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ABSTRACT

In this work we analyze the theory of quantum cosmological perturbations around Bianchi I back-
ground models. We start by reviewing the basic aspects of the Standard Cosmological Model (Λ-
CDM) and pointing out its initial conditions problems. We proceed by considering extensions of the
Standard Model and tools proposed to solve them, which are: the Bianchi classification of homoge-
neous cosmologies, the inflationary and bouncing paradigms, and cosmological perturbation theory
around a homogeneous and isotropic background. We follow by discussing quantum field theory in
curved spacetime in order to properly quantize such perturbations and define an appropriate initial
physical state. Finally, we combine the previous concepts by investigating cosmological perturba-
tion theory for a homogeneous (but anisotropic) and flat Bianchi I background and proceed to their
quantization. We conclude by analyzing a simple inflationary model and showing that the usual vac-
uum prescriptions cannot be properly applied for quantum cosmological perturbations in a Bianchi I
background.

Keywords: Primordial Cosmology, Quantum Field Theory in Curved Spacetime, Cosmological Per-
turbation Theory, Homogeneous Cosmologies, Cosmic Microwave Background (CMB).
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DEMÉTRIO, Luiz Felipe. Quantum perturbations in Bianchi Models 2023. 154. Dissertação de
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RESUMO

Neste trabalho nós analisamos a teoria de perturbações cosmológicas quânticas um modelos de fundo
do tipo Bianchi I. Começamos revendo os principais aspectos do Modelo Cosmológico Padrão (Λ-
CDM) e apontando seus problemas associados a condições iniciais. Seguindo, nós discutimos exten-
sões do Modelo Padrão, que são: a classificação de Bianchi de cosmologias homogêneas, os paradig-
mas de inflação e de ricochete, e a teoria de perturbações cosmológicas com um modelo de fundo
homogêneo e isotrópico. Em seguida, discutimos teoria quântica de campos em espaços curvos para
quantizar tais perturbações e definir um estado físico inicial apropriado. Por fim, combinamos os
conceitos anteriores e investigamos a teoria de perturbações cosmológicas para um modelo de fundo
plano e homogêneo (mas anisotrópico) do tipo Bianchi I, efetuando em seguida sua quantização. Con-
cluimos com a análise de um simples modelo inflacionário, e mostramos que as prescrições de vácuo
usuais não podem ser aplicadas para perturbações cosmológicas quânticas em um modelo de fundo
do tipo Bianchi I.

Palavras: Cosmologia Primordial, Teoria Quântica de Campos em Espaços Curvos, Teoria de Per-
turbação Cosmológica, Cosmologias Homogêneas, Radiação Cósmica de Fundo (CMB).
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INTRODUCTION

Cosmology is a unique branch of Physics, since it describes the largest scales known to mankind:
the whole universe. Since we only have access to one and only universe, one does not have the free-
dom to impose initial conditions on the universe: they are fixed once and for all. This is a peculiarity
particular to cosmology since, in other areas of Physics, one usually can perform experiments by
varying the initial conditions of a system [1].

For instance, one may test Newtonian physics with a simple experiment: let an apple fall, and
vary its initial conditions (position and velocity). In cosmology, since the initial conditions are already
fixed, one does not (in general) perform experiments, but observations.3 Hence, the development of
cosmology is guided by such observations and the technologies that enable those to be performed.

Since in the beginning of the 20th century very few observations could be made, cosmology
started as a very modest discipline based on working assumptions only [2], mainly the Cosmological
Principle: in the largest scales, the universe looks roughly the same at every point (homogeneity) and
every direction (isotropy) [3]. However, throughout the 20th century, more and more observations
helped cosmology to grow and develop, for example:

• observations of galaxy redshifts by Hubble (1929) showed that the universe is dynamical and is
expanding [2];

• analysis of galaxy rotation curves indicated the existence of an yet unknown component of the
universe: dark matter [4];

• the discovery of the Cosmic Microwave Background Radiation (CMB) by Penzias and Wilson
(1965) opened a window with rich information about the primordial universe [2];

• more precise redshift measurements (1999) indicated the existence of dark energy, another
unknown component of the universe [5];

which, in combination with new theoretical and technological advances enabled cosmology to achieve
the status of a robust scientific discipline, thereby able to make solid predictions: it entered the period
known as precision cosmology [6–8].

The aforementioned developments culminated on the construction of the Standard Cosmologi-
cal model, also known as Λ-CDM model, which pictures a 13 billion years old, infinite and spatially
flat universe, presently composed mainly of baryonic matter (5%), dark matter (25%) and dark energy
(70%). Such model has been highly successful in predicting statistical properties of the universe such
as galaxy redshift and the abundance of light elements [2, 3, 9].

However, some problems remain, with the most famous of those being the yet unknown nature
of dark matter and dark energy. While such problem concerns Physics in general, due to the special

3This is somewhat alleviated since one usually assumes the universe to be statistically homogeneous, thus allowing
different portions of the universe to be treated as different realizations of a same "experiment".
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nature of cosmology, it also presents problems of a very different nature, which are linked to choices
of initial conditions. They are [1, 9]:

1. Flatness Problem;

2. Horizon Problem;

3. Origin of Perturbations Problem;

4. Singularity Problem.

They are associated to the fact that, to explain the highly homogeneous and isotropic cosmos that
we observe nowadays with our currently accepted theories, one must impose rather special initial
conditions on the past universe. Therefore, there are two options to deal with this problem: one may
search for a plausible explanation for the chosen initial conditions: a theory of initial conditions,
if you may, or modify our theories by proposing a mechanism that guarantees that generic initial
conditions evolve to the special state that we now observe [1].

The aforementioned problems can be partially solved by considering two different paradigms:
the inflationary and the bouncing one. In the first, one considers an inflationary period of quasi-
exponential expansion on the early universe [2, 10–12], usually driven by a scalar field. In the later,
one considers that the universe underwent a period of contraction followed by a bounce [6, 13, 14],
usually driven by quantum gravitational effects or exotic matter.4 Such mechanisms force somewhat
general initial conditions to evolve into a highly homogeneous and isotropic state, and hence alleviate
the initial conditions problems [1].

The proposed paradigms also presented an interesting explanation for the origin of the uni-
verse’s large scale structure, such as galaxies and galaxy clusters. In this picture, quantum vacuum
fluctuations of the matter fields generated (quantum) cosmological perturbations on spacetime, which
were then amplified by inflation/bounce to generate large scale structure. Therefore, such vacuum
fluctuations are essentially the "seeds" of our universe’s large scale structure. Such picture is consis-
tent with observations of the Cosmic Microwave Background Radiation (CMB), which is compatible
with a slightly red, almost scale invariant Gaussian spectrum of curvature perturbations [6, 9]. One
then notes the interesting fact that quantum field theory (in curved spacetime) can also make predic-
tions for the primordial universe through the quantum fluctuations picture [11, 12], being not limited
only to the Physics of the very small, e.g. particle physics.

This work comes as a response to both the initial conditions problems in cosmology as well the
quantum fluctuations paradigm. Since in both inflationary and bouncing models one usually considers
homogeneous and isotropic backgrounds where perturbations evolve, in this work we consider more
general initial conditions by analyzing the case of a flat homogeneous (but not necessarily isotropic)
universe, known as a Bianchi I universe.

4To be more specific, one may consider Canonical Quantum Gravity [1, 15], Loop Quantum Gravity [16–18], or
classical bounces [6].
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For such model to explain the universe that we observe nowadays, one must first show that, by
considering such initial condition, the universe evolves to the highly isotropic and homogeneous state
that we now observe. Then, one must also show that the observed CMB spectrum is consistent with
the one predicted by quantum cosmological perturbations in a Bianchi I background. It should be
noted that, since one assumes that the cosmological perturbations were described by a vacuum state
in the far past, one needs to properly define such vacuum state in order to make predictions. However,
the task of defining a vacuum state is not trivial on general curved backgrounds, since one in general
has less symmetry than in flat Minkowski spacetime.5

The first task was accomplished by Wald [19], who showed that a period of semi-exponential
expansion isotropizes an initial Bianchi background to a highly isotropic state [20]. Perturbations
were also studied in [21–23], where it was shown that cosmological perturbations in Bianchi I back-
grounds do not admit the usual prescription known as an adiabatic vacuum state6 in the far past,
which happens due to the violation of the WKB approximation. This work was then elaborated to be
a literature review of the aforementioned results, aiming to describe the quantization of cosmological
perturbations in a Bianchi I background.

To achieve our goals, this work is structured as follows. In chapter 1, we make a very brief
review of the main hypotheses of the Standard Cosmological Model, and we conclude by properly
discussing its initial conditions problems. We follow in chapter 2 by discussing extensions to the
Standard Model developed to deal with such problems: homogeneous cosmologies, the inflationary
and bouncing paradigms, and conclude with cosmological perturbation theory. In chapter 3, we make
a self-contained introduction to Quantum Field Theory in Curved Spacetime in order to properly
quantize cosmological perturbations. Finally, in chapter 4, we combine the previous mentioned tools
by exploring cosmological perturbation theory in a Bianchi I background and their application on an
inflationary model, and discuss the determination of a vacuum state for cosmological perturbations.

5In particular, a well defined prescription to define vacuum states is available for spacetimes with a timelike Killing
vector field.

6This concept is discussed in detail in section 3.3.
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1 STANDARD MODEL OF COSMOLOGY

In this chapter, we present a brief review of the Standard Model of Cosmology. We begin by
introducing the cosmological principle and the FLRW metric (1.21) in section 1.1. We follow by
studying the dynamics of such universes with the Friedmann equations in section 1.2. In section 1.3,
we make a brief historical review of the evolution of cosmology, emphasizing the key observations
and assumptions of the cosmological models and culminating in the Λ-CDM model. We discuss the
mathematical formalism before history and observations in order to make the discussion more fluid.
We conclude by analyzing some problems of the Λ-CDM model in section 1.4.

