / and / are defined as
(A+s), EE%( —s). (2.109)
Notice that for s = 0, we obtain (2.107).

The definition of quasi-primary fields given above is exclusive for global trans-
formations. If it happens that a field transforms in this fashion for any local transforma-
tion, then we call it primary field. In this case, the fields have a well-defined conformal
dimension (h, k), independent of conformal transformations. Then, we can say that
these dimensions are an intrinsic property of the field itself. In addition, every primary
field is also quasi-primary but the converse is not true. If a field is not primary we call
it secondary.

Having introduced primary fields, we will start to look for quantum implica-
tions, just as we did for quasi-primary fields. That is, we are now going to study

correlation functions and Ward identities for this generalized notion of primary fields.

2.5 1+1 Quantum Conformal Symmetry

In this section we will translate the results from our D —dimensional discussion
about quantum conformal symmetry to the two-dimensional case, and also make it
compatible with complex notation. Considering a pair of primary fields, we know by
definition that

_ _ 2 /dz/\" a2\ "
<4>1(Z1,Z1)4>2(22,zz>>:H(d—z) ( dz) (0GR E). e

Along the lines of what we did in the D—dimensional case, we will consider each
conformal transformation and use the covariance of correlation functions. Considering

translations and rotations,

(91 (21,21) 2 (22,22)) = f ((Zijzij)

ST

) , (2.111)

where z;; = z; — z;. By scale transformations (z,Z) = A2 (z,Z), we see that

dz’  dz’
P AZ. (2.112)
Then, the correlation function must satisfy
2 2(h+hy) _ _
(¢1(21,71) §2 (22, 22)) H)\l 2 (A (z1,71)) 2 (A (22,22))) - (2.113)

i=1

Combining the last two constraints,

f( 2iiZij 2) HAZ (hithi) ( (zi]-zl-]-)i) (2.114)

—_
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Again, we can find a differential equation deriving the above with respect to A, and the
solution for this equation will be

Ci2

— (2.115)
(z1—22)""" (Z1 — 22

(91 (21,21) P2 (22,22)) = )E1+E2'
Finally, SCT forces the fields within correlation functions to have the same conformal

dimension h; = hy = hand h; = hy = h, and therefore

(91 (21,21) 2 (22,22)) = C1z = (2.116)

(Zl o Zz)2h (El o 22)2]1

is the full constrained correlation function, arbitrary only up to a constant factor.

For the three-point correlation functions of primary fields the derivation follows
from the same procedure above. The result is the same obtained in the general D—di-

mensional case if we observe the decoupling of holomorphic and anti-holomorphic

sectors,
B (21,71) 62 (22,5) 3 (23,53)) = C13 x
1321, 21) %2 122, 22) &3 (<3, 23 thy—hs ~hi+hsthy hy—hy+hs
212 223 231
1
X . (2117)
—h1+h2 h3——]’11+h3+h2—]’11—h2+h3
212 223 231

The four point function (and beyond) are not completely constrained as we saw before,

and we will not discuss them further.

Let us now translate the Ward identities. Considering D = 2 we have

O (Th (%) Xeyegecn) = Z 6@ (x —x;) ¥, (Xeyegcn) (translation)
et <TP‘V Xflcz Cn> = —i Z 5 x - xz Si <Xclcz cn> ’ (I'OtatiOIlS)
<T;;‘(x)xclcz---cn Z 5 x - xz <Xc1c2 c,,> ’ (scale)

where s; is the spin of the field ¢.,°. We may now rewrite them in conjugate coordinates,
that is, we need to rewrite the delta functions and the components of the energy-
momentum tensor in the complex setting we are working on. The delta function can

be represented in conjugate coordinates as®

52 (2,7) = %azé _ %a%. (2.118)

> In two dimensions we can write the rotation group generators as S;V = s;€yy, with s; being the spin

of the corresponding field.

6 A discussion about this representation is on appendix (A.1).
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The energy-momentum terms can be rewritten as

0uTy =2(0:Tey + 0:Tzy),  Th =2(Tez + Tz) - (2.119)
Plugging this into the identities,
n
1
270, <TZzXc1c2...c,,> + 270z <Tszc1c2...cn> = - Z afz — Z(J'awi <XC1C2--~Cn> ’ (2.120)
i=1 i
n 1
27'[82 <TzZXclc2...cn> + 27‘[82 <TZX0102...CW> - — Z azz — W'awi <XC1€2~~Cn> 4 (2'121)
; 1

n
2 <(sz - TZZ) Xclcz...cn> = - Z 5(2) (Z — Wi,z — wi) 5; <Xclcz...cn> ’

(2.122)
n
2 <(TEZ + Tzf) Xclcz... Z 5 wl/ wz) A <XC1C2 cn> .
i=1
(2.123)

Summing (2.122) and (2.123), and subtracting the result in (2.120), we obtain the first
expression below. Also, subtracting (2.122) from (2.123), and subtracting the result from
(2.121), we get the second relation:

1 h; 1
oz [27{ <Tszc1c2...cn> - ZZ‘{ (azZ _Zwi - aEZ — wiawl) <XC1C2...C;4> =0,
N _ Z (2.124)
L, 1

n
0z [27{ <TEXC1C2...C,4> - Z (az_ — — Oy —— aw,) <XC1C2...C;4> =0,

i—1 Z — Wi Z — Wi

where we have introduced the conformal dimensions (h, 1), which is only well-defined
for primary fields. In order to get rid of 277 terms, we consider a renormalized energy-
momentum tensor

T=-2nT,, T=-2nTsz (2.125)
Explicitly applying the derivatives in (2.124), we get
n h 1 ]
% | TXaacamen) = 1| 2 wi)z o0 | Kagee)| =0 (2129
. S
- [{(TXeyepcn) — Z ( 5+ 00— awi> (Xerer..cn) | = 0. (2.127)
— wl) Z— wl ]

Recalling our discussion about holomorphic and anti-holomorphic functions, we know
that (2.126) must be a holomorphic function, and (2.127) a anti-holomorphic one. There-

fore, up to a regular (anti-)holomorphic function (F)F, the following must hold

(z —w) Z—w

1 h; 1
<TXC1C2~~Cn> = 2 ( : 7+ oz w awi) <XC1C2--~Cn> +F (Z) ’
(2.128)

<TX61€2~~Cn> = Z <(_ _ + 0z T awi) <XC1C2~~Cn> +F (Z)

Z— ;) Z—wi
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One should notice that both expressions were derived upon the requirement that X is
a string of primary fields. Suppose we are considering an arbitrary local field ¢. If ¢ is
primary, then its correlation function with the energy-momentum tensor must satisfy
the above expressions, otherwise ¢ is secondary. Additionally, for primary fields, the
structure of quadratic singularities in (2.128) provides us the conformal dimensions
(h,I). So we can use (2.128) to decide whether or not a arbitrary field is primary, and
what are its conformal dimensions. Therefore, (2.128) can be simplified further. The
regular functions can be left out in this analysis, and looking only on what is inside

correlation functions, the following structure is noticed:

n .
TXeiepmcn ™ 1_21 ((z —hlwz-)z + 02— —1w1~ aw,.) Xerconcn (2.129)
That is, the product of T and X,,...c, is being decomposed by an expansion consisting
of singular complex coefficients c;(z — w;) multiplied by regular operators. Such expres-
sion is called operator product expansion (OPE), and we always understand them
within correlation functions. Considering two arbitrary local operators A and B, their
OPE is given by

A(z,Z)B(w, @) =Y _ci(z — w,z — ) O;(w, W), (2.130)
i
where c;(z — w,z — w) are the singular complex coefficients when z — w and z — @,
and O;(w,w) are regular operators. Let us see some examples on how to calculate
OPEs.

Free Scalar Boson

Consider a massless real scalar field described by the action
s=1% / 229,00 g, (2.131)

where ¢ is a normalization constant. Usually we redefine the field to absorb this factor,
so it is not a relevant constant. However, will be convenient to insist on keeping it
because when ¢ is compact, the g factor cannot be absorbed (we will discuss this
in detail next section). This example is actually one of the most simple in conformal
tield theory, where the canonical energy momentum tensor is already symmetric and

traceless:

T, = g(9" ) (dv) — %55’ (0:9) (3% 9). (2.132)
The two-point correlation function (or the propagator) K(x, y) will be such that

—gViK(x,y) — 5@ (x—y), (2.133)
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where V2 is the Laplacian acting on the coordinate x. The propagator is also translatio-
nal and rotational invariant’, K(x,y) = K(r) with r = |x — y|. Integrating the above

from the origin tor,

r dK dK
_2mg /0 dp 9, <p%) = —2mgri = 1. (2.134)
Integrating once more, we obtain the two-point function
1
K(r) = “ong Inr + cte. (2.135)

We can write it in conjugate coordinates,

(0(2,2) ¢ (w,B)) = —% In (z — w) + In (z — @)] + cte. (2.136)
At this point we can already conclude that ¢ is not a primary field. We have discussed
earlier that the two point function of quasi-primary fields is fixed, up to a constant, to
be like (2.116) — a power law in the relative coordinates, where the holomorphic and
anti-holomorphic sector are decoupled. However, the correlation function we found
is not a power law, so the scalar field ¢ cannot be quasi-primary, and therefore it is
not primary. On the other hand, we see that taking holomorphic (or anti-holomorphic)

derivatives,

1 1

R (2.137)

(020 (2,2) 0w (w, W) =

the structure of quasi-primary fields appear. If fact, we can show that d¢ is a primary

tield. Notice that the holomorphic component of the energy-momentum tensor is
T(z) =—-2mg:9¢(z)d¢p(z):, (2.138)
where the normal ordering

199 (2) 9¢ (2) : = lim (d¢ (2) I¢ (w) — (99 (2) 9g (w))) - (2.139)

must be introduced to get rid of divergences due to the multiplication of quantum
fields at the same point, and we have shortened the notation d¢(z) = 9.¢(z,z). The

product we are looking for is

T(z)0w@(w) = —27g : 09 (z) 09 (2) : dp(w). (2.140)

At this point we can use Wick’s theorem (assuming a calculation within correlation

functions), and therefore

T(z)0p(w) ~ —4mgde (z) 0 (w) d¢ (z) . (2.141)

7" One see this by applying these transformations on (2.25). For translations, ¢'(x +a) = ¢(x) and
therefore (¢(x +a)p(y +a)) = (¢(x)¢(y)).
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Using that the contraction coincides with the propagator (2.137),
T (2)dg (w) ~ 2PE)_| (2.142)
(z —w)
This is not entirely at the form of an OPE, but if we simply expand d¢(z) at w,
Ip (w) | P (w)
T (z)dg (w) ~ + 2.143
L R (2.143)

is on the expected form. Therefore, d¢ (and its anti-holomorphic counterpart) is a

primary field with conformal dimension & = 1. We can also determine the OPE of

the energy momentum tensor with itself,
T(2)T(w) = (278)* : 99(2)dg(z) :: d(w)dp(w) :
~ (2g)? (43p(:)09()2g(z)dg(w) +20p(:)0p ()0 (2 ()

1 _Ang:d¢(z)de (w) :
2(z—w)? (z —w)? '
(2.144)
Expanding at w and using the fact that T (w) = —47g : 9%¢ (w) d¢ (w) :, we obtain
1
T(Q)T (w) ~ L2 2@ | 9T (@) (2.145)
(z—w)" (z—w) z—w

Hence, the enery-momentum tensor OPE has an anomalous quartic singularity mean-
ing that it is not a primary field. In the next example of the free fermion, we will see
that the corresponding OPE of the energy-momentum tensor with itself has the same
structure as the above.

Free Fermion
Let us consider the action for the free Majorana fermion
s=1% / Px ¥ 000, ¥, (2.146)
where the matrices ¥ are generators of the Clifford algebra
Yol + oyt = 28", (2.147)

and the Majorana fermion is represented as

¥ = (g) = (y 7). (2.148)

It should be noticed that the bar on the components of the spinor stands for the anti-
holomorphic component, and should not be confused with the Dirac conjugate. For

the two-dimensional Euclidean metric, we have in the Dirac representation that

o (01 (0 —i
7—(1()), 7-(1, o)' (2.149)
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Then, we can explicitly write the action as
. g — wt 5 0 . g/ o = - —
S= > /dzdz‘l’ ( 0 3 > Y = 5 dzdz (1p8¢+ ¢a¢) . (2.150)

The equations of motion are 9 = 0 and 0y = 0, simply meaning that the (anti)holo-
morphic component is a (anti)holomorphic function. The propagator K will be such

that
5 0 Kzz KZE .
\o 2 Kz, Kz |

Using the delta Dirac representation in conjugate coordinates, the solutions can readily

O NI

O 2 — P
! > 6 (z —w,z —w). (2.151)

be derived,

11
C2mgz—w

 Ke= (3 2)pw,m) =

C2ngz—w’
(2.152)
and the remaining functions are null, K,z = Kz, = 0. Before we calculate the OPE with

Koz = (9(2,2)¢(w, @))

the energy-momentum tensor, it is useful to notice that

- _ 1 1 _ _ 1 1
(09 (z,2)¢(w,w)) = gz —w)? (09(z,2)99(w,@)) = g Gz—wP
(2.153)
The energy momentum tensor is given by
T = iB Y — gl (2.154)
v = aay"fl v Suv k- .