1.1 COSMOLOGICAL PRINCIPLE

Cosmology is the branch of Physics that studies the behaviour of our universe in the largest
scales known to mankind [24][25]. Of course, to deal with such a complicated system as the whole
universe in all of its details would be virtually impossible. Hence, some simplifying assumptions
must be made in order for cosmology to make scientific predictions.

Since the time of Copernicus, the place of Earth and mankind has been removed from its special
importance as the center of the universe. We now assume that Earth is just an ordinary planet orbiting
an ordinary star in an ordinary galaxy.

Figure 1.1: The figure on the left is homogenous since it looks roughly the same on every point, but it is not
isotropic: there is a preferred direction. The one on the right is isotropic around the center, since all directions
look the same, but is not homogeneous: the central point is different from the others [26].

The idea that the place we occupy in the cosmos is not special is implemented by assuming
a set of hypothesis which are known as Cosmological Principle. It assumes that the universe is
homogeneous and isotropic in large scales, which, respectively, means that it "looks roughly the
same" in every point and every direction that we look at.1 The two separate cases can be visualized in
Figure 1.1, and the combination in Figure 1.2.

1This concept can be formalized in terms of statistical means. For instance, Figure 1.2 is homogeneous and isotropic
in terms of average color on scales that are larger than the dots. Also, note that this hypothesis implicitly assumes that the
universe has trivial topology.
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Figure 1.2: This figure is homogeneous and isotropic. Note that this applies just to large scales: in smaller ones,
there are tiny dots. The same happens for our universe, with the galaxies taking the role of the dots. Source:
Adobe Stock.

The Cosmological Principle is consistent with observations: from a naive point of view, when
we look at the night sky with a naked eye, we see roughly the same in every direction: stars and more
stars. The same is true for more rigorous observations, like the Hubble Ultra Deep Field (Figure 1.3),
which shows homogeneity and isotropy on scales that are larger than galaxies. Such observations
reveal that the Cosmological Principle is indeed satisfied for scales that are higher than 100Mpc2

[3][27]. Cosmology is interested in describing such scales, which are denoted thereafter as cosmo-

logical scales [25].

Figure 1.3: Hubble Ultra Deep Field. Each dot is a galaxy, and not a star. Source: ESA/ HUBBLE.

To describe the evolution of the universe in cosmological scales, one needs to consider what
physical effects should be relevant in such regime. From the four fundamental interactions known by
men, only gravity is relevant to describe the largest scales3. Since gravity is described by Einstein’s

21Mpc = 3,086 × 1016km = 3,26 × 103 light-years is an astronomical unity.
3The two nuclear interactions are short ranged, and the electromagnetic interaction is irrelevant due to the assumption

of matter large scale matter being electrically neutral.

https://stock.adobe.com/ca/171106145
https://esahubble.org/images/heic0611b/
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General Relativity, we shall use such theory to make predictions in cosmology. Hence, we should
formulate the Cosmological Principle in the language of General Relativity, which is Differential
Geometry. The main definitions and notations are introduced in Appendix A.

We now proceed to construct homogeneous and isotropic cosmologies in a formal way. How-
ever, if the reader is satisfied only with the intuitive description of such symmetries, he/she can skip
directly to the final form of the metric, Equation 1.21.

In General Relativity, one assumes that spacetime geometry is coupled to matter through the
Einstein field equations (A.31). Since, as we have discussed, the large scale matter distribution of our
universe follows the Cosmological Principle, in a reference frame adapted to observers that follow
such large scale matter distribution, one can write its stress-energy tensor in a perfect fluid form [28],
which in the abstract index notation becomes

Tab = (ρ + p)uaub + pgab , (1.1)

where ua is the fluid’s four velocity field, ρ is the energy density and p is the pressure. Due to
homogeneity, both ρ and p are assumed to be functions of time only, and they are also assumed to be
the same in every direction due to isotropy.

As for geometry, since the matter distribution is assumed to be homogeneous and isotropic, it
follows that spacetime is also homogeneous and isotropic. In General Relativity spacetime is de-
scribed by a pair (M, gab), whereM is a manifold and gab is a Lorentzian metric defined on it. We
assume a foliation (Σt, na) on M, which induces a natural Riemannian metric hab on the spatial
sections Σt, defined by

hab ≡ gab + nanb . (1.2)

The Cosmological Principle is implemented on spacetime geometry by assuming that the hypersur-
faces Σt satisfy:

1. Homogeneity: for all p, q ∈ Σt, there exists an isometry curve of the induced metric hab that
connects p and q;

2. Isotropy: for all points p ∈ Σt and any pair of vectors u, v ∈ TpΣt, there exists an isometry4 of
hab that leaves p invariant and also maps u to v.

Condition 1. expresses in mathematical terms the notion of "points being equivalent", and
Condition 2. does the same for directions around a point, which are described by vectors in the
tangent space. In cosmology, the normal vector field na is taken to be the four-velocity field ua

of the large distribution of galaxies, which defines a set of observers that perceive the universe as
homogeneous and isotropic.

The Cosmological Principle fixes the form of the metric tensor gab as follows [29]. Consider
the Riemann tensor (3)R d

abc in Σt associated with hab and covariant derivative Da, associated with its

4More precisely, the isometry φ induces a push-forward φ∗ ∶ TpΣt → TpΣt that maps the two vectors.
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induced Levi-Civita connection. Note that, by raising an index

(3)R cd
ab ≡ hce (3)R d

abe ,

Ô⇒ (3)R cd
[ab] = (3)R cd

ab .

Now, consider a 2-form ωab in Σt. Due to this property, we have that

fab ≡ R cd
ab ωcd , (1.3)

is also a 2-form, hence, (3)R cd
ab is a linear operator in the 2-forms space of Σt. Isotropy means that no

direction in Σt is privileged, which implies that, if we diagonalize such operator, all of its eigenvalues
are equal. If they were not, one could define a privileged direction: that of higher eigenvalue. This
means that, in diagonalized form, it should be proportional to the identity operator δc

[a
δd
b]

:

(3)R cd
ab ∝ δc

[aδ
d
b] ,

Ô⇒ (3)R cd
ab = Kδc

[aδ
d
b] ,

or, by lowering the indexes:
(3)Rabcd = Khc[ahb]d . (1.4)

The only eigenvalue K is known as the curvature of Σt. The condition of homogeneity implies
that K is a constant: if it was not, one could define privileged points of space where it is a maximum
[29].

It should also be pointed out that isotropy at all points (Condition 2.) actually implies that the
curvature K is a constant. To see this, substitute (1.4) in the Bianchi identities:

D[eRab]cd = 0 , (1.5)

Ô⇒ (D[eK)h∣c∣ahb]d = 0 . (1.6)

In a manifold of dimension 3 or greater, (1.5) will only be satisfied if DeK = 0, which means that the
manifold is also homogeneous [29]. We then see that isotropy at all points is a stronger requirement
than homogeneity. We shall relax the isotropy assumption when we study the Bianchi Classification
of homogeneous cosmologies in chapter 2.

We showed that, in order for Σt to be homogeneous and isotropic, it must be a space of constant
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curvature K. Up to topology5, the only possibilities for such spaces in 3 spatial dimensions are

K

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

> 0 for a spherical spaceS3 ,

= 0 for a plane spaceR3 ,

< 0 for a hyperbolic spaceH3 .

(1.7)

It can be shown that any two spaces of constant curvature and same metric signature are locally
isometric [29]. We also have that only the sign of K matters, because spaces with K of same sign but
different values differ only by a scaling diffeomorphism6.

Now, since we are be interested in describing the dynamics of homogeneous and isotropic
universes using the Einstein Equations, it will be useful to find an explicit coordinate expression for
the metric. To obtain the form of gab at a fixed time t, we embed Σt in a fiducial7 R4. The three sphere
S3, when embedded, is described in terms of the global cartesian coordinates of R4 as [3]

x2 + y2 + z2 +w2 = S2 , (1.8)

where S is its radius. In global cartesian coordinates, the line element in R4 is given by

dl2 = dx2 + dy2 + dz2 + dw2 . (1.9)

However, since S3 is characterized by the constraint (1.8), the four coordinates (x, y, z,w) are not
independent, and one of them can be eliminated in terms of the others, such as w = w(x, y, z). In
differential form, the constraint (1.8), becomes8

−wdw = xdx + ydy + zdz . (1.10)

We can also introduce the usual spherical coordinates to express

dx2 + dy2 + dz2 = dr2 + r2dΩ2 ,

in particular, the differential form of r2 = x2 + y2 + z2 is given by

rdr = xdx + ydy + zdz (1.11)
5This is due to the fact that the metric does not completely fixes the topology, since the metric is a local property, while

topology is a global one.
6This is implemented by rescaling the radial coordinate as r → r′ = r/

√
(∣K∣) in (1.15) and absorbing ∣K ∣ on the

definition of a(t) in (1.21) .
7We emphasize that such R4 is fiducial, since the manifolds R,

H3,S3

can be analyzed intrinsically. However, this simplifies our discussion.
8More formally, this expression can be obtained by evaluating the exterior derivative of the constraint (1.8)
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and, from (1.8), we see that
w2 = S2 − r2 . (1.12)

Substituting (1.11) and (1.12) in (1.10), we get

dw2 = ( r
S
)

2 dr2

1 − r2

S2

(1.13)

from which follows that (1.9) restricted to S3 by taking S = const. is given by

dl2 = dr2 + r2dΩ2 + ( r
S
)

2 dr2

1 − r2

S2

, (1.14)

and after some algebra, we get

dl2 = dr2

1 −Kdr2
+ r2dΩ2 , (1.15)

where K ≡ 1/S2, which can be shown to be the only eigenvalue of (3)R d
abc by direct calculation.

The same construction could be done for R3 and H3 by considering S2 → ∞ and negative values9 of
S2, respectively. Hence, (1.15) describes the most general metric of a constant curvature 3-surface in
spherical coordinates.

Now that we have obtained the metric on the spatial hypersurfaces, we need to obtain the metric
on spacetime. To do so, we first define the symmetric extrinsic curvature tensor for a geodesic flow,
Kab, by

Kab ≡
1

2
Luhab , (1.16)

which, using the identity
hab = uaub + gab ,

and the fact that the fundamental observers follow geodesics, ua∇aub = 0, can also be expressed as

Kab = ∇aub , (1.17)

and this shows that such tensor is purely spatial, since Kabua = 0.
Now, consider the extrinsic curvature in mixed form, K b

a = gbcKac. Since K b
a is a geometric

spatial tensor, it follows that, due to isotropy on Σt, all of its eigenvalues must be equal, just like
the Riemann tensor. Hence, once diagonalized, K b

a = H(t) (δ ba + uaub) = H(t)h b
a , which is just the

identity element on the tangent bundle of Σt, and H(t) ≡K/3 is a function that depends only on time
due to homogeneity.

Now, consider (1.16) in a coordinate system adapted to the fundamental observers with coordi-
nate vector fields {ua, (Xi)a}. Here the {(Xi)a} are spatial vectors tangent to Σt and orthogonal to

9Formaly, this would make w2 < 0 in (1.12). Taking w2 → −q2 turns (1.8) into a hyperboloid.
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ua by construction, ua(Xi)a = 0. In this coordinate system, we have

g00 = gabuaub = −1 , (1.18a)

gi0 = gab(Xi)aub = 0 , (1.18b)

gij = gab(Xi)a(Xj)b = hab(Xi)a(Xj)b = hij , (1.18c)

where we defined hij ≡ hab(Xi)a(Xj)b. Expressing (1.16) in our coordinate system, we obtain10:

H(t)hij =
1

2

∂

∂t
hij , (1.19)

Ô⇒ ∂

∂t
hij = 2H(t)hij , (1.20)

here we used thatKab =H(t)hab, ∂hij/∂t = Luhij , and Lu (hab(Xi)a(Xj)b) = (Luhab) (Xi)a(Xj)b,
since Lu(Xi)a = 0 due to the fact that {ua, (Xi)a} are coordinate vector fields.

Relation (1.19) is a differential equation for hij with general solution

hij = exp{2∫ H(t)dt}hij(t0) .

Here, the hij(t0) are arbitrary integration functions that depend only on the spatial coordinates, which
can be fixed by demanding that the metric reduces to (1.15) at t = t0. In our coordinates, the line
element then becomes:

ds2 = −dt2 + a2(t)dl2 , (1.21)

where a(t) ≡ a0e∫ H(t)dt is known as the scale factor and carries all information regarding the dynam-
ics of the universe. The function H(t) = ȧ/a is known as the Hubble function, and dl2 is the metric
of Σt given by (1.15). Here, due to our choice of coordinates (1.18), t is the proper time measured by
clocks that follow the fundamental observers in the Hubble flow. The metric (1.21) describes a homo-
geneous and isotropic universe and is known as the FLRW (Friedmann-Lemaître-Robertson-Walker)
metric.

To conclude, for some applications, it is also useful to express the FLRW metric in the confor-
mal time coordinate η:

ds2 = a(t)2 (−dη2 + dl2) , (1.22)

where dη = dt/a(t). Note that in this coordinates the metric is explicitly conformal to the Minkowski
metric, gµν = a2(η)ηµν , and hence the name.

1.2 DYNAMICS OF A HOMOGENEOUS AND ISOTROPIC UNIVERSE

Now we are in position to study the dynamics of a FLRW geometry by imposing the Einstein
equations (A.31). By direct substitution of the metric (1.21) and the stress-energy tensor of a perfect

10The 00 and 0i equations are trivial because h00 = hi0 = 0.
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fluid (1.1) in the definitions of the Christoffel Symbols and the curvature tensors, the 00 field equation
and trace R = −κT imply

( ȧ
a
)

2

+ K
a2

= κ
3
ρ + Λ

3
, (1.23a)

ä

a
= −κ

6
(ρ + 3p) + Λ

3
, (1.23b)

which are known as Friedmann equations. They can also be expressed in terms of the Hubble function
H(t) ≡ ȧ/a as:

H2 + K
a2

= κ
3
ρ + Λ

3
, (1.24a)

Ḣ +H2 = −κ
6
(ρ + 3p) + Λ

3
. (1.24b)

It should be noted that the cosmological constant Λ can also be described by a perfect fluid
stress-energy tensor. To see this, take the cosmological term to the right side of the Einstein equations
(A.31) and define

ΛTab ≡ −
1

κ
Λgab , (1.25)

which is a perfect fluid stress energy tensor with p = −Λ/κ and p = −ρ. From here on, we group the
cosmological term within the remaining energy densities and pressures describing the other fluids.
It should also be noted that (1.23) also describes systems of n non-interacting perfect fluids with

ρ =
n

∑
i=1

ρi and p =
n

∑
i=1

pi.

The conservation of energy-momentum ∇aT ab = 0 leads to the continuity equation, which in a
FLRW geometry is given by

dρ

dt
+ 3H (ρ + p) = 0 . (1.26)

It can be shown that such equation is not independent of (1.23): only two out of the three can be used
to study dynamics.

The first Friedmann equation (1.24a) can also be rewritten by introducing the critical density ρc

ρc ≡
κ

3H2
, (1.27)

and the relative densities

Ωi ≡
ρi
ρc
, (1.28a)

Ω ≡ ∑
i

Ωi , (1.28b)

ΩK ≡ −
K

a2H2
, (1.28c)
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which, after substitution in (1.23a), leads to

Ω +ΩK = 1 , (1.29)

which means that, for a flat universe with K = 0, we have Ω = 1.
To solve the Friedmann equations explicitly, one needs to obtain a(t), ρ(t) and p(t). However,

since we only have two independent equations of motion, one needs to suplement then with an equa-
tion of state that relates ρ and p, such as p = p(ρ, a, t). From here on, we assume that the fluids are
barotropic: they satisfy an equation of state of the form

p(ρ) = wρ , (1.30)

where w is an dimensionless constant. The most relevant cases are

w =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 for matter/dust,
1
3 for radiation,

−1 for a cosmological constant.

(1.31)

For a fluid satisfying the equation of state (1.30), the continuity equation (1.26) can be integrated
explicitly for ρ(a):

ρ(a) = ρ0a
−3(1+w) , (1.32)

where ρ0 is an integration constant. In each case:

w =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 Ô⇒ ρ(a) = ρ0a−3 for matter/dust,
1
3 Ô⇒ ρ(a) = ρ0a−4 for radiation,

−1 Ô⇒ ρ(a) = ρ0 for a cosmological constant.

(1.33)

Assuming a flat universe such that K = 0 and substituting (1.32) in the first Friedmann equation
(1.23a), one can find the scale factor a(t) explicitly:

a(t) = ( t
t0

)
2
3

1
(1+w)

, (1.34)

where we have chosen coordinates such that a(t0) = 1, and

t0 ≡
√

3

κρ0

(1.35)

is the age of the universe since a(0) = 0 for this class of models.
Solution (1.34) gives the evolution of the scale factor for a flat universe with a barotropic perfect

fluid that satisfies the Cosmological Principle in General Relativity. Note that the presence of matter
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(the fluid) explicitly makes the geometry dynamic. In each case11, we have:

w =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 Ô⇒ a(t) = a0 ( t
t0
)2/3

for matter/dust,
1
3 Ô⇒ a(t) = a0 ( t

t0
)1/2

for radiation,

−1 Ô⇒ a(t) = a0eHΛ(t−t0) for a cosmological constant,

(1.36)

To conclude this section, we note that the same construction could be made using the FLRW
metric in conformal time η, (1.22). In this case, the Friedmann equations become

H +K = κ
3
ρa2 , (1.37a)

H′ = −κ
6
(ρ + 3p) + Λ

3
, (1.37b)

where f ′ ≡ df/dη and H ≡ a′/a is the conformal Hubble parameter. The continuity equation is
formally the same:

dρ

dη
+ 3H(ρ + p) = 0 , (1.38)

and (1.37a) can be solved to find a(η). We get:

w =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 Ô⇒ a(η) ∝ η2 for matter/dust,
1
3 Ô⇒ a(η) ∝ η for radiation,

−1 Ô⇒ a(η) ∝ − 1
HΛη

for a cosmological constant.

(1.39)

1.3 HYPOTHESIS AND PREDICTIONS OF THE STANDARD MODEL

To construct a scientific cosmological model, one first needs assumptions from which predic-
tions can be made. Then, the model can be implemented according to the observed data. In Standard
Cosmology, the main assumptions about the universe are [25]:

1. Cosmological Principle: the universe is roughly homogeneous and isotropic in cosmological
scales [3];

2. The laws of Physics are the same everywhere in the universe and in every epoch. Without this
assumption, it wouldn’t be possible to make a scientific study of the universe [25];

3. The local laws of Physics are the same laws that determine the dynamics of the universe in
cosmological scales. That is, there is not a "cosmological Physics" that applies only to large
scales. In particular, it implies that gravity is described by classical General Relativity and
matter is described by the Standard Model of Particle Physics.