Considering holomorphic components j = v = z, we have that

T(z) = —mg:P(z)oy(z) : . (2.155)

Therefore,
T(2)p(w) = =78 : P(2)99(2) : P(w)
S (2.156)
~ — gy (2)p(w)p(z) + 71gyp(z)p(w)oy(2),
where we have taken into account the fermionic statistics to flip signs when needed.
Using the correlation functions we calculated earlier, and expanding at w, we obtain

T(z)p(w) ~ %(;P_(u;)))z + ilp_(u;]), (2.157)

concluding that ¢(w) is a primary field with conformal dimension h = % We can

calculate the OPE of the energy-momentum tensor with itself, obtaining

1/4 2T(w) 9T (w)
C—wi G—wlz—w’

(2.158)
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and again we conclude that the energy-momentum tensor it is not a primary field

because of an anomalous quartic singularity.

One should have noticed that the above expression is very similar to the one we
obtained in the case of a free boson, the only difference being the constant coefficient
in the anomalous contribution. In fact, we can argue that in a general CFT the structure
of T(z)T(w) will have a model-dependent constant ¢ in the quartic anomaly. This
constant is called the central charge, and it is 1 for the free boson, and 1/2 for the free
fermion. Notice that in two dimensions the energy-momentum tensor has scale dimen-
sion A[T),] = 2, since A[T},] = [£]. Then, by consistency, all terms in the OPE of T(z)
with itself must be of the form

O;

where the scale dimension A[O;] = 4 — i. Particularly for i = 4, O; must have zero
scale dimension, and then, it must be a constant. Of course, we are considering only
operators with positive scale dimension, because in a unitary CFT there are no operator
with negative scale dimension. This will become clear when we introduce Virasoro

algebra and study the consequences of unitarity in the next chapter.
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CHAPTER 3

Canonical Formalism

3.1 Radial Quantization

The canonical formalism in the Hilbert space breaks Poincaré invariance, and
then, one needs to choose a reference frame. In other words, we need to define space
and time axes. However, does not seem to have a natural choice in an Euclidean
signature, where time and space are somewhat indistinguishable [5]. Let us consider
a cylinder of circumference L with time coordinate running along —cc < t < o0 and
the space coordinate compactified x ~ x 4 L, as the illustration below. This coordinate

Y
N

N

~N >
Z

Figure 1 — Coordinate choice on the cylinder.

choice is natural from a string theory perspective, where the world-sheet of a closed
string in Euclidean coordinates is a cylinder [6]. Then, any point in the cylinder can
be identified by a complex number ¢ = t + ix. In fact, we can map the cylinder to the
complex plane by a conformal map defined simply as

C — 7z = eZTnt . e%x. (31)
In complex notation it is clear that |z| = et and arg(z) = 2mx /L. We can picture this
conformal map as if we had opened the cylinder inside out. The origin corresponds to
an infinite past time, and for each time ¢, we map the space coordinates to a concentric

circle around the origin of radius |z|, see the figure below.

3.1.1 Quantization

The quantization procedure of a field theory whose base space is conformally
mapped to radial coordinates is called radial quantization. This procedure shows us
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g N
___________ N

T

v

Figure 2 — Conformal mapping with « = 27/L.

quite clearly that conformal field theories exhibit a bijection between states and opera-
tors, fact that is somewhat obscure by the usual quantization method [5]. Also, by this
radial map, we can use all the machinery of holomorphic functions, since we get back

to the complex plane.

We can already appreciate some immediate implications of radial quantization.
Notice that time translations are equivalent to scale transformations. Performing a time
shift t — t 4+ a, we see that

2 27ti 27
z=elt. e o172 (3.2)
Hence, we can expect that the Hamiltonian, which generates time translations, must
be proportional to the dilatation generator. Similarly, the momentum operator, that

generates space translations, will be proportional to the rotations generator.

Let us start by assuming the existence of a vacuum state in the free theory
(whose Hamiltonian is a bilinear function of the quantum fields). We can strictly define
creation and annihilation operators by their action in a chosen basis of the Hilbert
space. However, we have not introduced a basis yet. So we proceed equivalently defin-
ing annihilation operators as those annihilating the vacuum state, and the creation
operators as their adjoint [7]. We also consider the same Hilbert space in both free and

interacting theory, and define asymptotic free primary fields ®;, as satisfying
(@|@in|B) = lim (a[P(z,Z)[B), (33)
z,2—0
for any states |a) and |B)!. We can also define asymptotic states as
(@) = lim (z,7)|0), (3.4
z,z—0
where |0) is the vacuum state [5]. In order to introduce out asymptotic fields and states,

we need to describe how the hermitian conjugate is implemented in this quantization

approach.

1

See [7] for a detailed discussion.
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3.1.2 Hermitian Conjugate

In an Euclidean space, the hermitian conjugation flips the sign of the time coor-
dinate t = ix? —+ —t. Considering radial coordinates, this is reflected as

ot inx —at inx 1

1
z ="' — e Me'™ = — = =, (3.5)
ettpo—iax 7z

and also z > 1/z. Notice that one immediate implication of this change in sign is
|¥in)" = lim (0] [@(z,2)]". (3.6)
z,z—0
As we just discussed, coordinates are also conjugated, hence

%)t = Lim (0]@'(1/Z,1/2) = lim (0|®* (¢,¢), (3.7)
z,z—0 &E—o00

where we change variables ¢ = 1/z and & = 1/z. To find a consistent prescription, we

assume that hermitian conjugation must be of the form

ot (5T =c(E0) @ (60), (3.8)

that is, a complex function c times the original field calculated at the conjugated coor-
dinates. One could consider a more general form, but this linear choice is already
sufficient. In order to fix this complex function, see that |¥;,)" is actually an asymptotic

out bra state,
(@out] = lim (0] (¢,). (3.9)
¢,0—o0
Then, given that the transition amplitude between in and out free states must be finite,

(@l = Tim (010" (2,2) @(2,2)]0) =
&,C—00
= lim ¢(58) (019 () 2( )0},

C,E—mo

(3.10)

we need to choose a function ¢ such that the above limit exists. Notice that inside the

given limit, we can assume a correlation function

<(Dout|cpin> = leill}o c ((;KIE) <QD (6/6) CD(Z/Z»/ (3-11)

gL—e0

since the fields are already time-ordered, one is associated with an infinite past time
and the other with an infinite future. Using the fact that @ is a primary field (2.116),

I c(&¢) IR (3]
(Pout| ) = € g??o C— G- Ceite 2 (.12)
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Therefore, choosing ¢ (¢, E) = CZhEZh, the transition amplitude becomes a finite constant
(Pout|Pin) = C, (3.13)

and the prescription for the hermitian conjugate is

o' (,8) = 20 (8,7). (3.14)
3.1.3 Mode Expansion

Now that we have defined the quantization procedure, let us consider the mode
expansion of the primary field @ as the Laurent series

O(z,z) = Y ", (3.15)

mmneZ

where the expansion coefficients are given by
Dy = ]{ dzzmth-1 1 f dz 71 (3.16)
" 2mi Je 2mi Jc . '

Notice that we added conformal weights (/, 1) on the expansion. This is because primary
tields transform from the plane to the cylinder by a factor of Zh7". As we discussed, z =
e*® maps the cylinder to the plane, so the inverse mapping is given by ¢ = (1/a)Inz.
If @ is primary with conformal dimensions (h, 1),

o gae\ T (ag\ " hzh
q)cylinder (Cr C) = (d_‘g) (d_g> q)plane (Z, f) = %q)plane (Z/ Z) : (3-17)

These factors are also important in the context of hermitian conjugation. In the real

surface (z* = z), the hermitian conjugate is

ot(z,z)= Y T ket (3.18)

mmnez

On the other hand, using our prescription,

ot(z,2) =z P2 Yo(1/2,1/2) = Y T e, (3.19)

mmneZ

Therefore, both expressions are compatible when
D} =P, (3.20)

showing that the choice of conformal weight in the expansions also ensures this known

expression for hermitian conjugation.
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Upon radial quantization, the expansion coefficients ¢, , become operators in
the Hilbert space such that in and out states must be well-defined. Notice that using

the mode expansion,
@) = lim (z,7)|0)
z,z—0

ok ,
= lim Y Y zmhrhe,,|0) (3.21)

2220 o ne=—oo

e} o] —
+1lm Y Y zmhrmthe, o).
z,z—0 =~
m=—h+1p=—p41
The second sum above is clearly divergent, because it contains negative powers of z
and z. Therefore, we need to impose

@pn|0) =0, if m>—handn > —h. (3.22)

In the following we would like to explore the conformal algebra in the Hilbert
space and what are the properties of its generators when acting on quantum states.
Two results are fundamental to carry this discussion: the conformal ward identities,

and the relation between OPE’s and commutation relations.

3.1.4 Radial Ordering

In the radial quantization scheme, time-ordering operators become radial order-

ing operators defined as

D1 (z) Dy (w), if  |z| > |w|

. (3.23)
DOy (w)Py(z),if  |z| < |w|

R (@1(2)P2(w)) = {
That is, within radial-ordering the operator associated with the smallest module acts

tirst. For fermions we have yet a sign due to permutations,

¥ (2)¥(w), if  |z| > |w|

: (3.24)
—Y(w)¥(z),if  |z| < |w]|

R (11(z)¥2(w)) = {
One important remark about this radial-ordering: when calculating OPE'’s previously,
we always considered expressions within correlation functions, which are time-ordered.
Therefore, if we want to make use of these expressions in an operational sense, the

radial ordering |z| > |w| must be understood [5].

The conformal Ward identity is an elegant and simple form to write all Ward
identities into a single expression. We will not only introduce it for the sake of simplicity,
but written that way, the identity will provide us a mean to define conformal charges,
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and find the Virasoro algebra. Notice that by an infinitesimal conformal variation ¢,
the following holds

du(€,TH) = €0, TH + 9,6, T + 0,6, T, (3.25)

where the round brackets indicate symmetrization, and the square brackets indicate

antisymmetrization. Using the charactering equations (2.41,2.42), we know that

1
d(u€y) = E(aae“)glﬂ,. (3.26)

Furthermore, the antisymmetric part can be rewritten as
den = Letba 3.27
e = 5 uepe, (3.27)
leading (3.25) to
1 1
0 (e, TH) = €,0, TH + E(aae“)Tﬁ + Es"‘ﬁaaeﬁszV”. (3.28)
Notice now that if we consider a constant variation €, the above simplifies to
a’,{ (evTVV) — evayTyV, (3.29)
and integrating this expression within a correlation function,
/ 219, (e, T X) = / d2xe,d, (TX), (3.30)
M M

the right-hand side can be identified by the Ward identity (translation) to be
/ d?x €,0, (THX) / d*xe, Z 52 (x —x7) 9} (Xeyep..cn) - (3.31)

Taking M as the region containing all the points x; of the fields in the string X, we can

calculate the integral above,

n
/M d2xe,9, (TVX) = — Y €,0" (Xeyey..cn) = e (X)), (3.32)
i=1
where we have used the definition of variation for correlation functions (2.33) in the
last step. The same argument holds for the divergence term and for the curl term in
(3.28). So comparing (3.32) with (3.30), all Ward identities can be written as

5e (X) = / Px 3y (e, TX) . (3.33)
M
Applying Gauss theorem (A.2),

/M 219, (e, T X) = % f;, ; [z (e,T%X) — dz (,TX)] . (3.34)
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However, by the (scale) Ward identity, (T**X) and (T**X) contribute only at the points
of the string X, which are within M and not over the contour d M. Hence, we may write

2 uv — 1% = [/ ~_TZ22 _ ZZ
/Md X0 (@TX) =2 ¢ [z (eT%X) — dz (e.T7X) | (3.35)
Or, using the following definitions,

€ = €7, € =¢%, T = —2nT%, T = —21T%, (3.36)

we obtain the conformal Ward identity,

1 = 1

c(X)=-—¢ dze@) (TEX)—~— ¢ d T(z)X). 37
g (X) = 5§ 426(2) (TEX) ~ 5= § dze(@) (T(@)X). (337

Let us investigate now how we can relate operator product expansions with
commutation relations. Consider the integral

?i] dza(z)b(w) (3.38)

over a positive loop around w, with a(z) and b(w) being holomorphic local fields. We
know how to understand product of operators within correlation functions in terms
of OPE’s, and in this context the integral will have singular contributions at z = w,
and must be also radially ordered. However, parametrizing this integral as a circle
centred at w is not convenient, because the path of integration does not capture the
radial ordering explicitly. It would capture if we reparametrize it with circles around
the origin, where the conditions of whether |z| > |w| are obvious. Notice that possible
singularities in the OPE are poles, and hence the integral is path independent if the
region enclosed contains w and no other singularity (see the residues theorem [8]). Let
Cjw|—e and Cjy|4¢ be two circles around the origin, C and C’ be paths defined by the
illustration below.

See that the integral over C’ vanishes if there are no singularities in its enclosure.
Therefore, the integral over C can be written as

%Cdz a(z)b(w) = %CJFC’ dza(z)b(w). (3.39)

On the other hand, C + C’ is equivalent to Clw|+e + Clw|—e, because contributions of
C + C’ between the circles are opposite and cancel out. Furthermore, we generally
think of OPE’s inside correlation functions with multiple local fields. It can happen
that some other field have a singular OPE with a(z) at a point w’ , for example. So in
order to mitigate this issue, we take the limit of € — 0. Taking into account the radial
ordering explicitly now,

?idza(z)b(w) = llg(l) []{C dza(z)b(w) _j{

A dz b(w)a(z)] : (3.40)

|w|+€e |w|—e
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Figure 3 — Reparametrization of the loop integral around w.

The minus sign is due to the change of orientation (from clockwise, to anticlock-wise).