11The presented a(t) for a cosmological constant cannot be achieved by taking w → −1 in (1.34), but equation (1.23a)
can be solved anyway. HΛ = Λ/3 is a constant in this case.
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Such assumptions are of very general nature and can be used to make predictions where they
can be tested. Then, one can fix the model parameters and make more precise predictions. We now
proceed to do a brief historical review of the observations that motivated the next assumptions [5]. A
complete succinct timeline can be found in [30], while a more detailed account can be found in [2].

Physical Cosmology as we know it started with Einstein’s seminal work Cosmological Consid-

erations in the General Theory of Relativity [31], where Einstein, after proposing the three classical
tests12 of General Relativity, applied his theory to the universe as a whole using the Cosmological
Principle. At the time, even if the field equations enabled a dust filled dynamical universe, Einstein
proposed a static model where a(t) was constant by introducing a negative cosmological constant Λ.
Einstein’s model resulted in a static closed universe, which was later shown to be unstable. It should
be emphasized that, at the time of Einstein, it was natural to assume that the universe was static, since
no observation indicated that it was dynamic, which would be a true change of paradigm. For an
interesting review, see [32].

Figure 1.4: Alexander Fried-
mann (1888-1925), the
first physicist to consider
dynamical universes.

Einstein’s work was improved by Alexander Friedmann (1922) [33]
who considered dynamic universe models with K ≠ 0, and wrote the com-
plete Friedmann equations (1.23) for the first time. At this point, it was
clear that General Relativity predicted that universes filled with ordinary
matter would be dynamical, but Friedmann did not provide any methods to
test such prediction.

Later, Georges Lemaître (1927) [34] showed that, by considering a
dynamic universe, galaxies that are very distant from us should recede with
an apparent13 velocity that depends linearly on the galaxy’s distance. Such
law can be obtained from the FLRW metric alone. Considering a fixed
instant of time t in (1.21), the spatial distance between two galaxies is given
by

ds = a(t)dl , (1.40)

assuming a flat universe14, we can set dl = dx and, after integrating, we get:

l = a(t)∆x . (1.41)

From (1.41), we see that objects that are separated by a fixed coordinate amount15 ∆x in Σt have a
varying physical distance l due to a(t). Differentiating with respect to time:

dl

dt
= d

dt
(a(t)∆x) ,

12They are: the anomalous Mercury perihelion precession, the deflection of light by the sun, and gravitational redshift.
13The velocity is apparent because the objects seem to be receding due to the expansion of the universe. Such apparent

velocity can even be higher than c, as one can check in (1.43).
14The same could be done for the general case using comoving coordinates, which was not done for simplicity.
15Due to this, ∆x is called comoving distance, while l is called physical distance. Objects with constant comoving

distance are said to be part of the Hubble Flow.
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Figure 1.5: Redshift and blueshift of an atomic spectral line, respectively. Source: Science ABC.

= ȧ∆x ,

where it was used that t and x are independent coordinates. Using the velocity v = dl/dt:16

v = ȧ
a
(a∆x) . (1.42)

and, for the present time, we have H0 = ȧ0/a0 and a0 = 1. Hence:

v =H0l . (1.43)

The velocity law (1.43) implies that, due to an apparent Doppler effect, light from distant galax-
ies would suffer a redshift if the universe were expanding (H0 > 0, receding galaxies) or a blueshift if
it were contracting (H0 < 0, approaching galaxies). See Figure 1.5. Redshifted patterns were observed
by Vesto Sliher (1912) in the spectral lines of atomic elements of distant galaxies, and such observa-
tions were improved by Edwin Hubble (1929), who found that the velocities of galaxies obey a linear
relation to distance and estimated H0. It was then established that the universe is expanding17, which
was the first prediction of modern cosmology. Equation (1.43) is nowadays called Hubble-Lemaître
law, and H0 the Hubble-Leamître constant.

Two decades later, in 1948, George Gamow, Ralph Alpher, and Robert Herman (GRR) [35]
used the discovered expansion of the universe to explain the formation of chemical elements. At the
time, it was established that heavier elements (from carbon to iron) are produced in stars by a process
known as stellar nucleosynthesis. However, to create such elements, the stars use light elements, such
as hydrogen and helium, as fuel. Those elements are very abundant in the universe, comprising ≈ 75%

and ≈ 25% of all elements, respectively. Hence, most of the chemical elements of the universe had an

16Here, we insist, such velocity is only apparent: distant objects seem to be receding due to the expansion of the
universe, but are actually stationary with respect to the Hubble flow.

17It should be emphasized that, while recessional velocities were expected for distant galaxies, those were expected to
be random, and an isotropic linear relation with the distance was quite unexpected and hard to account in a static universe.

https://www.scienceabc.com/nature/universe/doppler-effect-distant-galaxies-redshift-blueshift.html
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unknown origin.
GRR’s idea was that due to (1.32), the energy densities of radiation and density scale as ρrad =

ρr0a−4 and ρm = ρm0a−3, which means that radiation should have been the dominating form of energy
in the past. This implies that, in earlier times, the universe was much hotter than in the present. To
see this, consider that radiation obeys a Planckian blackbody distribution18. Equating the radiation
energy density with the Stefan-Boltzmann law, we get:

ρr0a
−4 = σT 4 , (1.44a)

Ô⇒ T (t) = T0

a(t) , (1.44b)

where T0 ≡ (ρr0/σ)1/4. This relation shows explicitly that, in the past, when a(t) was smaller, the
temperature T was much higher, which means that the universe was composed by very hot radiation.

Gamow and his coworkers proposal was that, since the energy density of radiation was higher
in the past, it should have had energy to split atoms into their constituent particles, only allowing their
existence after the universe cooled down to a certain value. As for the photons of such radiation, since
the universe is expanding, their wavelength varies with time by:

λ(t) = a(t)λ0 , (1.45)

which means that, compared to the past, their wavelength must have suffered a redshift z, which is
defined by

z(t) ≡ λ0 − λ(t)
λ(t) , (1.46a)

Ô⇒ z(a) = 1

a(t) − 1 , (1.46b)

Ô⇒ a(z) = 1

z + 1
, . (1.46c)

Since the universe is expanding, a(t) is a monotonic function of t, which means that z contains the
same information as the scale factor, and can be used as a measure of time.

We now proceed to estimate the redshift of such photons at the time that the universe was cold
enough to permit the formation of hydrogen. Since by hypothesis radiation follows a blackbody
distribution, the wavelength with most energy contribution is given by Wien’s law:

λmax =
b

T
, (1.47)

18 This is justified by the fact that relativistic massless bosons in a FLRW spacetime tend to an equilibrium state
described by such distribution.
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which has an associated energy according to the Planck law:

Emax =
hc

λmax
, (1.48a)

= (hc
b
)T . (1.48b)

Combining (1.46c), (1.44), and (1.48) we see that

(1 + z) = (hc
b
) Emax

T0

(1.49)

hence, by equating Emax with the bonding energy of hydrogen, it is possible to find the redshift zdc
for such period, provided that we got the temperature of such radiation at present time, T0. Since the
value of T0 was unknown, and GRR could only estimate it using other arguments, obtaining T0 ≈ 5K.
For a more detailed account, see [2].

In 1965, a faint light signal was detected by Arno Penzias and Robert Wilson, two workers
of Bell Telephone Laboratories. Such signal was in the microwave region of the electromagnetic
spectrum, and appeared to come from all directions of the sky. It was then discovered that it was
constituted of primordial radiation, the same predicted by Gamow and his coworkers [2].

Such radiation was named Cosmic Microwave Background (CMB) radiation. It is extremely
isotropic, coming from all sides of the sky with a mean temperature of T0 = 2,76K, which is very
close to GRR’s estimate. It also presents a black body espectrum, being the most perfect black body
to be observed in nature.

Using T0 ∼ 1K, we can estimate the redshift zdc of the time of formation of light elements.
Since bonding to the ground state of the hydrogen atom is inefficient [36][2], we use the energy of
the first excited state, Emax ∼ 1e.V. . Using b ∼ 10−3mK, c ∼ 108m/s, h ∼ 10−15e.V.s, we get

zdc ∼ 103 , (1.50)

which, if combined with (1.46c), (1.44) and assuming a radiation dominated scale factor a(t) =
(t/t0)1/2 gives

teq ∼ 105 years (1.51)

which is approximately19 100 thousand years after a = 0.
Such event is called recombination, where light nuclei of hydrogen, lithium and helium were

formed in abundance. The redshift is identified as zdc because, at that time, radiation and energy had
the same energy density (that of the hydrogen atom) and, after recombination, due to the expansion
of the universe, radiation lost energy and matter became the dominant form of energy: matter and
radiation decoupled at that time, which resulted in a cooling of the universe. Using (1.44) and (1.46c),

19More precise estimations give zdc ∼ 1100 and tdc ∼ 300 thousand years.
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Figure 1.7: A Planck data CMB temperature map made using the COMMANDER software. Source: Wiki Cos-
mos.

we see that, at such time
Teq ∼ 103 K , (1.52)

which is a very high temperature. Due to this, the paradigm that the universe evolved from a very hot
and dense state from which atoms formed is called hot Big Bang model20.

Figure 1.6: Evolution of the precision of the CMB observations. The hotter colors means a higher temperature. Source: NASA Photojournal.