The right hand-side can be defined as a commutator,

[A,b(w)] = lim [7{:

e—0

dza(z)b(w) — j{

2 dz b(w)a(z)] , (3.41)

|w|+e |w|—€

where the operator

A= ]{ dza(z). (3.42)

Because we are taking the limit of € — 0, the commutator is, by definition, an equitem-
poral one. As we have mentioned, the integral we started with can be understood (and
in fact, calculated) if we consider the OPE of both local fields a(z)b(w) and use the
residues theorem to evaluate each singular contribution. Therefore, we conclude that
commutators are closely related to OPE’s, because the integral defining the commutator
is precisely the integral of the product a(z)b(w).

3.2 Virasoro Algebra

As we have mentioned, the conformal Ward identity will help us define the
conserved charges which will lead us to the quantum conformal algebra, the Virasoro

algebra.

Considering a field @, the conformal Ward identity implies

(@) =~ f &2 (Te(@)0w) = —((Q @), (343)

2711

where we have defined the conformal charges

Qe = % ﬁdz T(z)e(z). (3.44)
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These are the generators of the symmetry transformation €(z). Now, by expanding the

components of the energy-momentum tensor,

1
—n—-2 n+1
- Ly,  Ly=-—— 7401 T(z),
Z Z n n 27T Zz (Z)

nez . (3.45)
zZ) = Z Zin72Zn, Zn —_ — dZ Zn+lT( )
nez 27

and also expanding the symmetry transformation parameter ¢,
1
=Y Z"tle,, € = — %dz " le(z), (3.46)
271
nez
we see that the conformal charge can be written as
Qe =5 ?{ dz Y 2" 2L, = ) L (3.47)
7 mmneZ nez

For the last step, notice that
74 22" = 271i6 . (3.48)

Therefore we conclude that the Fourier modes of the energy-momentum tensor also
expand conformal charges, hence these modes are the generators of the local conformal
group. The algebra of these modes are called Virasoro algebra, which we will derive in

what follows. Using the relation between commutators and OPE’s,

— dw w1 dz pian
Loy Ll = § 5™t § =2 T(@)T(2)

o fdw g [ dz c/2 2T(w) 9T (w)
~ hon L2 (z—w)4+(z—w)2+z—w '

(3.49)

where we have not considered regular contributions (their integral vanishes). Using

the residue theorem [8], we can calculate the integral over z obtaining

[Lnr Lm] = P 5=

d
02::1[

ﬁn(n —D(n+ D" 4 2(n + D" T (w) + w”+m+28T(w)} :
(3.50)

The first contribution can be integrated using (4.41), the second is proportional to L;, ;.
For the last one, see that integrating by parts,

dw n—+m+-2 n+m+1
027ria<w T(w fz (n+m +2) 0" " T (w) = — (1 + m + 2) Lpsn.
(3.51)
Plugging all together, the commutator becomes
c
Ly, L] = —=n(n 2 —1)0nympo + (n —m)Lyym. (3.52)

12
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Using the same procedure, we find that the anti-holomorphic sector satisfies
- C —
Ly, L) = En(n2 —D)épimo+ (n—m) Ly (3.53)

These relations are closed algebras in each sector, because the cross commutator vanishes
[Ly, L] = 0. (3.54)

We can realize this by noticing that the OPE T(z)T(@) ~ 0. In other words, T(z)T(w)

is a regular function. Recall the general definition of OPE,

A(z,Z)B(w, W) = Zci(z —w,Z —w)O0;(w, ), (3.55)

where O;(w,w) is a regular field. If A(z,z) = A(z) and B(w,w) = B(w) we can take
w — z and Z — W in both sides, obtaining

A(2)B(®) = Y ci(0,0)04(z,), (3.56)

which is a sum of constant coefficients and regular operators. Therefore, in general,
A(z)B(w) ~ 0. This result implies, by the algebra, a decoupling between holomorphic
and anti-holomorphic sectors of a conformal field theory, allowing us to simplify the
notations by only consider holomorphic dependencies, and easily restore the anti-
holomorphic sector when needed.

3.2.1 Hilbert Space

Usually in a relativistic quantum field theory we choose the vacuum state to
be invariant under global transformations [7]. In a conformal field theory, we will also
make this assumption [5]. Notice that if we impose the action of the energy momentum
tensor to be well defined in the vacuum state, particularly for z — 0,

li —n=2110) = |9, 3.57

lim ¥ =" *1,/0) = 19 (357)
one needs to choose

L0y =0, if n>-1, (3.58)

to avoid divergence. So we conclude that the vacuum state is invariant under generators
indexed by n > —1. For the case of n = 0,%1, the central extension terms vanish,

leaving the remainder Witt algebra, where ¢, ¢ L1 were associated with global transfor-

mations. By the means of this correspondence, Ly, L are related to global transforma-

tions, and therefore, the above expression (4.42) tells us the vacuum is invariant under

the global sector. Furthermore, taking the hermitian conjugate,

lim(0| Y z "L} = (y|. (3.59)

z—0 ne?
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The generators L, are Hermitian operators, so we must also assume
(OlL, =0, if n<-2. (3.60)

Making these both assumptions, the expectation value of the energy-momentum tensor

vanishes at the vacuum state?,

—2 00
2 Z—I’l—ZLn_|_ Z Z—TL—ZLn

n=—oo n=—1

(0[T(2)[0) = <0

0> =0. (3.61)

These are fundamental discussions in a Hilbert space of a conformal theory, given how

frequent the energy-momentum tensor appear in the conformal structure.

Another fundamental, and general discussion, is the creation of asymptotic
states by primary fields. We shall now consider this matter. If ¢ is a primary field,
notice that

(L, @(w, )] = ¢ Zd—;iz”HT(z)cIJ(w,w) =

_ [ Az h _ 1 ] _ (3.62)
B w27‘(iz {(Z_w)ch(w/w)—FZ_wa(D(w,w) —
=h(n+1Dw"®(w, @) + w"H1od(w, ).

First we considered the OPE of the energy-momentum tensor with a primary field, and
then used the residues theorem to calculate the integrals. Particularly if n = 0,

[Lo, ®(w, )] = h®(w, @) + wod(w, D). (3.63)

Considering the origin w = W = 0 and acting the above upon the vacuum state,
Lo®(0,0)]0) = hd(0,0)|0), Lo®(0,0)|0) = hd(0,0)[0), (3.64)

where the later is obtained by the same way than the former. Therefore, the state
|h,h) = ®(0,0)|0) (3.65)

is an eigenstate of the Hamiltonian (which is proportional to Ly and Ly), called the

primary state. Furthermore, if n > 0, we verify that

[LH,CD(O,O)“(D =0 = Ly

h,z> —0, (3.66)

which indicate that these are ladder operators. In fact, considering the Virasoro algebra

for n,m = —n, the following commutator holds

Ly, L_y] = nL_,. (3.67)

2 These results are completely analogous in the anti-holomorphic sector.
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This is precisely a ladder algebra, where L,, n < 0 are lowering operators, and L, n >

0 are raising operators. Considering an iteration
L*lesz ...L,kn|h> X |h—|—N>, (368)

wherel <k; <ki+1fori=1,...,nand N = k; +...k;. See that an specific ordering

was fixed, but we can use the Virasoro algebra and consider another one, for example

Lk,'-i-lLki = [Lki+1/ Lkl] + Lk,'Lk,'-‘rl

= Lok, +1 + Li; L, +1-

(3.69)

The states defined by the iteration are called descendent, and N is their descendent
level. The set of all descendent states constitute a module in the Hilbert space, the
Verma module, which constitute an irreducible representation of the Virasoro algebra
[5]. Once we have determined the spectrum of primary states, the spectrum of the
whole theory can be determined [9]. Here we will not explore further these matters,
and we will now turn ourselves to the problem of the free boson on the cylinder.

3.3 Free Boson on the Cylinder

Let ¢(x,t) be a free boson taking values on a cylinder of circumference L, with

periodic conditions ¢(x + L, t) = ¢(x, t). Consider a Fourier expansion,

— Z eZm’nx/L(Pn(t)’ (3.70)
nez
where the modes are given by
on(t) = %/dxe_zﬂi”x/L(p(x,t). (3.71)
The action for this theory is
= %/dzx 0, o' = ‘%/dzx [(atq))2 - (ax(p)z} . (3.72)

In Fourier modes, the derivatives in the Lagrangian become

atq’ Z g2mix(mtn)/ (Pm( )@n(t),

mmnes.

9 2 27tix(m+n)/L @ ? .
(0x)” = Z e 7 m -1 @u(t)pu(t).

mmneZ

(3.73)

Therefore, the Lagrangian can be written as

=8y [qbn(t)qo_n(t)— (2%) w(t)qo_n(t)], (3.74)

nez
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where the following integral was applied
/ dx 2L — 15, (3.75)

In order to consider the canonical formalism, we need to introduce the Hamiltonian
operator and consider the canonical commutation rule. Notice that the conjugate mo-

menta of ¢, is given by

oL gL
IT, = 3om > P-n- (3.76)
These conjugate variables satisfy the equitemporal commutation rule

[@n(£), T (t)] = im,n, (3.77)

and the Hamiltonian for this theory is

) 1
H=Y Tagn—L =5 [nnnfn + (27Tgn)2(pnqo,n} . (3.78)

nez 8t nez

See that this is the Hamiltonian for a system of decoupled harmonic oscillators, whose

frequency is determined, by comparison, to be

%gw% = ZgLL(Zﬁgn)2 = wy = 2T7T|n| (3.79)
Notice that this frequency vanishes for n = 0, and therefore the zero mode do not
appear in the Hamiltonian. This is due to the absence of a mass kinetic term, and
implies in a conserved charge 11y, that commutes with the Hamiltonian. On the other
hand, if one consider such mass contribution, conformal invariance will not hold, and

hence this conserved charge and its implications are exclusive to the massless theory.

Let us now diagonalize the Hamiltonian by introducing creation and annihilation

operators
i = Qrglnlpa + 1), @ = ————(2mglnlp_n —iTLy),  (3.80)
n— = — n —n)s - -n — n)s .
VArng|n| " Angn]
satisfying the usual algebra
[@m,ah] = 6w, [Am,an) = [af, af] = 0. (3.81)
We see that the Hamiltonian becomes
1 T
H= 2g_LHg +T n;) n|(anal +alay). (3.82)

Notice that we can absorb the |n| factor in the summation above if we consider the
operators

—iv/na,, if n>0 ~ —iv/na_,, if n>0
by = { vina b { Vi (3.83)
1

7 n — .
iv/—na',, if n<0 iv—nat, if n<0
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Their non-vanishing commutation relations are

[bn, b = 16y+mo, if n>0andm <0,

SO ’ (3.84)
(b0, bin] = 16y1m 0, if n>0and m < 0.
Rewriting the Hamiltonian in terms of these operators,
1
b_,b, b b .
H= ol 24 % ( + ) (3.85)
It is easy to check that a ladder algebra is satisfied,
2
[H,b_,] = Tnnb,n, (3.86)

meaning that if we apply b_, to an eigenstate of the Hamiltonian with energy E, the
resulting state is still an eigenstate, but with energy E + 27tn/L. Therefore, b_, are

usually called raising operator if n > 0, and lowering operator if n < 0.

Now we can also write the field expansion in terms of these operators, and use
the Heisenberg equation to derive the dynamics of ¢(x, t). Notice that
i ~
P = (bn . b_n) . Wn 0. (3.87)

ny/4ng

Then, at t = 0, the field expansion becomes

9(x,0) = 9o(0) + ¢i?g by L (ba(0) ~bu(0)) &7 (3.89)

The Heisenberg equations will be,

dpg 1 db 27 db 27i ~
90 _ 2y, bn _ _2m —n _ 27 3.89
T R T L g =g e 38

Integrating these equations (recall that Il is a conserved quantity),

t . .
(Po(t) = (PO(O) + EHO’ bn(t) =b, (O)e—Zmnt/L, b_n(t) — b_n(o)eZmnt/L,
(3.90)
we solve the time evolution of the field:

t ,
@(x,t) = ¢o(0) + p2min(x—t)/L _ b_n(o)eZHIn(x+t)/L .
\/47'( n;{) [ ]

(3.91)

It will be convenient to have this expansion written in conjugate coordinates, which
means inverting x(z,z) and #(z,z) . See that considering the conformal mapping in an

Euclidean time prescription (f — —iT),

7 = 2n(r=ix)/L 7 _ p2r(r+in)/L (3.92)
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which inverts the exponentials in the expansion. Furthermore, if we multiply these last
two, only a function of T = it will remain. Inverting this function,

iL
b= ~in In(zz). (3.93)
Plugging all this together,
i i 1 ~
,2) = @o — — In(zz)11 — bz " —=b_yz "|. 3.94
¢(z,2) = ¢o Irg n(zz)ITp + \/%1;)71 [ nZ nZ (3.94)

From our previous discussion, we already know that ¢(z,Z) is not a primary field, but

its derivative is. Looking only into the holomorphic sector, we see that

i9g(z) = Y bz, (3.95)

1
V 47Tg nez

where we have defined by = I1y//47g.

We, then, finish our discussion on how to structure and solve the free boson on
the cylinder as an example of a conformal quantum field theory.
3.3.1 Vertex Operator

There is yet another interesting feature we can explore at this level. The scale
dimension of the free scalar field vanishes in two-dimensions, and hence, powers of
the free scalar field do not introduce scale to the theory [5]. An operator of particular
interest is the vertex operator, defined as

Va(2,2) =: 697 (3.96)

The normal ordering must be understood as
Vu(z,Z) = exp (izx(po + 2 Y = [ nZ”]) X
V 47Tg n>0 "
o« o
X —IIp — - b,Z"| |.
o (g™~ g B 1o 57))

That is, we can understand this normal ordering as a decoupling of creation and anni-

(3.97)

hilation operators. This operator is a primary operator, as we will argue next.