The CMB existence and observation is one of the greatest achievements of the hot Big Bang
Model, because it was predicted before observation and needed for a model with an expanding ho-
mogeneous and isotropic universe to be consistent while also enabling it to explain the abundance of

20The name Big Bang was proposed in a mocking way by Fred Hoyle, a proponent of a rival model, that of the Steady
State Model. Such model was discard mainly because with was incompatible with the existence of the CMB.

https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/CMB_maps
https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/CMB_maps
https://photojournal.jpl.nasa.gov/catalog/PIA16874
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light elements21. Since it’s discovery, more surveys were done to examine the CMB, like COBE22

(1989-1990), WMAP23 (2001-2010), and Planck (2009-2013) [30]. See Figure 1.6. In particular, the
recent Planck mission has imposed several constraints on the cosmological parameters [37] and on
the background geometry [38]. Planck’s observational data of the CMB is consistent with a flat K = 0

universe, with some constraints on its topology24.
Apart from such predictions, there are other features of our universe that are not explained by

the hot Big Bang model, but need to be assumed to explain some phenomena. They are the existence
of dark matter and dark energy.

Dark matter was first postulated by Fritz Zwicky (1933) and then by Vera Rubin (1985) to ex-
plain galaxy rotation curves. The velocities of the spiraling motion of galaxies could not be explained
by the mass of visible matter alone, so the existence of an unseen "dark" component was assumed.
This kind of matter is "dark" in the sense that it seems to interact very weakly with electromagnetic
radiation, and only its gravitational effects seem to be relevant.

Apart from galaxy rotation curves, Dark Matter is also needed to explain the formation of
structure in our universe. In particular, it is needed that Dark Matter moves in slow velocities (non-
relativistic) to account for the formation of the observed structures (hot dark matter would wipe out all
but the largest initial fluctuations by free streaming) [25]. This kind of dark matter is known as Cold
Dark Matter (CDM), in contrast to Hot Dark Matter (relativistic). Hence, this component is included
in the standard model. Other solid evidences for dark matter are observations of gravitational lensing,
cluster dynamics and collisions, cluster gas in x-rays and constraints from the CMB25 [4].

Finally, with improving technology, more detalied redshift surveys could be performed, which
showed that the Cosmological Principle is indeed a valid approximation for the universe in scales
higher than 100Mpc. This confirmed a crucial assumption of Standard Cosmology, which remained a
wild guess until the second half of the XX century [3][7]. The redshift measurements also showed an
unexpected result. Consider the Taylor expansion [40] of a(t) around t = t0:

a(t) ≈ a0 +
da

dt
∣
t=t0

∆t + 1

2

d2a

dt2
∣
t=t0

∆t2 + ... , (1.53)

where ∆t ≡ t− t0. Using a0 = 1, and introducing the Hubble constant H0 ≡ ȧ0/a0 and the deceleration
parameter q ≡ −äa/H2:

a(t) ≈ 1 +H0∆t − 1

2
H2

0q0∆t2 + ... , (1.54)

where q0 ≡ q(t0).
By analyzing higher order contributions in redshift surveys, one can obtain observational con-

straints on both H0 and q0. In 1992, a survey was realized on supernovae of type 1A [41], whose data

21Precise calculations can be done to obtain the abundance of each element [3], but this is beyond the scope of this
work.

22Cosmic Microwave Background Explorer.
23Wilkinson Microwave Anisotropy Probe.
24For a review on the topic, see [39].
25This constraint in particular indicates that such dark component must be non-barionic.
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determined that q0 < 0 ⇐⇒ ä0 > 0, which implies an accelerating universe expansion. This is in
conflict with single barotropic fluid models (1.34) for w > −1/3.

Consider the second Friedmann equation (1.23b). In the present epoch, the universe has matter
abundance, but that by itself cannot describe the observed accelerated expansion ä0 > 0. Assuming
that, at the present time, the universe is dominated by matter and an unknown barotropic fluid known
as Dark Energy with ρDE = ρDE0a−3(1+wDE) and rewriting (1.23b) in terms of the relative densities:

ä0

H2
0

= −1

2
[Ωm0 + (1 + 3wDE)ΩDE0] (1.55)

which, in terms of the deceleration parameter q0 = −ä0/H2
0 becomes:

q0 =
1

2
[Ωm0 + (1 + 3wDE)ΩDE0] . (1.56)

The fact that q0 < 0 can be described by assuming that Dark Energy is a cosmological constant
with wDE = −1, which implies that

q0 =
1

2
Ωm −ΩΛ ,

q0 < 0 Ô⇒ ΩΛ > 2Ωm ,

which can be combined with observations of Ωm and evidence for a flat universe in the CMB to fix
ΩΛ. We then see that the assumption of Λ > 0 can describe the accelerated expansion of the universe.

This ends our historical review. The cited observations impose constraints on the cosmological
parameters, and also needed some additional assumptions to be explained. Hence, in addition to the
previous cosmological hypothesis, the Standard Cosmological model also assumes that [25]

• Presently, H0 > 0, which means that the universe is expanding;

• The existence of dark matter, a non-baryonic matter component that is not described by the
Standard Model of Particle Physics, whose only relevant interaction with baryonic matter is
gravity;

• The large scale structure of the universe forms in a hierarchical, bottom-up way by gravitational
collapse modulated by cold dark matter [5];

• The spatial sections of the universe are plane, admitting spatial curvature K = 0 ± 10−5 [38];

• The topology of the spatial sections of the universe is trivial, that is, it is simply connected26;

• Dark energy is described by General Relativity with a Λ > 0 cosmological constant, which
implies an acceleration of the expansion of the universe.

26It means that it has no "holes", or, in more formal terms, that every closed loop can be continuosly deformed to a
point.
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Table 1.1: Chronology of the universe

Epoch Dominant form of energy
Scale Factor
a(t) Events

Time
( years)

Beginning Unknown 0 Singularity t = 0

Hot plasma Radiation ( t
t0
)1/2 Nucleosynthesis

and Recombination 300 thousand

Visible Universe (dark) Matter ( t
t0
)2/3

Formation of structure 1 Billion
Present and
future Universe Cosmological Constant eHΛ(t−t0) Accelerated Expansion 13,8 billion

Table 1.2: Composition of the universe

Component Evidence Symbol Value (today)
Radiation CMB Temperature Ωr 2.47 × 10−5

Baryons
Nucleosynthesis predictions
and the CMB Ωb 0.05

Cold Dark
Matter CMB Anisotropies Ωm 0.27

Cosmological
Constant Type 1A Supernovae ΩΛ 0.68

Curvature CMB Anisotropies ΩK 0 ± 10−5

This set of hypothesis constitutes the Standard Model of Cosmology, also know as Λ-CDM
model, due to the presence of both the cosmological constant Λ and Cold Dark Matter (CDM). It is
also known as the Concordance Model due to it is great conformity with observations, and we shall
use such nomenclatures interchangeably. The main epochs of the universe according to such model
are organized in Table 1.1.

The Standard Model parameters are fixed by observations, in particular of the CMB [37].
The relevant density parameters are organized in Table 1.2. Other important parameters are H0 =
67.36km/s/Mpc and T0 = 2.72K. It should be noted that, although, in this section we used estimates
for the sake of simplicity, the large amount of data27 in cosmology makes it possible to fix the param-
eters with great precision. Due to this, it is common to denote contemporary cosmology as Precision

Cosmology [7].

1.4 PROBLEMS OF THE STANDARD MODEL

As pointed in the previous section, the Λ-CDM Model is highly successful in describing various
aspects of our universe. However, as any scientific theory, there are some phenomena that the Standard
Model cannot satisfactorily. For instance, when we look at the assumed composition of our universe
(Figure 1.8), we see that most of it (95%) is a dark sector composed of dark matter and dark energy,
both of we know very little about and are postulated to exist.

27It should be emphasized that observations are analyzed by assuming certain statistical and physical hypothesis, while
also depending on cross relations of observations. In short, analysing cosmological data is highly non-trivial.
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Figure 1.8: Composition of the universe according to the Λ-CDM model. Source: vickycowcroft.github.io.

Apart from the unexplained dark sector, the Standard Model has other problems of an entirely
different nature. They are a direct consequence of the fact that cosmology, by definition, is an obser-

vational discipline, and not an experimental one.
In most branches of Physics, one is allowed to create and perform experiments, which are then

compared to the predictions of the theory. The crucial difference is that, in experiments, one has the
freedom to choose the experimental setup and hence the initial conditions of the system. However,
since in cosmology there is only one universe, we do not have the freedom to vary its initial conditions:
they are fixed once and for all.

Due to this fact, cosmology is based entirely on observations, which means that careful data
analyses must be done in order to prevent possible biases in the conclusions. Eventually, this can
lead to systematic errors. In particular, contemporary cosmology suffers from two "tensions": the H0

tension and the σ8 tension. The term ”tension” is used to describe results that appear to be discrepant
between different observations. For a complete review, see [42].

In this work, we will focus on yet another kind of problem. Since we cannot "create universes",
the initial conditions are fixed, and cosmology is not completed by just specifying the dynamics of the
universe: it must also give a plausible explanation for the chosen initial conditions. Here "plausible"
means that we should not choose special initial conditions as such to describe observations, but should
derive those from first principles, which introduces a rather subjective step in our models.

We now focus our attention to 4 important problems of the Standard Model associated to initial
conditions. We will see that present day observations can be explained, but only by choosing very
specific and non-natural initial conditions.

https://vickyscowcroft.github.io/PH40112_rmd/ch-obs-techs-cmb.html##sec:cmb-interpretation
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1.4.1 Flatness Problem

As we have seen, present observations are in agreement with K = 0 and a trivial topology [38].
This implies that, at the present time

Ω ≈ 1 , (1.57)

with a precision of ∼ 10−2 [38]. However, the initial conditions necessary to explain this observation
need some fine tuning. Remembering ΩK = −K/a2H2, we can rewrite (1.29) as:

(Ω − 1)a2H2 = ∣K∣ . (1.58)

For fluid dominated universes ((1.15)), we have that ä < 0, which means that matter slows the
expansion. In particular, it means that ȧ = Ha is always decreasing, hence, introducing ∆ ≡ ∣Ω − 1∣
we have that

∆(t) = ∣K∣
ȧ2(t) , (1.59)

which means that, if the energy density Ω of the universe is close to 1 in the present time, it must have
been even closer at earlier times. We now proceed to make an estimation of the order of ∆ at the time
of equivalence between matter and radiation.

Since K is a constant, we can use (1.58) to compare different instants of time t1 and t2:

∆1H
2
1a

2
1 = ∆2H

2
2a

2 . (1.60)

Assuming t1 = teq and t2 = t0
∆eqH

2
eqa

2
eq = ∆0H

2
0a

2
0 (1.61)

In the present epoch, the universe is roughly dominated by the cosmological constant. Hence, due to
the Friedmann equations (1.23a):

Ω ≈ ΩΛ = κ

3H2
0

ρΛ ,

Ô⇒ H2
0 ≈

κ

3
ρΛ

and in the time of the formation of the CMB, it was dominated by radiation

Ω ≈ Ωr =
κ

3H2
0

ρΛ ,

Ô⇒ H2
eq ≈

κ

3
ρr0 ,

now, using ρΛ = ρΛ0, ρr = ρr0a−4, we get

( H0

Heq

) = ΩΛ0

Ωr0

a2
eq , (1.62)
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finally, using (1 + z) = 1/a, ΩΛ0/Ωr0 ≈ 104 we get

∆eq =
104

(1 + zeq)2
∆0 . (1.63)

Since ∆0 ∼ 10−2 and zeq ∼ 103, we see that ∆eq ∼ 10−4, which is a fine-tuning of 4 decimal places.
The obtained value is just an upper bound for the initial value of the relative density of the

universe. The situation is even worse if we assume this to be valid until the Planck scale: then
∣∆∣ < 10−60, which would constitute a hard fine tuning of 60 decimal places. Hence, an explanation
for why the universe looks so flat nowadays is needed.

1.4.2 Horizon Problem

Consider the comoving distance χCMB traveled by a CMB photon since the time of recombination
until the presenting time. Since photons follow null geodesics, their trajectories are obtained by
considering ds2 = 0 in the FLRW metric (1.21), hence:

χCMB = ∫
t0

tCMB

dt

a(t) ,

= ∫
a0

aCMB

da

a2H(a) .

Using the approximation that the universe has been roughly dominated by matter w = 0 since the
formation of the CMB, we have

a(t) = ( t
t0

)
2/3

,

Ô⇒ H(t) = 2

3

1

t
,

Ô⇒ H(a) =H0a
−3/2 ,

and χCMB can be obtained explicitly:

χCMB = ∫
a0

aCMB

1

a2

da

(H0a−3/2) ,

= 1

H0
∫

a0

aCMB

a−1/2da ,

= 2

H0

(√a0 −
√
aCMB) ,

using a0 = 1 and aCMB = (1 + zCMB)−1 ≈ 10−3, we obtain χCMB ≈ 2/H0, which means that the photons of
the CMB encompassed a comoving volume of VCMB ∼ R3

H , where RH ≡ 1/H is the Hubble radius.
By a similar calculation, we can estimate the maximum comoving distance traveled by a photon

since the "beginning of time", t = 0 Ô⇒ a(0) = 0 until the formation of the CMB. In such period,
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the universe was radiation dominated, hence:

a(t) = ( t
t0

)
1/2

,

Ô⇒ H(t) = 1

2

1

t
,

Ô⇒ H(a) =H0a
−2 ,

from which we obtain

χ causal = ∫
aCMB

0

1

a2

da

(H0a−2) ,

= 1

H0

aCMB ,

≈ 5 × 10−4χCMB ,

hence, there were no time for all the photons of the last scattering surface to get into causal contact
and then thermal equilibrium. In particular, if we evaluate the comoving volume VCMB traveled by the
CMB to the comoving volume of a casually connected region Vcausal, identified with a sphere of radius
χcausal, we get

VCMB

Vcausal

≈ (χCMB

χ
)

3

≈ 1012 , (1.64)

which means that the CMB photons come from 1012 causally disconnected regions.
The horizon problem is the observation that, since we observe the CMB at all directions of the

sky with the same average temperature of 2.76K, that must mean that all regions started with the
same temperature, since they had not enough time to enter into causal contact and thermalize. This is
a problem of initial conditions: the initial temperature of 1012 regions must be calibrated by hand to
be consistent with observations.

1.4.3 Origin of the Perturbations

It is clear from observations that, although the universe is highly homogeneous and isotropic in
cosmological scales, that is not the case in smaller ones, where we have structures such as galaxies
and clusters that contribute to the geometry of spacetime. To describe the evolution of the universe as
a whole, one should consider perturbations around a FLRW background geometry, that is

gab ≈ gFLRW
ab + δgab , (1.65)

with28 small δgab or, in terms of the conformal line element (1.22):

ds2 = −a2(η) [− (1 + 2A)dη2 + 2Bidx
idη + (hij + γij)dxidxj] , (1.66)

28This condition will be rigorously defined when we discuss perturbation theory in the next chapter.
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Figure 1.9: Illustration of the horizon problem. Photons from opposite sides of the sky have the same temperature, but never had causal contact. Source:
PNGwing

.

which will be thoroughly discussed on chapter 2.
When we analyze the perturbed Einstein equations for an FLRW background, we see that the

perturbations Fourier modes δφk decouple between themselves. To see this, let’s consider an specific
model. Consider that the universe is filled by a scalar field φ(x⃗, t) = φ0(t) + δφ(x⃗, t), where φ0(t) is
the unperturbed background field, and δφ(x⃗, t) is its perturbation. The dynamics in physical time t
for each Fourier mode δφk are then described by equations of the form [9]

δφ̈k + 3Hδφ̇k + (k
a
)

2

δφk = 0 , (1.67)

and one can see that the expansion of the universe, which enter the dynamics as H , acts as a damping
term proportional to the Hubble function.

Equations of the form (1.67) have two important limits depending on the relation of the wave-
length λk = k/a of the perturbation to the Hubble radius RH = 1/H:

1. Sub-Hubble: λk ≪ RH ,

δφ̈k +
1

λ2
k

δφk = 0 ,

Ô⇒ δφk =
Ck
a

exp{±i∫
dt

λk
} ;

2. Super-Hubble: λ≫ RH

δφ̈k +
3

RH

δφ̇k = 0 ,

Ô⇒ δφk = Ak +Bk ∫
dt

a3(t) ;

https://www.pngwing.com/en/free-png-irtdi
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Figure 1.10: Evolution of perturbations and the Hubble radius [9]. Note that today’s observable scales started well
outside the Hubble horizon.

and we see that sub-Hubble perturbations tend to oscillate and decay with the scale factor, while
super-Hubble perturbations rapidly approach a constant value, staying "frozen" until reentering the
Hubble horizon. it is important to note that such sub-Hubble and super-Hubble behavior is quite
general for the perturbations amplitudes.

We can also compare the evolution of the perturbations wavelength with respect to the Hubble
radius RH :

λ(t) = λ0a(t); (1.68a)

RH(t) = a(t)
ȧ(t) ; (1.68b)

and we see that, for a decelerating universe, since ȧ(t) tends to get smaller, the Hubble radius expands
faster than the perturbations wavelength. Hence, we see that perturbations that are inside the Hubble
horizon decay with the scale factor, while those that are out of the Hubble horizon stay "frozen" until
they enter the horizon and start to decay [43].

A more quantitative analysis may be made by assuming a(t) = a0tn, n ∈ R, which is valid for
universes dominated by a single perfect fluid. By taking the natural logarithm:

ln(λ) = ln(λ0) + n ln(t) , (1.69a)

ln(RH) = − ln(n) + ln(t) , (1.69b)

which can be seen in Figure 1.10. It was assumed that n = 2
3

1
1+w < 1⇔ w > −1/3, which is valid for

all types of ordinary matter.
Analyzing the behavior (1.69) one sees that physical scales λ grow faster than the Hubble radius

in this class of models. Hence, most of the physical scales λ that we observe nowadays must have
been in the super-Hubble regime in the past, which makes it impossible to give a dynamic explanation
for the observed spectrum. That is, this model does not provide a causal structure for the origin of
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perturbations around a homogeneous and isotropic background.
It is also an observable fact that the temperature anisotropy spectrum of the CMB is well de-

scribed with very high precision by the temperature fluctuations resulting from the evolution of initial
curvature perturbations with an almost scale invariant gaussian spectrum with a small red tilt [9]. Any
theory that attempts to explain the origin of perturbations should also describe its observed statistical
properties. In particular, this means that the initial conditions Ak,Bk must be calibrated in order to
generate a gaussian spectrum, which can be done, but demands a large fine tuning. Therefore, one
sees that perturbations in the Standard Model cannot satisfactorily describe structure formation in the
universe, nor the fluctuations of order 10−5 in the CMB power spectrum.

1.4.4 The Singularity Problem

Note that, for the single fluid solution (1.34), we have

lim
t→0

a(t) = lim
t→0

( t
t0

)
2
3

1
(w+1)

,

= 0 .

which means that a homogeneous and isotropic universe filled by a perfect fluid admits an instant of
time t = 0 where, in a certain sense "the whole space collapses down to a point", at a past time t0
(Equation 1.35) as registered by clocks that are stationary with the Hubble flow. This is satisfied for
every fluid with w > −1/3, condition that is valid by all known ordinary matter29.