Recalling that T(z) = —2mg : d¢(z)d¢p(z) : is the holomorphic component
of energy-momentum tensor, we need to find the OPE of the product T(z)V,(w, ).
Notice that

39 (2)Ve(w) = io () op(2) : (p(aw, )"
- il(l:z) “ndp(z)g(w, ) (p(w,m))" " (3.98)
~ _L & “(wlw)/
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where the Wick contraction was obtained by deriving once (2.136). Therefore,

T(z)Va(w, @) = —27Tg'84>( )a(p( ) 2 Va(w, W)

—\\n—1

~ =278 Z nafp m(w ) : (p(w,w))

Z 2 . (3.99)
—27g ;%n(rz -1) (BW)Q(W,@)) (o(w, @) 2

0% Vo(w, @) 9y Vy(w, )
7 T ‘
8mg (z —w) z—w

and we conclude that the vertex operator is a primary field with conformal dimension
h=ua2/ 87tg. This vertex operator seems to describe a fermion. A hint of this fact can be
already appreciated if we calculate the OPE of vertex operators, which we will discuss
in what follows. In the appendix we have derived an identity for vertex operators

defined for an harmonic oscillator,

cefl s refn = et An L oRici(Aid)) (3.100)
where each A; = aja + ﬁja+ is a complex linear combination of creation and annihilation
operators. The boson we discussed in this section decomposes itself into a set of decou-

pled harmonic oscillators, and therefore

NP1 - pPP2 . L o091 ,BP2 . aB(P192) (3.101)

In terms of vertex operators,
Va(2,Z2)Vg(w, W) ~ (z — w)Z“ﬁ/4”gVa+[;(w, W). (3.102)

(Recall that the radial ordering |z| > |w| ought to be understood in OPE’s.) The above
expressions hold for a general correlation function with an arbitrary string of local

fields. However, we know that for the case of a two-point correlation function of primary
fields,

C

P(z)P(w) = CEEE

(3.103)
Because the vertex operator is primary, conformal invariance constrains § = —a in
such a way that non-vanishing contributions of the two-point function of vertex opera-

tors are
Va2, 2)V_n(w,@) ~ (z — w)~20°/478 (3.104)

Notice, then, that just as the two-point correlation function of the free boson and the
free fermion captures the statistics of each, the above two-point function seems to

capture a fermionic statistics, when we exchange z and w, a negative sign appears.
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The implementation of the vertex operator is fundamental in the conformal
theory. We will now show that the index a used in the definition of the vertex operator
is actually indexing a set of vacuum states, with each state obtained by the action of the
vertex operator. We will also derive some interesting properties of the vacuum states
and study how we can systematically generate the tower of states, from the vacuum,
using the Virasoro algebra operator Ly.

Notice that the Hamiltonian of the free boson theory

1

_ 2
H=5r [Hnn_n + (27191)2 @ P—n (3.105)

nez

does not depend on ¢y, implying in the conservation of Ilj. In addition, both H and
Iy can be simultaneously diagonalized,

H|E,«) = E|E, a), IH|E, o) = «|E, ). (3.106)

Then, each « characterises a set of eigenstates of energy. For the eigenstate of energy
E = 0, we identify the vacuum states |0,a) = |a) and |0,0) = |0). Let us explore some
properties of these vacuum states. Using the field expansion (3.95), we can rewrite the

holomorphic energy-momentum tensor as

T(z) = —2mg: 0¢(z)d¢@(z) :

1 e 3.107
mmneZ
On the other hand, we have already seen that
T(z)= Y z " Ly, (3.108)
meZ
so comparing both expressions,
L —12-%; by : (3.109)
m — 2 . m—nvn - - .
nez
Particularly for m = 0,
1, — 1,, ~ -
Lo = 5bo + Y bopby,  Lo= EbO + Y b_nby. (3.110)

n>0 n>0

Here, it should be noticed that b, are annihilation operators for n > 0, and creation

operators for n > 0, so the normal ordering

Z cb_ub, = Z bbby, + Z :b_ub, =2 Z b_,b,. (3.111)

n=£0 n>0 n<0 n>0
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Now, see that the Hamiltonian

1, ~ =
) (3.112)
- (bg + 3 (bonbu+bibn) + Y 2n> .
n>0 n>0
Dropping the constant factor,
2 —
H= T”(LO +To). (3.113)

Then, as we have already argued, the Hamiltonian is proportional to the dilatation

generators on the radial quantization scheme.

Let us see how we can generate the tower of eigenstates of energy from the
vacuum |a). We have already concluded that asymptotic states |h) with a well defined
conformal weight & are eigenstates of Ly, (3.64). However, acting with the vacuum state
&) in (3.110),

2

Lola) = ‘% «), (3.114)

because by, is an annihilation operator for n > 0. Therefore, the vacuum states |«) also
have a well defined conformal weight i = a?/2. In fact, we can generate eigenstates of
energy by iterating creation operators,

BB B s ), ng,my > 0. (3.115)

These eigenstates have conformal weights
a? —  a?
h=Z 43 jn, b= +) jmj (3.116)
j j

To verify this we need to act L (and L) over (3.115). Using the expression (3.110) for
Lo, we see that by acts directly in (3.115), because it commutes with all the other creation

operators, obtaining

1 —my — 2 -
SOV BT L fn). = %bgbg LM w). (3.117)
However, it remains to calculate the contribution of
Y bonbab™ b B a). (3.118)
n>0

In order to do that, we use the algebra of these operators to pass b_,b, all the way to
the state |a). Notice that for n > 0,
[b—nbn/ b—m] = n(sn,ml
[bfnbn/ b2_m] = 2”(sn,mbfn/
(3.119)

[bfnbn, blim] — knén/mbli;ll,
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where one should recall that [by, b, is non-vanishing only when n > 0. Then, using
this algebra relation,

Y bonbab™ b BB fa) = Y by (B by b, B]) B BT a)
n>0 n>0
= Y Vbbb BB ) b BT a)
n>0
=Y b, BT L b bya) + Y b b" B a)
]

n>0

(3.120)

The first sum just above vanishes, because b, la) =0, remaining the expected.

As mentioned, the vacuum states |«) can be obtained by the action of the vertex
operator. Using the Hausdorff identity for constant commutator,

[B,e] = e?[B, A], (3.121)
when A = ixg and B = I,
[Ty, Va(z,2)] = aVu(z,2). (3.122)
Taking this relation at the origin,
ITpV,(0) = aV,(0), (3.123)
and acting on the vacuum state,
Ip (Ve(0)]0)) = a (V(0)[0)) - (3.124)

So in fact, V,,(0)|0) is an eigenstate of ITy.These states generated by the vertex operator
are annihilated by by, if n > 0. To realize this, we can use again the Hausdorff formula
for B = b, withn > 0,

b, Va(2,7)] = —“2_Vi(2,2). (3.125)

\V4ang

Therefore, evaluating at z = 0 and acting on the vacuum,

bV (0)]0) = 0, (3.126)

from where we conclude that V,(0)|0) = |«).



56

CHAPTER 4

1 + 1 Compactified Boson

Let us consider the compactified boson! ¢ : S! x R — S! with the action

S = ‘%/dzx 9, 9ol . 4.1)

There are three interesting facts we can already appreciate.

(i) As we mentioned, the constant g factor cannot be absorbed into ¢, because now
the field configurations must lie within the circle,

o(x+L,t) = ¢(x,t) +2mmR, 4.2)

where L is the circumference of the cylinder and R is the radius of the circle. If one
tries to incorporate g, the periodic condition above will capture it [10]. Then we

can already suspect that different g’s will somewhat describe different physics.

(ii) Another implication of the periodicity of ¢ is the restriction of additional fields
we can add to the action. Contributions like ¢" are not periodic, hence we shall

not consider them. However, terms proportional to cos ¢ or sin ¢ are periodic,
and allowed [10].

(iii) If we only consider the spatial coordinate dependency of ¢(x,t), we have for
each t a map of S' — S!. These maps are very well understood in the context of
homotopy groups, and exploring this further we can find topological configurations
of ¢ (the precise meaning of this concepts will be discussed).

4.1 Homotopy Group and Mode Expansion

In order to calculate the mode expansion for the compactified boson, we will
make a digression about the first homotopy group of S.

Homotopy groups are one of the main tools to study the topological structure
of spaces. They help us understand holes systematically, by considering equivalent
classes of loops that are continuously deformable into each another. Let us set these

11t should be notice that any boson whose base and target space are compactified is called a

compactified boson.
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notions precisely, and to simplify the discussion, we will always consider the circle S'.
Ifa:S! — Stand y: S! — S!are loops at a point xo € S!, then they satisfy

a(0) =a(2m) =x0,  7(0) =7(27m) = xo, (4.3)

where we have parametrized the circle with the angular variable. In fact, any mapping
of the circle is a loop. These loops are said to be homotopic if there is a continuous map
H:S' % [0,1] — S! such that

H(6,0) = a(0),  H(0,27) =(0), H(0,t)=HQmt)=x0.  (44)

The map H is called homotopy between « and 7y, and establishes a continuos transfor-
mation/deformation of the loop « to the loop y. Hence, when there exists no homotopy,
it is impossible to continuously deform a loop into another. It is interesting to define H
because "« is homotopic to y" (which is denoted by a ~ %) is an equivalence relation

[2]. More precisely, because ~ is an equivalence relation, it holds the following

1) a~a
(ii) if « ~ v, then ¢ ~ «;

(iii) if e ~ Band B ~ v, thena ~ 7.

This equivalence relation defines classes of equivalence containing loops that are homo-
topic to one another. The set of all this classes of equivalence equipped with a product
of loops is the first homotopy group. Here we will not construct this product explicitly,
but we will consider an important result about the first homotopy group of the circle,
which we denote by 7r1(S?). This result, derived in detail on [2], states that

m (St = 7. (4.5)

In other words, the first homotopy group is in one-to-one correspondence with the
integers. The elements of 771 (S!) are classes of equivalence of homotopic curves. Hence
this correspondence ensures that we can associate bijectively each homotopic class of
loops with an integer. In fact, the homotopic classes are defined by all the maps 7 :
S! — S! such that

y(x+ L) = y(x) +27Rm, meZ, (4.6)

and there is a simple geometric interpretation for each class. Considering m = 0, we
have the class of periodic maps v(x 4+ L) = 7(x), and when we circle around the origin
x — x + L, we arrive in the same target point. For m = 1, the class is defined by maps
v(x + L) = 7v(x) + 27R. That is, when we circle around the origin, the target point
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winds around the circle once. Then, a general class C;, can be defined as containing the

maps winding m times the circle.

The isomorphism with the integers is deeper than a one-to-one correspondence.
In fact, the classes Cj, satisfy the same additive group operations that integers do.
Notice thatif ¢ € Cy, and ¢ € Cy,

p(x+ L) = ¢(x)+2mmR, {(x+L)=_(x)+2mnR. 4.7)
Summing up these two,
¢(x+L)+(x+L)=¢(x)+(x)+2m(m+n)R. (4.8)

But this is precisely what defines the maps on the class Cy, 1, showing that ¢ + ¢ €
Cii+n. Following this idea, we can write a general represen’ca’cive2 of some class C,, as

¢(x) = ¢(x) +{(x), (4.9)
where ¢ € Cp and ¢ € C,,. The most simple representative of C, we can consider is
27tnR
Tn(x) = T (4.10)

which trivially satisfies (4.7). However, apart from being the most simple, this is the
most general representative, and we notice this by considering two functions in C,,

say ¢ and {’. We have showed that these functions may be written as
C(x) =Zo(x) +ulx),  T'(x) = Co(x) + (), (4.11)
with (o, {; € Cp and {y,, £}, € Cy. See that their difference
Z(x) = ¢'(x) = Zolx) = Zo(x) + Zulx) — i (x), (412)

is a periodic function of Cy. Then, because all the functions in C,, differ by a periodic

one, any function  shall be considered as

0(x) = Co(x) + 27TL” Rx, (4.13)

with Jo(x + L) = o(x).
Getting back to the physics, the upshot is that we can write the compactified
boson (which is a function from S! — S! in its spatial coordinate dependency) as

2
o) = gl )+ Ty, mez, (4.14)

2 A representative of a class is simply a loop that belongs to the class.
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where ¢o(x + L, t) = @o(x, t) is a periodic field satisfying the same dynamics as the free
boson on the cylinder, which we have already solved. Therefore, upon quantization,

(%) = g0 + Et n 271me
pLx Po oL L
I 1 Z 1 [bn(o)eZm'n(x—t)/L _

V 47Tg n#0 h

Notice that we have expressed I1y = n/R. In order to have a consistent vertex operator

(4.15)

b, (O)ezmn(x—l—t) /L _

Vi = €"*?, one needs to require invariance under winding symmetry, therefore gl2mmRa —

1. This, with the fact that Iy is a constant of motion, enable us to express it that way.

As for the usual free boson, we can also determine the spectrum of the Hamiltonian.
Let us consider the above in conjugate coordinates, recalling that

iL i z
1 e 4.1
t= 1 n(zz), X 1 n = (4.16)

we can write the field expansion as

-~ . n mR
¢(z,2Z) = ¢o l<47rgR+ )lnz+ \/RZ bnz

n;«éO

(4.17)

BT IS
4m7gR 2 ’/47'[8;1;&0 '

Let us find the Hamiltonian operator. Proceeding analogously, notice that the holomorphic

derivative
. n mR 1 _
Then, defining
- n mR
bO = \/47Tg (47TgR -+ T) (419)

the free boson dilatation operator can be mapped to the compactified boson by consi-

dering this new zero mode operator by defined above, heading to

Lo = 2mg ( IngR > + Y b_pby, (4.20)
n>0

— n

Lo = 2mg <4ngR — T) + E)b Ay (4.21)

It is interesting to emphasise the topological character of the new zero mode: it contains
information about the winding number m. This could be somewhat expected because
the usual mode expansion could only capture local field configurations. Furthermore,
we notice that when ¢ = 1/27, a symmetry of the Hamiltonian emerges by exchanging
momentum and winding charge while swapping R to 1/R. This is related to a duality
between this boson and another compactified boson, which we will discuss in the next
section. Now, for completeness, we may consider the vertex operator associated with
compactified boson.
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4.1.1 Vertex Operator

Now that we have determined the mode expansion for the compactified boson,
we can define the vertex operator and study its implications. Let Ty be the operator
whose eigenvalues are the quantized winding numbers 27tRm. This operator commutes
with all modes in the field expansion, and we can define its canonical conjugate pair as
o such that [@p, [Tg] = i. The quantum states are now going to carry three labels: E,

and m. Using these operators, we can write

1 L _
¢(z,z) = §(§00+fP0) " ing (Ho+8H0> Inz + \/—HZ#O

1 - ; 1 (4.22)
+5 (90— o) - I — glly ) InZ — “b_nz "
2 g (o alo) n2 = 3 U
Defining
1 ~
Qe =5 (poEt o),  Pr=Tlo+gll, (4.23)
it is possible separate ¢ into a right and a left component:
1lnz i 1
¢+(z) = Q4 — P + bz ", (4.24)
* 4rtg - \4rg 1;) n"
_ ilnz i 1- __
p—(Z) = Q- — P — ) Eb,nz n, (4.25)

47Tg V 47Tg n#0

One should notice that this is only a convenient way to express ¢, because in fact we
cannot strictly separate these components, the zero mode ¢ appears in both of them.
Consider the vertex operator

Vip(z,Z) =: @9 The-E) . (4.26)
The normal ordering is obtained using (3.101),

@ (2)HBp—(2) .. ying+(2) .. fiBp—(2) . aPlos(2)g-(2)) 4.27)

7

and the normal ordering of each exponential operator in the right-hand side is

—n —n

) . . ——r 1y 2 -2 1p.2
: BZMP"'(Z) — el“Q+€laP+€ /747rg Zn<0 nn e /747rg Zn>0 nt¥n

(4.28)

—n >—n

. _ . . -y 1y zn & ; 13
: ew“p* (Z) — elOtheZDépfe \/4@ Ln<o n z e \/@ Yn>0 n Z
Using the Hausdorff formula and the commutation relations between conjugate

operators, we manage to find the following commutators:

x+p

Tlo, Ve(z,2)] = *

Vopz2), [T Vap(z2)] = # 5(22).  (429)
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Let us consider « = B = p. In this case, the second commutator above vanishes,
then both ITy and V,,p(2,Z) are simultaneously diagonal. The commutator with I1p,
however, implies that V), ,(0) creates momentum eigenstates. Notice that considering
|E,p,m) =0,0,0) = |0), we have that

[TV}, (0)[0) = pVy,(0)[0), (430)

because ITy|0) = 0. Therefore, V,, ,|0) is an eigenstate of Iy with eigenvalue p, showing
that V,, creates momentum states from the invariant vacuum |0). Furthermore, a
consistent vertex operator requires p to be an integer:

:ei(txqu—l—ﬁgof) — ei(txq7++ﬁ50,+27TRm(“+,5)) .. (4.31)

On the other hand, choosing & = — = m, the fist commutator in (4.29) vanishes,
so Iy commutes with Vj,, _,(z,Z). By the same argument above, V;,; —,(0)|0) is an
eigenstate of IAT/O with eigenvalue m, and therefore, we conclude that V;, _,, creates
winding from the invariant vacuum. The vertex operator V;, _;, is strictly related to
the dual boson, and we shall now investigate it.

4.2 T-Duality
We have considered the compactified boson theory described by
S = %/dzx d,¢d" @, (4.32)

with ¢ (x + L,t) = ¢ (x,t) + 27tmR being defined onto S!, with the Minkowski metric.
In this section we are going to discuss the dualization procedure of this model, reviewing
[11]. There are two symmetries associated with this boson. There is a symmetry by
shifting the field ¢ — ¢ + const. with an associated current

Foi = S0"9, (4.33)

which is trivially conserved by the equations of motion.

As we have seen, the homotopic classes C;; are inequivalent to one another.
Then, field configurations with different winding numbers cannot be homotopically
deformed into each other. So we expect that the winding number m is a conserved
charge, which is in turn associated with a conserved current. Indeed, for x = 0, the

boundary condition over ¢ implies that

1 b L.
m = ﬁ/o dxaxq)z/o dx 0. (4.34)

If we define the current,
Jesind = 5—€" v, (4.35)
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for simply connected field domain, we conclude by Schwartz theorem that 9, ]gj ing = 0-
However, we need to be careful here. If we assume the base space is simply connected,
we are broadly restricting the field configurations to those with no singularities. As
we are going to see, the singularities are responsible for creating winding charge.
Then, if we want to account for these topological physical implications, a more flexible
imposition must be derived for the winding current. These matters will be treated in
detail in the next chapter, but let us breafly see what are the immediate implications of

singularities.

Consider field configurations with a finite number of isolated singularities, each
located at the point x;. A global quantity that encodes information about these singula-
rities are circular integral of the winding current. If we circulate the winding current

around each singularity, we have by the divergence theorem that

. ) 1
j'{dxﬂlg;ind = /B~ d*x ay]z;ind = 51R /B d*x e’ 9,0,¢. (4.36)
9B; ' i

Now, by Green’s theorem,

: 1
]{ dxﬂ]?uind = 27R ]{ dx,d'e =n; € Z, (4.37)
aBi BBi
where in the last equality we used the gradient theorem and the fact that ¢ has a non-

trivial winding. If we integrate over all space-time, the procedure above yields
/dzx ayjfmd = Z”i = 1. (4.38)
i
Or equivalently,
Oujh . (x) = Zni(S (x —x;). (4.39)
i

Therefore, the winding current is strictly conserved everywhere only when there are
no singularities other than the one at the origin. This is clarified when we consider
the radial scheme, where the integral defining m is performed in a loop around the
origin. The origin corresponds to an infinite past time, so in this scenario, j; is strictly

conserved everywhere.

Let us now go back to the boson without singularities. In an attempt to find
its dual, we may consider the first order formalism approach. It consists of two major
steps. First, we choose® b, = 9,,¢ as the dynamical field, instead of ¢. Doing so, the

original action becomes a functional of b, and the equations of motion are first order

3 In the generating functional, this procedure corresponds to a change of variables, resulting in a

Jacobian that does not depend on field configurations, and therefore can be absorbed into the
normalization factor.
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differential equations. The second step is define a generating functional Z integrated
over b, and a new field ¢, with the following property: when integrated over ¢ this
new functional must return to the original generating functional of b, and force b, =
d,¢. This guarantees that we get back to the original boson. The interesting thing,
however, happens when we integrate over b,. This will lead us to a new generating
functional whose associated action is a functional of ¢, which we may call the dual

boson. To capture these properties, we may consider the following action
S[by, @] = / P (Sb,br 4+ ey oy (4.40)
V’ 27" " 2nRT ’

constructed by coupling d,,¢ with the winding current jg}m ,» ow in terms of by,. See
that the equations of motion for b, and ¢ are, respectively,

bl’[ — 1 81/“/81/@, av (Lgl’lvby> — 0. (4.41)

~ 27Rg

2R

The second equation shows that the curl of b, vanishes, and hence b, is the gradient of

a scalar function, recovering the original boson.

Let us integrate over b, now. Notice that the action is quadratic in b,, and
therefore, we can integrate using the stationary configuration given by its equations

of motion (4.41). Hence, replacing

1
_ Wy =
b, = o Rgs o0y P (4.42)

in the generating functional (4.40), we obtain*

Z= / D§ exp (i / a2 s aﬂaaya) , (4.43)
where the new constant is defined by
g= 1 (4.44)
§= 4Ry '

The action in (4.43) describes the dual compactified boson ¢, which is equivalent to the

original boson ¢ by a change of the constant factor g.

The equation of motion for ¢ is derived under the assumption of smoothness,
and therefore configurations with isolated singularities are not taken into account.
However, we can show that if ¢ is compactified, the dual theory leads to the quantiza-

tion of the winding current. Notice that considering the interpolating functional

= ~ 2 (8 1 ~
Z~ [ Db Dexp [1 | & (Ebyb" + M—Rewbyamﬂ . (4.45)

4 One must recall that etleyp = fég.
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Notice that if we integrate by parts the second term above,

7= / Db, D exp {i / Px (%byb?‘ - ﬁe’“’avby(ﬁ)] . (4.46)

Considering a change of variable ¢ — ¢ + a, for real constant «, the Jacobian is trivial,
and then

Z= /DbyDgBexp {i/dzx (%byby — ﬁsyvayb‘uéﬁ_ ﬁew/avby"‘)] - (447)

Requiring the dual boson to be compactified, the transformation above for & = 27m
must be a symmetry of the action. Therefore, the last term in the exponential (4.47)
must satisfy

1
27tm / P e, by, = 2700, (4.48)

for n’ integer. This implies the quantization

/ d*x ﬁswavby =ncZ. (4.49)

Therefore, compactness of the dual boson provides the condition (4.38), present in the

original boson with isolated singularities.

Furthermore, when discussing the vertex operator, we have mentioned that the
dual boson is related to the vertex operator that creates winding configurations on the
original boson theory. Now that we have introduced the dual boson, we can appreciate
this fact precisely, by introducing chiral bosons. Notice that we can decompose

p(x, 1) = ¢y (xy) +o-(x-), xx=t+x (4.50)

This is not precise because the zero mode does note divide between the chiral compo-
nents, as we have commented in the previous section. But it is instructive because then

(4.42) is solved by considering

¢ =27Rg(¢- — @) (4.51)

Therefore, the vertex operator V,, _, that creates winding configuration is actually
the vertex operator associated with the dual boson. Hence we can see the dual boson

creates winding configuration in the original theory.
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CHAPTER D

Lattice Models

5.1 XY Model

Consider a 2D lattice model defined by angular variables in each site. More
precisely, we assign to every lattice site i, a unit vector 71; representing the angle with
respect to some chosen direction. Considering first neighbours interaction, the Hamil-

tonian can be written as

H=—]) (5.1)
(i.f)

with | > 0 representing the intensity of the first neighbour’s interaction. This model is

called XY model. In two dimensions we can write every unit vector as
fl; = cos¢; X +sin¢; 7, (5.2)
where £ = (1,0) and 7 = (0, 1). Hence, the Hamiltonian becomes

H=—] Z (cos ¢; cos ¢j + sin P sing;) = —] Z cos (¢; — ;) -
(i) (i.j)
Denoting the unit vectors generically as fi = %, 7, it is possible to write explicitly the

sum over first neighbours, obtaining
H=—]) cos(pirg— i) =—])_cos (Apei), (5.3)
i i

where we have defined Ap¢; = ¢4y — ¢;- The corresponding partition function for
] = 1is given by

Z= /_ 7; [ [d¢i exp [ﬁ 2 €08 (Pis — 4>i)] , (5.4)
1 L

where B = 1/kpT is the inverse temperature!. In the high B limit, the most appreciable
contributions to the partition function will be those with cos (cpiﬂg — 4’1‘) ~ 1. Then, we

are tempted to expand the cosine and consider the first non-vanishing contribution

=LY (9007~ B [ (V9) = selg) (5.5)

if

1" The normalization factor will be omitted during the calculations. Also, every other constant factor

that can be absorbed into the normalization factor will be omitted.
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where Sg is the effective Euclidean action obtained in the low energy limit. However,
as precisely argued in [12], this expansion misses important physical contributions.
The effective Euclidean partition function is

Zeff = /'DQDeSE[(‘P]. (5.6)

Hence every finite contribution where ¢;,; is not close to ¢; will be suppressed in
the functional integration. But if we carefully analyse the condition over the cosine,

cos (¢i+p — ¢i) ~ 1, not only almost parallel spins satisfy it, but also the configurations

q)l: _7T+€/

Pitp =TT €

with € infinitesimal. In this case, ¢;;n — ¢; = 271 — 2¢ is a finite configuration near 27t

(5.7)

that fulfil the cosine condition. So considering the low energy limit (5.5) we are missing
these finite contributions. One way to treat this issue is allowing ¢ to be multivalued,
having jumps of 27t [12], and to smoothly introduce this possibility we are going to
consider a different representation of the XY model and then take its continuum limit.

5.1.1 Villain Representation

To formulate this representation precisely, let us consider the XY model defined
above, with the potential

eiﬂv(a) — e:BCOS(“), (58)

where &« = A¢. We would like to introduce a new potential representing the same
physics in appropriate limits, and capturing the periodicity of the cosine. We can achie-
ve this with the Villain potential, given by

_5VVV Z e TV x— 27'(p (59)
pEZ

Notice that this potential contains an integer-valued variable p, which we expect to
help us remedy our missing configuration problem. This in fact works because the
integer field p restores the periodicity, presented in the original theory.