This concept is known as a singularity: spacetime itself is not defined at t = 0. In general, we
state that a spacetime has singularities if timelike (or lightlike) curves cannot be extended up to a
finite value of its affine parameter (like t0 for the Hubble flow observers) [29]. This is associated with
pathological behaviour, such as the divergence of observable properties of space time. For instance,
the Ricci scalar of an FLRW metric (1.21) is given by:

R = 6

a2
(äa + ȧ2 +K) , (1.70)

and one can see that it diverges when a → 0, if one assumes that the universe is filled by a barotropic
perfect fluid with scale factor (1.34). The same happens for other observables such as the redshift z,
which diverges for a → 0, as can be seen in (1.46c). In practice, this means that General Relativity
cannot make testable predictions on singularities, for spacetime itself becomes ill-defined. More in-
depth discussions can be found in [13], [29] and [44].

Of course, a single perfect fluid universe is a highly idealized model. However, it can be shown
that a singularity occurs in more realistic models, like the Λ-CDM. Rewriting the first Friedmann

29The condition is violated by a cosmological constant, but its contribution in the early universe was very small.
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equation (1.23a) in terms of the present relative densities:

( H
H0

)
2

=
n

∑
i=1

κ

3H2
0

ρi −
K

a2H2
0

,

=
n

∑
i=1

Ωi0a
−3(1+wi) +ΩK0a

−2 .

Considering contributions from matter, radiation, a cosmological constant, and also using H = 1
a
da
dt ,

we can express:

dt = 1

H0

da√
Ωa

Λ0 +Ωma−1 +Ωr0a−2 +ΩK0

. (1.71)

Integrating from a = 0 to a = 1, we obtain the time t0 since the universe was in a singular state:

t0 = ∫
t0

0
dt = 1

H0
∫

1

0

da√
ΩΛ0a2 +Ωm0a−1 +Ωr0a−2 +ΩK0

. (1.72)

Using the approximated values for the Λ-CDM model (Table 1.2), we find that

t0 ≈ 13.7 billion years , (1.73)

which means that a singularity is predicted at a finite time in the past, as measured by the fundamental
observers. Hence, the Standard Cosmological model cannot make predictions for the universe at
earlier times.

One could argue that this effect occurs due to the great simplifications assumed by Standard
Cosmology, like the Cosmological Principle, as discussed in section 1.3. However, it was shown by
Hawking [29][44], that a past singularity is predicted by General Relativity if, for all timelike vector
field ξa, matter satisfies the Strong Energy Condition (SEC)

Rabξ
aξb ≥ 0 ,

Ô⇒ Tabξ
aξb ≥ −1

2
T ,

Ô⇒ ρ + 3p ≥ 0 ,

Ô⇒ w ≥ −1

3
if p(ρ) = wρ .

This means that a singularity is a generic prediction of General Relativity coupled to ordinary
matter30, and not restrained to high symmetry solutions. Hence, one needs to extend the Standard
Model by including non-ordinary types of matter or modifying General Relativity to deal with the
Singularity Problem.

30By "ordinary", we mean matter and radiation.
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2 EXTENSIONS OF THE STANDARD MODEL

In this chapter, we explore some extensions of the Standard Model of Cosmology. We begin
by relaxing the Cosmological Principle disconsidering isotropy and considering only homogeneous
cosmologies in section 2.1. The next modifications are introduced in order to solve the Standard
Model puzzles, which are the Inflationary Paradigm in section 2.2 and the Bouncing Paradigm in
section 2.3. We conclude with Cosmological Perturbation Theory in section 2.4, which relax the
homogeneity hypothesis by considering small perturbations around a FLRW background. In the
next chapters, we shall combine such modifications in order to consider quantum perturbations of
inflationary/bouncing models in a Bianchi I background.

2.1 HOMOGENENOUS COSMOLOGIES

In section 1.1, we saw that isotropy at all points imply homogeneity, so isotropy is a much more
restrictive condition on space-time. In this section, we relax the isotropy condition by demanding
that space-time is only homogeneous. In subsection 2.1.1, we implement the homogeneity symmetry
using Lie Groups and classify1 homogeneous cosmologies, while their dynamics are explored in
subsection 2.1.2.

2.1.1 Bianchi Classification

A Lie Group is a differentiable manifold G equipped with an internal operation that enables one
to take products between the manifold points [45]. More formally, a Lie Group is a differentiable
manifold equipped with maps

µ ∶ G ×G→ G,

(g1, g2) ↦ g1g2 ,

and

l ∶ G→ G,

g ↦ g−1 ,

that are smooth with respect to G’s differential structure, and the map µ must satisfy the usual group
axioms2.

Lie Groups can then be used to model symmetries on a manifoldM. This is done by defining
the concept of action of a group on a manifold. We define the left action of a group on a manifold as

1If the reader is interested only in the applications to Bianchi I universes, he/she can skip directly to subsection 2.1.1,
more precisely, to Equation 2.9.

2The group operation must be internal, associative, admit a neutral element e and an inverse element g−1 .
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a map between the group G and the group Perm(M) of bijections ofM onto itself:

γ ∶ G→ Perm(M) ,
g ↦ γg ,

that is also a group homomorphism, that is

1. γe(p) = p, ∀p ∈ M ;

2. γg1 ○ γg2 = γg1g2 ∀g1, g2 ∈ G ;

We now restrict ourselves to the case of actions such that, for all p, q ∈ M, there exists one and
only one g ∈ G such that g(p) = q. If such condition is satisfied, we say that the group acts transitively

onM. In this case, by choosing an arbitrary p ∈ M we can construct a map I ∶ G→M such that

Ip ∶ G→M ,

g ↦ gp ,

which can be shown to be a bijection. Since the isometries of space-times with spatial homogene-
ity can be described by Lie Groups, we then have that M ≅ G, that is: the spatial sections Σt of
homogeneous cosmologies admit one to one maps to Lie Groups [29].

One can then classify 3-dimensional homogeneous cosmologies using Lie Groups, since they
are equivalent. To accomplish such task, we start by defining, for each h ∈ G, a map Lh such that

Lh ∶ G→ G,

g ↦ hg ,

which translates the element g ∈ G by h and is hence called a left translation3. Such maps induce a
pushforward Lh∗ on TgG. We then say that a vector field va is left invariant if it is preserved by left
translations, that is

Lh∗ (va∣g) = va∣Lh(g) ∀ h, g ∈ G.

An interesting property of left invariant vector fields is that, since Lh(e) = h, they can be completely
defined in the entire manifold by their respective vector at the identity element va∣e:

va∣h = Lh∗ (va∣e) , (2.1)

hence, the tangent space at the identity element e, TeG, completely characterizes all left invariant
vector fields on G due to the class of bijections Lh∗.

3One can also define right translations Rh in a totaly analogous way.
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We also have that the commutator [v,w] between two left invariant vector fields is preserved
by left translations, that is:

Lh∗[v,w] = [Lh∗(v), Lh∗(w)] ,

so that the commutator [, ] between left invariant vector fields v,w can be used to define an analogous
operation on TeG:

[v∣e,w∣e] ≡ Lh−1
∗

([v, h]∣h) , h ∈ G,

which is bilinear, antisymmetric and satisfies the usual Jacobi Identity. Hence, the vector space TeG
is a Lie Algebra. We then say that the space TeG is the Lie Algebra4 associated to G.

The advantage of analyzing the Lie Algebra of G instead of G itself is twofold. First, a vector
space has more structure than a manifold. Second, there exists an interesting result that expresses that
a Lie Algebra completely characterizes a Lie Group, provided that the group is simply connected.
This is a reasonable assumption5 for physical space-time, and also exhausts6 the possibilities in three
dimensions.

Now, consider two left invariant vectors fields v,w. Since [v,w] is also a left invariant vector
field, and the commutator [, ] is a bilinear map, we can represent the commutator in terms of a tensor
as

[v,w]a = Ca
bcv

bwc , (2.2)

and, in the case of Lie Group, Ca
bc is called the structure constant tensor of the Lie Group. It is

a well known result that if two Lie Algebras have the same structure constant tensor, then they are
isomorphic. So, the 3-dimensional Lie Algebras can be completely classified if we classify their
possible structure constant tensors.

From Equation 2.2 and the Jacobi identity, it follows directly that

1. Ca
bc = Ca

[cb]
;

2. Ce
d[a
Cd
bc]

= 0 ;

we can then define the following tensors

Aa ≡ C a
ab , (2.3a)

Mab ≡ 1

2
εacd (C b

cd − δ bc Ad) , (2.3b)

and it can be readily seen that M [ab] = 0. By direct substitution of this parametrization, we have that

C c
ab =M cdεdab + δ c[aAb] , (2.4)

4Such Lie Algebra is also the space of translational Killing fields of spacetime.
5It is reasonable in the sense that we have yet no observational evidence for non-trivial topologies for space-time.
6The only exception is the Kantowski-Sachs space-time, which is homogeneous and has the topology S2 ×R (a "three

cylinder) and Lie Group SO(3) ×R , which is not simply connnected and does not act transitively on the manifold.

https://en.wikipedia.org/wiki/Kantowski%E2%80%93Sachs_metric
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and one can see that a tensor that satisfies C c
[ab]

= 0 can be parametrized by a choice of a vector Ab
and a symmetric matrix Mab. One can then obtain all possible structure constant tensors by studying
the possible eigenvalues of Mab and the vector Ab. Since one can always adapt a coordinate system
to Ab and/or the eigenvectors, then one sees that the absolute values of the eigenvalues are irrelevant:
only the signature of Mab is of interest.7 The Bianchi Classification is completed by analyzing the
above possibilities, which are:

Class A (Ab = 0)

Bianchi I: (0,0,0)

Bianchi II: (+,0,0)

Bianchi VI0: (+,−,0)

Bianchi VII0: (+,+,0)

Bianchi VIII: (+,+,−)

Bianchi IX: (+,+,+)

Class B (Ab ≠ 0)

Bianchi III: (+,−,0)

Bianchi IV: (+,0,0)

Bianchi V: (+,+,+)

Bianchi VIh: (+,−,0)

Bianchi VIIh: (+,+,0)

Figure 2.1: The temperature patterns in the cosmic microwave background expected in a Bianchi VII universe which was close to isotropy at early
times. Source [46].