Let us show that by a suitable choice of By it is possible to relate this representa-
tion to the original one in both high and low temperatures. For large  (or low tempera-
tures), the most relevant contribution to the partition function in the original theory
(5.4) will be the ones that cosa ~ 1, which corresponds to &« = 27tp + da. Expanding
the cosine, we obtain

oBost o o5 (807, (5.10)

Then, we can relate in this limit 8 =~ By, reproducing the Villain representation.
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For the small B limit (or high temperature), we use the Poisson resummation

formula,

Y exp (—nan2 + bn> = Z exp [—— ( %)1 , (5.11)

nez A kez
derived in the appendix (A.3). Choosing appropriate constants,

7T ,BV b
T _Bv v _ 12
i 2’ o2m Y (5-12)

and rescaling k — 27tk and n — (1/27)], we conclude that

Z e —BY (a—2mp)? 2n Z exp ( ]2 —|—10c]) . (5.13)
peZ Pv JEZ 25

Given this identity, we can consider small By if we expand in small

1
e=exp|—z— |- 5.14
P ( 2ﬁv) 49
Writing the above summation in terms of this parameter,
27T 2 ]2 .
=) exp +in] ) =) € expin], (5.15)
Bv nez 215 JeZ

we can consider the linear order in €, which is equivalent to consider the partial sums
with | = 0, £1. Therefore, it remains

. . 1
| / Z exp < 2;3 + zoc]> ~1+ee™ +ee ™ ~exp (Ze %v cos zx) (5.16)
Vonez

L
Taking B ~ 2e 2fv, we can relate both representations in this limit. Therefore, the
Villain representation is an approximation of the original theory at these limits.

The partition function in the Villain representation is
_Bv 2
= ) qubz exp Z (@i — i — 27pig) (5.17)
pip€Z il

Again, we have the angular variables ¢; for each site, but now we also have these
integer variables p; 5 for each link of the lattice (Figure 4). That is, choosing a site i and

@ @
D;:

Figure 4 — Representation of the integer variables on the links.

a direction fi, we can think of p; ; as lying on the line segment (or link) from the site i
and to the site i + ji. We may also notice that, by uniqueness, p;, 5,3 = —pi-
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In order to acquire some physical intuition about the meaning of these variables,
let us consider a symmetry of the Hamiltonian. See that if the angular variables trans-

forms by local shifts of integer multiples of 27,
¢i = ¢i +27N;, (5.18)
then the terms inside the summation in the partition function will change for
Gip — i — 27p} 4 + 27N, (5.19)
On the other hand, If p; ; transforms as
Pig = Pig = Pip+ D0aNi, (5.20)

we can see that both transformations left the Hamiltonian unchanged. Investigating
this symmetry will be possible to see that the Villain representation contains configura-

tions that circle around a plaquette, called vortices.

Notice that an equivalence class of p’s can be constructed requiring that two sets
{pip} and {p:y} be equivalent if exists another set {N;} such that the transformation
above (5.20) is valid. Furthermore, the existence of such set {N;} can be shown to be

equivalent to the invariance of the lattice 2-form
Tipo = DaPio — DoPip (5.21)

upon the transformation previously defined. To verify this fact, we start by noticing

that p is a lattice 1—form and g is its lattice exterior derivative:
p = pudx”, q = quvdxt Ndx" = dp. (5.22)
Thus, if we take arbitrary p and p’, requiring invariance of g:
dp=dp = d(p—p')=0. (5.23)

Which implies that
p—p =dN, (5.24)

just as in (5.20). As defined, the ¢'s are exact lattice forms, so they must always be
closed lattice 2-forms, dg = 0. Furthermore, defining vortices as lattice angular variable
configurations that add up to a multiple of 27t for some closed loop, make us realize
that calculating g is equivalent to circle around a lattice site, making them objects that
capture information about the vorticity. We may explore this possible role of the g’s in

the next section.



69

5.1.2 2D Vorticity

Let us consider an example in two dimensions of a lattice configuration that

presents a 27t vortex, as in (Figure 5). In this case, see that we can express
Qigy = Pi+ty — Pig — Pi+gz T Piz (5.25)

Hence, choosing a site 7, notice that calculating g; z 5 is equivalent to circulate the placket

starting by the ith site (Figure 6).

—Pity,&
A\ ® .
~Pig Pivig
@ L
Diz
Figure 5 — A vortex configuration. Figure 6 — 2D representation of g.

A vortex configuration is such that if we circulate it (for any closed loop) we
accumulate a 271 contribution from the angular variables (actually, any multiple of
27 as well). Recall that we have set the reference for our angular variables in the %
direction. We now would like to understand in the example given in (Figure 5) what is
the role of the ¢q’s, by explicitly calculating it in different plaquettes. In order to do so,
we need to determine the links variables Pips which can be calculated considering the
most relevant angular configurations, i.e. that minimize the Hamiltonian. Or equiva-

lently, the ones that

(Pl'_|_ﬁ — gbi — 271,’]91',];, ~ €, (5.26)

for e < 1. Hence, we notice two distinct settings (Figure 7): the ones near the reference
(inside the red boxes), and the remaining. Outside the red boxes, the difference ¢; 5 —
¢; is already of order ¢, forcing p; ; = 0. On the other hand, picking angular variables
connected by the green links, we see that the ones below are ¢; ~ —7 + €, and the
ones above are ¢;; ~ 7 — €. Then, these configurations satisfy ¢;y — ¢; ~ 271 — 2¢,
forcing p; 5 = 1. In summary, every p; ; between the red boxes must be equal to 1 and
the remaining are zero. We call the set of all non-vanishing p’s, represented by all the
green segments on (Figure 7), of branch cut — this line will be the branch cut of the

multivalued field in the continuum limit.

With that in mind, we can calculate g in any plaquette. Clearly, if g is calculated
at a plaquette like 1 in (Figure 8), where all p’s vanish, g will also vanish. If we consider
the plaquettes along the branch cut like 2, we see that when circulating them in the
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Figure 7 — Branch cut of the vortex. Figure 8 — Examples of plaquettes.

anticlockwise direction, the vertical contributions will cancel out, and the horizontal
ones are null. Therefore, for all the plaquettes in the branch cut, g also vanish. However,
if we choose the plaquette at the core of the vortex, represented by the plaquette 3, a
non-vanishing contribution appear p;; s = 1, while all the others are zero. Therefore,
we see that only when circulating the vortex at its origin, g gives a contribution equals
the vorticity density. Indeed, we can generalise this argument for vortex configurations
that accumulate 27tk as we go around a closed loop, for integer k. In general, the lattice

two form g; ¢ y will gives us k, which is the vorticity density.

Now that we have considered this example, and described the role of the g’s
and p’s, we may study how to implement a continuum limit prescription for the Villain
representation of the XY model. Notice, however, that considering the partition function
(5.17), there is no natural way to implement a continuum limit for the integer variables
pi,p- However, if we consider the vortex ensemble, we will be able to write the partition

function as an integral of continuum variables, which is our next task.

5.1.3 Vortex Ensemble

The equivalence relation established in the space of p’s disjoint equivalent classes.
Then, in the partition function, instead of summing over all p's, we can sum over

equivalent classes C, and inside each class, sum over all the p's,
Yo=Y ) . (5.27)
pi,ﬁ Cp p,'/ﬂ eCp

Furthermore, considering all the p’s in the same class,

Pip = PI(,%) + VuN;, (5.28)

©)
it
to sum over all the N; of that class,

YY oYY (5.29)

Cp pj,ﬁecp Cp N;eZ

for some representative p. . Hence, summing over all the p’s in a class is equivalent
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With this considerations, the partition function can be rewritten as

Y / Hmpj exp[ 5"2((%” 270N} ) —(¢i—2an-)—2np§;>)2].
Ly

Cp N;eZ
(5.30)
By a change of variables ¢; — ¢; = ¢; — 271N;,
T— 27TN ,BV - (0) 2
djj exp [ Pivpg — i —2mp; 5 ) |- (5.31)
CPN;ZH/ m-2mN; 2 ZV:< ' ,;4)

we may notice that the integral over ¢; runs over all the real line, because

T—27tN;

Ngz i /71 27N :/_O:oljld(f)i_ (5.32)

Plugging this result in (5.31), follows the partition function

2
zZ= Z /. [T, exp[ PV S (Vi —27p%) ] (5.33)
i

written as an integral of the continuous variables ¢;. However, we would like to con-

sider the vorticity density explicitly, given that our main goal is to naturally incorporate

vortex configuration in the continuum theory. One simple way to introduce the vorticity

density is by using a Gaussian integral to replace the exponential weight in the above

partition function by an integral of a new variable j; ;,

By Jig

14 z 0
< i _anz(y } / djip exp [ 2By +iip <Aﬂ¢i _2ﬂp§,ﬁ)>]

(5.34)

exp [
Now, the partition function reads

7 = %/mljldgf)j /ooll;lldjk’ﬁ exp [Z( 25 + iji g (Aﬁgﬁi —271;7532))] . (5.35)

ifl

In order to integrate over ¢; we must rearrange the j's by simply shifting the index i as

in a product derivative rule:

Y ipBadi=—) (Z Aﬁji—ﬁ,ﬁ) Pi- (5.36)
A

il

Considering this rule, the integral over ¢; reads

=11 /o:o Agi exp [_i ZAﬁfi—ﬁ,ﬁff’i] =119 (Z Aﬁjz’,ﬁ) : (5.37)
i i i 7
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where the product over i allows us switch back i — ji — i. The summation inside the
delta function can be identified by a simple notation as

> Dpiip = Ay -, (5.38)
H

and then we obtain the following partition function

Jip o
Z= 2/ Hd]ky ) exp [2 (—2‘3—’; — 2711]1-,,2;91.(%))] (5.39)

® kp il
Let us explicitly consider the components of j; ; and solve the delta function
e = AnE
{] " i (5.40)

Jig = —DBzGi

for a set of real valued functions ¢;. This solution works because the lattice derivates

constraint by considering

along different directions commute:
AeDgGi = Dg (Givg — Ci) = Civgre — Civg — Give + i

AgA:li = By (Cive — Gi) = Gitsrg — Gits — Gitg + G

Furthermore, we may notice that by a product rule

Yiariy = ¥ (aeply — spld) &= Y14 (5.41)
il i i
and identifying
Z]z n Z ﬁéi)z = (VC)Z’ (5.42)
i

the partition function reads as snnply
o ve?R o
— Z D¢ exp [—% — 2711 Zqiﬁ?&?‘:l’] ) (5.43)
i

Using the above partition function is not clear yet how to consider a continuum
limit, given that the 4’s are integer variables. However, we are going to show that it
is possible to map these integer variables into continuum ones using a mathematical

identity. Let f (g) be a function assuming integer values g, then
Y @) =X [def(p/m)é(p—mq) ——Z/dw g/m) ) PO (5.44)
geZ qeZ geZ pEZ

However, we can sum up over g considering even and odd contributions, resulting

Y P =2 Y 29, (5.45)

pPIEZ pEZ
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Plugging this into our previous identity, and introducing a parameter a = 1,

L0 =% [ dofp/menn = [~ dgf(p/m) ¥ et (546

qeZ qEZ pEZ

This new parameter will be considered as an expansion parameter in the approximation
that we are going to describe. But before taking any approximation, let us rewrite te

above expression as

Z e(lna)p2+2ipgo 1+ 2 ( (Ina)p?+2ipe + e(lna)p 2ng0> =142 2 aPZ CcOSs (2;990) ,

qeEZ p>0 p>0
(5.47)
making the cosine explicit in the calculations. Therefore, one can write
Y f(q —/ dof(e/m)|1+2) a?” cos (2pq))] : (5.48)
qeZ - p>0

This is an exact identity for a = 1. However, we are going to consider an approximation
where 2 — 0. The identity does not hold in this limit, but we must notice that we are
going to consider it within a partition function. Therefore, whether the cosine operators
appearing in the above expansion are relevant or irrelevant it’s very pertinent to the
physical description. In fact we are going to show by an analysis of the renormalization
group that the cosine operator cos(2¢) is relevant, and all the remaining cosine opera-
tors are not. Then, it is simplifying in this moment to consider only linear contributions

in the parameter a:

Y fla)=

qeZ
~ %/0:0 do f (¢/7) [1 4 2acos (2¢)] = %/o:o do f (¢/m)exp [2acos (2¢)]. (5.49)

We can generalise this identity to a function of multiple integer variables f (q1,,...,qx).
The steps being exactly the same: we introduce a delta function and use its Fourier

representation. Introducing a perturbative parameter a ~ 0,

Z H/ dé: exp zqugl)f(él 5_7:) ~

—fn i=1
NH/ dg; exp (2acos(2§l))f(€1 . §n> (5.50)

7T

Considering this identity for

2
f (%) = exp [—%l , (5.51)
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the left hand-side becomes the partition function (5.43) and it is mapped to the right
hand-side, which is a partition function written only with continuum variables ¢; with
a new cosine operator. This procedure encodes the information about the vorticity
inside the cosine operator, fact that we may analyse further. The partition function

now reads
7= /oo DE exp ( (v[f) +2a Zcos 2@,)) . (5.52)
In the continuum limit,
Z= / DE exp {— / Px % (VE)? — 2acos (2@)} } . (5.53)

5.1.4 Renormalisation Group Analysis

As we mentioned, the vortexes represented by the g’s in the vortex ensemble
are now encoded inside the cosine operator. We may study now when this operator is
relevant in the continuum theory, and in order to that we will consider the Wilson’s
approach to the renormalization group. Let A be a high energy cut off such that in

momentum space

7= / [DE], exp {— / Px [% (V)2 — 2acos (2@)} } (5.54)
with the integral element being
(Deln= 11 dE(k). (5.55)
|k| <A

Defining a fraction 0 < b < 1, we can introduce a UV and a IR field, respectively, by

o {g(k), bA < |K| < A

7

0, otherwise

k), 0<|k| <bA
g(k){m M <bn
0, otherwise

(

Then, we see that ¢ (k) = ¢+ (k) + ¢— (k), and plugging this into the partition function,

2= [ De-Dtexp{~ [ |5 (Ve + 55 (Ve +
+%V§+ -V¢_ —2acos (284 + 25)} } . (5.56)

The cross term V¢ - V{_ vanishes because if k;, represents the momentum of ¢ and
k;, represents the momentum of ¢, then k*k;, = 0 and in Fourier space

/ PxVE, Vi — / Px / k / dzk s elseK 3 kg ()& (K) = 0. (557)
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Using this result, the partition function becomes
Z= /Dg_ exp {— /dzx% (vg_)z} x
X / D&, exp {— / Px [% (VE4)? — 2acos (264 + 25_)] } . (558)

Let us define the partition function over the UV as

Z, = / DE, exp {— / d2x [% (V& )? —2acos (284 + 25_)} } . (5.59)

Now, we would like to integrate out the high energy contributions in order to verify

its effect in the low energy theory. By a perturbative expansion in the parameter 4,

Z, = /D§+ exp{ /d2 } (1 —I—/dzxZacos (2¢% +2¢%) +
+% /dzx/dzy 4a% cos (284 +2¢% ) cos (28 +28Y) + O <a3)> . (5.60)

Here, we can identify each order as an expected value

(AC+))+

| oz exp{ / dzx— (VEr) }A(¢+), (5.61)

Z""a 0

for some function A (¢4 ). Considering a normalised partition function (Z4|,_, = 1),

we can rewrite Z as
Z,=1 —|—2a/d2x (cos (263 +28%))  +
2a2/d2x/d2y (cos (2&% +2¢%) cos (2%, + 2§Z)>+ +0 <a3) _ (5.62)

The upper indices on the fields {1 are denoting the functional dependence on the
space-time coordinates: ¢ = ¢+ (x). Now, let us calculate each order separately. For

the first order, see that
2 / d2x (cos (28% +28%)), = / Pr Y F0E (B0 (5.63)
o=+1 +
The expected values of these exponentials are
<(32i‘7é‘x+>jL = /D§’+ exp {— /dzyﬁ (V(ﬂ)z + 2i0§x+} = exp {—2(721( (x,x)} ,
(5.64)

where K (x,y) = (&3¢ ), is the inverse operator of ——5V2(5 (x —y), which must
satisfy
V2K (x,y) = —2B6 (x —y). (5.65)
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We can obtain K explicitly by considering the Fourier transform of the above expression,

dzk ik(x— .
/A> (2n)? <_k2> KOTVK (k) = —2p0 (x —y), (5.66)

where the region of integration A~ = {k : bA < |k| < A}. Using the Dirac delta Fourier

representation, the above expression implies that

B A2k ezk(x ) y
K =28 oo @~ (&6 (5.67)
It then follows that K(x,y) = K(x — y) and hence
A
Ko = K(0) = (¢ 0)+ (0), =878 [ dk) =L e

where we have defined { = 1/b. Therefore, the expected value of the exponential terms
like (5.64) are

<62i‘75i> = exp { b In C} = C_%, (5.69)
_|_
and the first order contribution is

2 / d2x (cos (28% +28%)), = 247" / Px cos (28V). (5.70)

Up to this order, the high energy partition function can approximated to

Zy~1+ 2a§_% /dzx cos (2¢8*) ~ exp <2a§_g /dzx cos (ZC")) (5.71)

and the complete partition function is given in terms of an Euclidean action

Z= [Diexp{~Sus[e-1}, Sle-]= [ [2/3 Ve — 200 ncos(ZCx)}
(5.72)

We may notice that the upper energy scale of this theory is now different from the
original one. Therefore, in order to characterize the effect of high energy modes, com-
paring the above with the original theory, we need to restore the scale to the one we

started with. Let us consider x — x/{ and relabel a — ag. Then, the action becomes

Supr -1 [ |55 (Ve = 2mi>F cos (287) 573

Now, comparing the above action with original one, we see that the coupling constant
is redefined to be

B

a(g) = aol” 7. (5.74)
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Furthermore, notice that for § > 27 the coupling constant decreases indicating that
cos (2¢* ) is an irrelevant operator in this 8 region. Hence the high energy effect up to

first order is to renormalize the coupling constant a.

Let us consider the second order. The contribution we need to calculate is
Zf) = 2a2/d2x/d2y (cos (2% +2¢% ) cos (28 + 2§Z)>+ =
- 52/ P [ ey {COS e +at))e NEE)
+cos (2(&5 — &) e2<(ﬁ§¥*)2>+} . (575)

Before computing all the contributions, we may notice that the low energy effective

action actually generates connected diagrams. To realize this we recall that
2= [De [ D exp-s(] = [De- exp—Surfe].
Hence, we can identify
exp—Sesy [6-] = [ DEv exp—S[e-,&4],

meaning that the effective action is actually the generator of connected diagrams in this
perturbative expansion. Therefore, we need calculate and subtract the disconnected

contribution, which is
(cos (28% +2¢%)), (cos (287 +287)), =
 2cos (2 (¢ + 21)) 2R
+2c0s (2 (& — &) e M) 2D, (576)

Then, subtracting this contribution,
2 x 2 X xX
20 =3 [ x [y {eos2(e2 +2)) [e‘2<(@++¢i> ). — A2
X 2 X xX
+ cos (2 (Cf - gy_>) |:e_2<(g+_€i) >+ — ez<§+§+>+ez<§y+§i>+} } . (5.77)

Using our previous calculations of the propagator, (5.67) and (5.68), we can calculate

the expected values appearing in the exponentials above,

(@), = -Lmgrapkioy), 2@, 2@, =-Lmg
(5.78)

Plugging these on the second order contribution of the effective action, one gets

ng) -] = Cz/fgaz—% /dzx/dzy {cos (2 (¢~ +§y,)) [e*‘*ﬁK(x/y) — 1] +
+cos (2 (&5 — &) [e4ﬁK<xfy> _ 1] } . (5.79)
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This seems to be a non-local action, let us analyse carefully. See that we can write the

propagator K as an integral of a Bessel function of the first kind:

A 27 ) A
K (7,) ) / dk 21 dkg ezkrcos@ — 2ﬁ %]0 (ki”)
A/T (27T) k Jo AL 2Tk

where r = |x — y|. Considering an infinitesimal interval, such that
AN =AN—-A/T = As, (5.80)

we can approximate the propagator to

B dA
21 A

Therefore, the sharp cut off regularisation we started with leads to an oscillating pro-

K(r) ~ o (AF) = ﬁs P joan.,

pagator that is not concentrated on a region of the configuration space, given that J
in the above equation is an oscillating function. However, a more convenient regulari-
sation procedure leads to a propagator that is non vanishing only for small r ~ /A,
from where we could expand and eliminate the apparent non-locality, see [9, 13] for
more details. Then, from now on, we will consider this other scheme of regularisation,

where the propagator is given by
s
R = £y (an),

where | (Ar) is the new regularizer concentrated at r ~ (/A. Expanding in small
v = x —y ~ {/A, and keeping the first non-vanishing contributions,

cos (2(8* +¢%)) ~ cos (42Y),
cos (2 (& — &) =~ cos (2(&* — & —0v-VE)) = 1-2(v- V&),
Then, the second order effective action becomes
s E1=¢ 0/d2 [ o {cos (a2%) [e KO —1] 4
—2(v- VEF)? [e‘*f”z(”) - 1] } . (5.81)

It is useful to define the { —dependent constants

— % /d2v [64/313(0) _ 1} ,

Ay () = —2§_¥ /dzv 02 [e‘lﬂk(”) - 1} ,

because using them, the second order action is simplified to

2
Sgrle) =7 [ @x {A1(@)cos(4%) + 42(0) (VEX )}
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Again, to compare with the original action, we apply the rescale x — x/{, obtaining

”0 2
sgrle]=7 [ & {

Therefore, the effective action up to second order becomes

) cos (45°) + A5 (7) (Vé’i)z} :

aZ
Sple] = [ {(mo 0Aﬂ@>ﬂ@ﬂ?4mwwm@aJ+

a2
+2—€2 1(Q) cos (48%) } . (5.82)
We may notice the high energy effects up to the second order. The kinetic term is now
renormalized and scale dependent, and a new cosine operator emerged. Up to this
order we can already determine the renormalization group flux. Let us define
1 1 a3

B@ 2p 2720 .

Hence, up to second order in ag,

Bo
1+ BoagAz (¢)

B(0) = ~ By — B§agAz (7). (5.84)

Furthermore, considering the definition (5.80), we notice that { ~ 1 + s ~ ¢°, and then
writing (5.74) as a function of s and differentiating with respect to s, follows that

& (2 50) ~ <2— g) . (5.85)

where in the last step we approximate By by 8, given that the latter has a second order
contribution. In terms of s, the B equation (5.84) becomes

B (s) = Bo — BoagAz (€°) . (5.86)

Now, using the infinitesimal approximation s ~ 0,

A2 @) = 2 [ o) (o). (5.87)

Plugging this into  and differentiating with respect to s gives us

W 2ewmpe, (5.89)

where the constant factor is defined as

A) = / P20 0] (Av). (5.89)
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Integrating both (5.85) and (5.88) we can derive the behaviour of the coupling constants.
In order to simplify this step, let us consider

2

,3 1/2
x=5-2, y=d, b= (EC(A)ﬁ?,) : (5.90)

T
Differentiating with respect to s,

1, dy

-~ = = —Xx. 91
ds 7’ ds Yy ©91)
In particular, we notice that the derivate of x> and y? satisfy
d 2 _ .2
s <7rx -y > , (5.92)
meaning that x and y must lie over the curve
x> —y> =] € R (5.93)

Plotting this equation for B and a for different |’s, one obtains the figure below. When

A d

\>/

Figure 9 — Running of the coupling constants [1]

>
p

] = 0, we see that the solution of (5.93) are the two lines ending in = 27r. Otherwise,
for ] > 0 or J] < 0, equation (5.93) represents the hyperboles in (Figure 9). From a
physics perspective, we can see that f = 277 is a transition temperature: when g > 27,
the coupling constant 4 tend to decrease, meaning that the cosine operator is irrelevant
in this region, and the vortices do not proliferate. On the other hand, when B < 2,
the coupling constant a tend to increase, making the cosine operator relevant. In this
scenario, vortex configuration proliferate. So we have found two different phases: one
in which the vortexes are confined (8 > 27m), and other in which the vortexes are
free to proliferate (8 < 27r). This mechanism is called Kosterlitz-Thouless transition,
discovered by the physicists John Michael Kosterlitz and David Thouless [14].

5.2 XY-Plaquette Model

In this section we discuss some key facts about the XY-plaquette model and
apply the procedure discussed in the last section in order to obtain a continuum limit
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for this model. For a detailed discussion see [15, 16]. The XY-plaquette is a (2 + 1)d
lattice model that we can described by the Euclidean action

S = Bo Zcos (Aspi) + B Zcos (AzAg¢;) (5.94)

where i = (7,x,y) are the lattice sites and T represents the time direction. We shall
mention that this is periodic lattice, and therefore, we can identify by an equivalence
relation i ~ i + L, where L = (L, Ly, L) are the lattice size in each direction. Its Villain
representation is obtained by introducing two integer fields (I; +; pi ),

5= % Y (Ao —27liz)” + § Y (Asdgpi —27piseg)” (5.95)

1

The integer field /;; are defined over the links of lattice, and p; ;; are defined over
the plaquettes. Similarly to the XY model, the XY-plaquette model presents a gauge

symmetry,
¢; — ¢; +27N;, liz = liz +2mA:N;, Pizg = Pizg +270:A:N;,  (5.96)
and we can defined an invariant field strength

Qitz9 = DeDygliz — Depiszg- (5.97)

Again, the existence of the N’s is equivalent to the invariance of the field strength
above, which enable us to introduce equivalence classes of fields related by the gauge
transformations (5.96), just as we did in the XY model discussion.

This is an exotic model that presents a subsystem symmetry, where the charges
are conserved along a submanifold of space-time. This subsystem symmetry is imple-

mented by the transformation

¢i — i +cz(x) +cy(y). (5.98)

Notice that the variation of the action under this transformation is

08 =Y [~BoAt (Aei — 271l 1) + BAz Dy (DsDypi — 27piz ) | 69 (5.99)

i
Therefore, we can define the following currents

Jiz = Bo(Depi —27liz),  Jigg = P (AsDyi —27pizg), (5.100)
which is, by definition, conserved on-shell:

Atjiz = DeDyjiz g (5.101)
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We can also define conserved charges along submanifolds, and it is useful to consider a
detour on how to construct charges in the continuum. For usual symmetries, a conser-

ved current j in two dimensions satisfies
" = 0. (5.102)

Integrating over a space-time volume V and using the Stokes theorem,

/V Px = /a dxef’ = 0. (5.103)

Particularly, if the boundary of V is the union of disjoint spatial surfaces C+, the above

expression becomes

dxeyaf’ — [ dxeaf’ =0, (5.104)
Cs c_

and we can define the conserved charge

Q(C) = /C dxe 1 (5.105)

If we now consider an exotic symmetry, where dj* — dxd,j*Y = 0, we may notice that
it is possible to define a conserved charge along an specific direction. Considering a
fixed x = xy, we see that

97j" (T, x0,¥) — 9y (0™ )y, = O. (5.106)

Therefore, using expression for the conserved charge,

Q(x,C) = /Cdij(T,x,y) —/Cdraxjxy(r,x,y), (5.107)

where we have identified (j°, /) = (j7, 9xj*Y) to apply (5.105).

On the lattice, the charge along x will be given by

Qe(x,Co) = Y 7= X Aef™, (5.108)
yeCy T€Cy

where C; is a line on the links of the yT plane at fixed x. The same construction is
valid for the y coordinate, and we can also find Qy(y, Cy). These charges are called
momentum dipole charges, and are conserved along the lines C; and Cy. These lines
are one dimensional submanifolds, and therefore, these charges characterize a subsys-
tem symmetry. This model has a modified version which has yet another subsystem
symmetry, the winding dipole symmetry.
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5.2.1 Continuum Limit

Now that we have discussed some key facts about the Villain formulation of
the XY-plaquette model, we are going to focus on the continuum limit, following the

procedure of the last section. The partition function is given by

Z=13 Y H/_nd(Pi exp [—% Y (Argi — 27l )% — gz (AsAgpi — 2ﬂPi,f,g)2

ll',-z—GZ Pi,ﬁ/yAEZ i i

(5.109)

Noticing that the field strength will again define equivalent classes of gauge fields,
summing over all gauge fields is equivalent to sum over the set o N’s and then sum

over all equivalent classes:

Y, ) l—>;§ (5.110)

li,‘f’ eZ pj,f,y cZ

1

In this manner, we can choose representatives of each class being . Making this changes,

Z becomes

T 2

2
—§ Zl; (Beg(gs —27N;) —27p (3, ] . (5.111)

Changing the variables ¢; — ¢; — Nj, the partition function reads

00 2 2
2= L1 anew [ B (s 2ni2) S5 (s 2]

1

(5.112)

where now ¢; is integrated over the real line. Using a Gaussian integral, the exponentials

above become
. 1 . ) 0\ .
/_Oo dj; + exp (—%]gf +1 <Af-(Pi — 27111,(,?)) ]i,f) ~

2
~ exp (—7 (A —271() ) , (5.113)

’

2
~ exp —g <AfA]2(Pi — 27TP1(2€),?> ) . (6.114)
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Plugging these results into the partition function we can integrate over ¢;, obtaining

Z = ;H / . djizdjijeg 6 (Dtie — BeDyfisg) X
1

X exp [2 ( T ot —2mil Vi e — _ﬁ 2o — 2m‘p§,§)’y]‘w)] . (5.115)

i
The delta function constraint is solve by choosing
Jiz = BBgGi,  Jigg = Deli (5.116)

and considering this solution in the partition function, one obtains

Z = Z Hdgz exp [Z (A Aygz) (Af‘:i)z = 27TiGiqi 5,9 ] ’
{%Txy} / ( [3 IB )
(5.117)

where g is the field strength (5.97). We can now use (5.50) to incorporate the vorticity

into a continuum cosine operator:

Z = / [Tdciexp [Z ( 25, (Aeyt)’ % (A+)? — 2a.cos (2@))] , (5118)
and taking the continuum limit,

7= / DZexp [— / P (21% (9:0,8)° + % (9:8)? + 2a cos (25))} z  (5119)

This continuum version represents an exotic field theory whose "vortex" configurations

are dynamically determined by the cosine operator.
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CHAPTER O

Final Remarks

Throughout the last sections we have investigated two lattice models. The initial
goal of these analysis was to find a continuum field theory prescription that dynami-
cally determined the vortex configurations, and this was achieved by encoding the
vortexes within a cosine operator. In the case of the XY model we studied the renor-
malization group and concluded that a phase transition occurs for § = 2. In one of
the phases the cosine operator is relevant, in the order phase it is not. However one can
show that there cannot be any spontaneous symmetry breaking at finite temperature
[17], hence Landau theory does not explain this phase transition. In fact, one can show
that a mechanism of confinement and proliferation of the vortexes can explain the
transition in a topological sense [14]. As a future development we may investigate
this mechanism further in order to see if similar models, as the XY-plaquette model,

has the same sort of phase transition.

Recent development has been made in physical models that present exotic sym-
metries [18, 16, 19, 20]. The lattice version of these models can enlighten the discussion
of possible generalizations of quantum field theories. In the last section we have given
a short description of the XY-plaquette model properties and applied the method deve-
loped in order to find an operator that describes the vortices. In a future investigation
we may proceed to the renormalization group analysis of this model in order to find
out possible topological phase transitions it may present.
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APPENDIX A

Mathematical Results

A.1 Delta Function in Conjugate Coordinates

In the complex plane, Gauss’ theorem for a vector field F# defined over a region
R tells us that

/ x 0, FH = / de, F. (A1)
R IR

where d¢, is the line element normal to the curve given by the border of R, denoted
by 0R. We can rewrite the theorem in a convenient way considering a parallel line
element dsf such that d¢,, = €,,ds’. Then,

i _
2 aﬁ‘:-/ 4z F* — dz F7) . A2
oo =1 e -acr) v
Now we can use this theorem to show that the delta function representation
1.1 1.1
0(z2,Z) = —0,— = —05— A3
(z.2) Tz Tz (A3)

does its job, that is, its convolution with a holomorphic function satisfies the expected
definition. If f is a holomorphic function,

/Rdzx 0(z,2) f(z) = %/Rdzx oz (@) (A4)
Now, choosing a complex field
(PZ,PZ) — (o,f iz)), (A.5)
Gauss’ theorem implies
/dzxé(zz)f(z)zi/ dzjﬁ (A.6)
R ’ 27ti Jor z '

Therefore, by Cauchy’s theorem [8],
/R Px 6 (2,7) f (2) = £ (0). (A7)

Up to this point we showed that the second representation proposed in (A.3) is indeed

consistent. To verify the other, one needs to consider an anti-holomorphic function f(Z)

and a complex field
zZ TZ\ _ f(z)
(P,P)-( = ,O). (A.8)

The procedure is completely analogous for both cases.
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A.2 Coherent States and Vertex Operators

In this appendix we will demonstrate the following identity for the harmonic
oscillator

<: e e e :> = exp Z(AiAj), (A.9)
i<j
where A; = a;a+ are complex linear combinations of creation and annihilation operators.
For that purpose, we will introduce coherent states

IZ) = e |0). (A.10)

These are eigenstates of the annihilation operator a, defined as the operator that annihi-

lates the vacuum state 4|0) = 0, and satisfies the creation algebra with its adjoint,

[a,a’] = 1. Let us consider two operators A and B with a constant commutation

relation. Using Hausdorff formula, we know that
e “Be = B+ [B, A]. (A.11)

Taking A = za' and B = g, the following commutation relation must hold

t t

[a,e*" ] = ze*" . (A.12)
Acting upon the vacuum state and recalling that 2 annihilates it,
alz) = z|z). (A.13)
Furthermore, the Baker-Campbell-Hausdorff (BCH) formula, [21], gives us that
eBeA — eAeBezlAB]. (A.14)
Now if A = zat and B = wa,
eVt = ™ WP, (A.15)
We can define the vertex operator by the normal ordering
cedi: = eﬁi”+e”‘i“, (A.16)

such that the annihilation operators are always on the right. Then, in the normal ordered

A . A

product of vertex operators : e : e : we need consider that

QifphBiviat | oPna’ _ pBiaat eﬁnﬂ+e“iﬂeﬂéi(ﬁi+1+~-+ﬁn)’ (A.17)

where we have simply applied (A.15) for suitable z and w. More generally, given that
[a;a, Aj] = w;B; is also a constant, we can still apply (A.15) and obtain

ehif s eAirl e s = pAint s s eAn s ptifptti(Bivat A Pa) (A.18)
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Therefore, we can use this procedure for each A;,

et et = P1Tema pha | phn
= P10 2 pfn; mitpui(Battpi)
— P18 Bad" pr2a Az . oA praa i (Bat )
— e(ﬁ1+ﬁ2)tl+ . €A3 - eAn . e(lea—i-ocz)aeoq(ﬁ2+...+ﬁn)ea2(ﬁ3+...+ﬁn)
(A.19)
and by finite induction,
ey et = plPrtetBn)al (et an)a Kic aif), (A.20)
Notice that
. eA1+...+An - e(ﬁl-i-...-i-ﬁn)aJre(le+...an)a (A21)
and also, the vacuum expectation value
<A1A]> = <O\o¢i,8]-aa+|0) = [JCZ'IB]'. (AZZ)
Then, we can rewrite the normal ordered product as
cef e = et An pLici(Aidy) (A.23)
Hence, the vacuum expectation value is
<: e ez e :> =exp ) _(AiA)). (A.24)
i<j
A.3 Poisson Resummation Formula
The Poisson resummation formula states that
L f(n) =} f(k) (A.25)
nezZ kez
for f the Fourier transform of f. To verify this we define the function
=Y flx+n), (A.26)

nez

and show that the Fourier coefficients of F are the f(k). Being so, its Fourier expansion
will be given by
x) =Y ¥ f(k) (A.27)

keZ
and for x = 0,we obtain the desired result. In fact, F is a period 1 function and then its

Fourier coefficients are

Fk—/ dx e~ 27ikx Y flx+n)

nez neZ

/ dx e~ 2Tk F(x 1), (A.28)
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assuming uniform convergence. Changing the variables x +n — x,

= ¥ [ e = [T g = f, (a9
nez -

which completes the proof.

Now, given that the Fourier transform of the kernel 2~ is the Dirac delta

function, we can write the resummation formula in a suitable way. Notice that

Yo 6(x+mn)= Y &k (A.30)
neZ kez

Multiplying both sides by exp (—max? + bx) and integrating,

/_O:odx Y exp (—mzx2+bx>5(x+n) :/oo

dx ) exp (—naxz + bx + 2m'kx>

nez % keZ
(A.31)
gives us
Y exp <—7um2 + bn =) / dx exp ( mtax® + bx + 27‘(ka> (A.32)
nez kez
However, if we complete the square:
. 2 ) 2
—tax? + bx + 2mikx = —7ma (x + %) + <%) . (A.33)
Because of that, the r.h.s integral is
e , 1 27tk + b ?
_ 2 - -
/Oo dx exp ( max® + bx + kax) 7 exp ( NG ) (A.34)
Plugging it back to the relation and simplifying,
() )
Y exp (—man® +bn) = Z exp [—— ( —) ] . (A.35)
nez T kez 2

Furthermore, if one considers a = 2718 and b = 27186 + if, the above formula reads

;exp {—g (0 —27tn)* + in@] —

_ ﬁ;exp [_m (6- 2nﬁ)2 - % (27t - 5)] . (A36)



93

APPENDIX B

Classical Conformal Algebra

In this appendix we will discuss how to find the generators of the conformal
algebra of classical fields. In order to do that, the method of induced representations
will be used. It consists of finding a representation for a subgroup and enhance it to

the complete group afterwards.

An infinitesimal transformation of a field & is given by
' (x) = ®(x) — iw, G, P (x). (B.1)

Recall that the conformal group is connected, which enables us to write an infinitesimal
transformation this way. Furthermore, notice that the coordinate transformation x'# =

x# 4 ¢t (x) will induce a change in the field, such that infinitesimally,
Q' (x) = ®(x) — (iwaG, + € (x)9y,) D(x). (B.2)

So it must be clear that G, transforms the field keeping coordinates still, and &”(x)d,
is the generator induced by the change in coordinates. The sum of both constitute a

complete transformation, having both functional and coordinate induced generators.

Let us consider the Poincaré subgroup that makes invariant the origin x = 0.

We know that this subgroup coincides with the Lorentz group!,
Lyvq)(o) = S}WCD(O), (B.3)

where S, are Lorentz generators. Using now the Hausdorff identity,

e Be! = B+ [B, Al + % [[B, A], A] + % [[B,A], A],A] +..., (B.4)

we can make a translation on the Lorentz generators,
L]/“/(x -I_ ll) = eillyp}, L‘u]/ (X) e—ia"Py = L]/“/ (X) - (llyPV - avp]/l) . (B.S)

Taking x = 0, we find the generator for any coordinate g,

Luv(a) = Sy — (auPy — ayPy) . (B.6)

1" The Poincaré group is the Lorentz group together with translations. If we are fixing the origin, there

is no more translational invariance, and therefore Poincaré reduces to Lorentz.
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Now, we can generalize this procedure to the hole conformal group. Again, the subgroup
keeping the origin x = 0 invariant is the conformal group without translations, so
it is generated by rotations, dilatations and SCT. We denote the generators of this
subgroup as S, (rotations), D (dilatations) and «, (SCT). Using Hausdorff identity
and commutation relations between the reduced algebra generators and P, in (2.59),

It remains to determine D and k. See that the reduced algebra is given by

[Kpu KI/ - 0/ (BS)

= —i (TuaSvp + MupSva + NvaSpp + NupSpa) -

Restring ourselves to irreducible representations of the Lorentz group, Schur’s lemma
ensures that any operator commuting with all Lorentz generators S;,, must be a multiple
of the identity operator [5]. Then, by the first commutation rule in the above algebra,
we see that D satisfy this criteria, and hence must be a multiple of the identity, D =
—iA. We call A the scale dimension. Also, by the second commutation rule in the
reduced algebra, we see that x, = 0 considering Lorentz irreducible representations.

As an example, consider a spinless scalar field ¢. It belongs to an irreducible
representa-tion of the Lorentz group, so D = —iA and k, = 0. The finite form of (B.1)
is

9'(x') = exp (—iwiGa) (%), (B.9)

and the only non-trivial generator is D. Then, the above reduces to

§'(x') = exp (—abd) (). (B.10)

Recalling that the scale coordinate transformation is given by x'# = ¢*x#, we can write

the Jacobian as %—Qg = ¢*D_ Therefore, in terms of this Jacobian,
ax' | P
¢'(x') = I p(x). (B.11)
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