7There are two exceptions: the Bianchi VIh and Bianchi VIIh, which are one parameter families of Bianchi cosmolo-
gies. This happens because a scalar h ∈ R is determined by the formula AeAf = hMacM bdεcdeεabf [29].
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Here an important commentary is in order. Of all the Bianchi types, there are only five that
admit an isotropic limit. They are the Bianchi I and VII0, Bianchi IX, Bianchi V and Bianchi VIIh,
whose spatial sections have the topology of R3 (I and VII0), S3 (IX), H3 (V and VIIh), respectively.
Hence, if one is interested in models of homogeneous (but anisotropic) cosmologies in the past, one
needs to consider only those three types, for they are the only ones that can evolve to an isotropic
universe. Furthermore, Planck Data [38] seems to disfavour a universe of type Bianchi VIIh, which
can only fit the CMB spectrum with parameters that are incompatible with other observations8.

Due to the above reasons, in this work we shall focus on the Bianchi I model since it is one of
the only two Bianchi types which has both an isotropic limit and is compatible with Planck data in
the sense of having flat and simply connected spatial sections, and also has the simplest (trivial) Lie
Algebra: C c

ab = 0. Now that we have completed our characterization of homogeneous cosmologies,
in the next section, we shall proceed to analyze their dynamics using Einstein’s field equations.

2.1.2 Dynamics of Homogeneous Cosmologies

To analyze the time evolution of the Bianchi universes, we start by facing a problem. Due to the
homogeneity symmetry, we have three spacelike Killing vector fields (ξi)a. However, due to the Lie
Algebras commutation relations (2.2), they do not commute in general. So, we cannot use our Killing
fields to construct a coordinate system adapted to the symmetries of such space-times [29].

Another option would be to write the metric spatial metric of Σ0 in terms of a basis of left
invariant 1−forms {(σi)a} associated to the Killing vector fields by (σi)a ≡ gab (ξi)

a. In such basis,
the metric is given by

hab =
3

∑
i,j=1

hij (σi)a (σ
j)
b
,

where the hij are numerical coefficients. Such expression can then be extended to the whole spacetime
using "Lie Transport". This is implemented as follows. Take p ∈ Σ0, with na being the unit normal to
Σ0. We then demand that

Ln (σi)a = 0 ,

then, we define the 1−form in the whole space-time using the pullback:

(σi)
a
(t) ≡ φ∗t [(σi)a (0)] ,

where φt denotes the one-parameter family of diffeomorphisms generated by na. Finally, we can
express the space-time metric as

gab = −nanb +
3

∑
i,j=1

hij(t) (σi)a (σ
j)
b

(2.5)

8It is interesting to point out that simulations of a Bianchi VIIh generate a spiral-like pattern in the CMB temperature
fluctuations map, which is due to its anisotropic behavior. See Figure 2.1.
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where the coefficients hij(t) depend only on time due to homogeneity, and represent the metric on
each spatial hypersurface Σt.

To obtain the explicit form of hij(t), one must solve the Einstein field equations with the appro-
priate Tab and boundary conditions. However, one must first obtain the explicit form of the curvature
tensors, which is a difficult task for all Bianchi types due to the fact that we cannot use a coordinate
system adapted to the Killing Vector Fields. However, this can be done by using a tetrad basis9. A
possible tetrad basis is

(e0)a ≡ na , (2.6)

(ei)a ≡
3

∑
j=1

Bij(t)(σj)a (i, j = 1,2,3) , (2.7)

which can be used to obtain explicit formulas for the Riemann and Ricci tensor in terms of Bij and
the structure constant tensor Cc

ab. For our purposes, we shall show the final result for the Einstein
equations, but omit the intermediary calculations. More details can be found in [29]. The relevant
Einstein and Ricci tensor components are:

2Gab(e0)a(e0)b =K2 −KabK
ab −Ca

abC
c
c
b − 1

2
Ca
cbC

c
a
b − 1

4
CabcC

abc , (2.8a)

Gbch
b
a(e0)c =Kb

cC
c
ba +Kb

aC
c
bc , (2.8b)

hcah
d
bRcd = LnKab +Kc

cKab − 2KacK
c
b +

1

4
CacdC

cd
b , (2.8c)

where Kab ≡ 1
2Lnhab is the extrinsic curvature of the spatial sections Σt, and all indices were lowered

or raised using the spatial metric hab. Equation 2.8 then enables one to study the dynamics of the
Bianchi universes simply by inputting the structure constant tensor Cc

ab for the chosen Bianchi type.
We now focus on the Bianchi I model. In this case, since the Killing fields commute, we

consider a set of three mutually orthogonal Killing fields {ξx, ξy, ξz} to construct a global coordinate
system on the space-like hypersurface Σ = R3. In such coordinate system, the metric is given by:

ds2 = −dt2 +X2(t)dx2 + Y 2(t)dy2 +Z2(t)dz2 , (2.9)

and one cand readily see that such space-time is homogeneous, but anisotropic, since it expands at
different rates Xi(t) in each direction xi. We can also introduce quantities that are generalizations of
the Hubble parameter. To do so, we first define the mean scale expansion rate

S(t) ≡ [X(t)Y (t)Z(t)]1/3
,

9A tetrad basis is a basis of vector fields {(eα)}a such that (eα)a(eβ)a = ηαβ , but do not necessary commute,
[eα, eβ] ≠ 0, that is, in such basis the metric coefficients are the same as the Minkowski metric, but it is not a coordinate
basis.
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from which we can rewrite the line element as

ds2 = −dt2 + S2(t)γijdxidxj ,

where
γij ≡ exp [2βi(t)] δij , (2.10)

and the βi satisfy the constraint
3

∑
i=1

βi = 0 . We then define the directional scale factors as

ai(t) ≡ eβi(t) (2.11)

and the original directional expansion rates can be recovered using Xi(t) = ai(t)S(t). The general-
izations of the Hubble function then are defined by

H ≡ Ṡ
S
, (2.12a)

hi ≡
Ẋi

Xi

, (2.12b)

β̇i ≡
ȧi
ai
, (2.12c)

and we recover the usual Hubble function in the isotropic limit ax(t) = ay(t) = az(t) = a(t). It is also
useful to introduce a quantity that measures the degree of anisotropy of our universe. We then define
the shear tensor as

σ̃ij(t) ≡
1

2

dγij
dt

, (2.13)

and we can see that, in the isotropic limit, since S(t) → a(t), σij → 0.
The dynamics of a Bianchi I universe can then be studied using Einstein’s equations. This can

be done both by using standard coordinate methods with (2.9) or inputting Cc
ab = 0 in (2.8). We now

couple the geometry with a generic fluid10 stress energy tensor.

Tab = (ρ + p)uaub + pgab + πab , (2.14)

where πab is the anisotropic stress tensor such that πabua = 0, π a
a = 0. The Einstein equations then

imply

3H2 = κρ + 1

2
σ̃2 , (2.15a)

S̈

S
= −κ

6
(ρ + 3p) − 1

3
σ̃2 , (2.15b)

d

dt
σ̃ij = −3Hσ̃ij + κπ̃ij , (2.15c)

10We consider a generic fluid because the background is anisotropic. Hence, we should also consider anisotropic
contributions in Tab.
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where πij ≡ S2π̃ij . The usual Friedmann equations (1.23) are then recovered in the isotropic limit, for
which σ̃ij → 0 => πij →= 0. They can also be expressed in terms of conformal time η (1.22) as [23]

3H2 = κa2ρ + 1

2
σ2 , (2.16a)

H′ = −κa
2

6
a2 (ρ + 3p) − 1

3
σ2 , (2.16b)

d

dη
σij = −2Hσij + κa2π̃ij , (2.16c)

where H ≡ S′/S and σij ≡ γij/2 is the conformal shear tensor.
As a final remark, we would like to point out that, since our universe presently satisfies the

Cosmological Principle with great accuracy, the universe is not described by a Bianchi mode nowa-
days. What one can ask, however, is if, by considering an initial Bianchi model, the universe can be
isotropized to acquire the state that we observe nowadays. If this is implemented, this can relax our
imposition of initial conditions, since we would not need to impose by hand that the universe "started"
at a highly isotropic state in the past. Of course, if one assumes anisotropic initial conditions, then one
must need a mechanism to isotropize the universe. This can be achieved both in inflationary models
and in bouncing models, as we shall discuss in the next sections.

2.2 INFLATIONARY PARADIGM

By considering the problems of the Standard Model section 1.4, one can see that they are asso-
ciated to the variation of the Hubble radius with respect to the scale factor [1]:

dRH

da
= 1

ȧ
(1 − aä

ȧ3
) (2.17)

which, for a decelerating expanding universe with ä < 0, ȧ > 0, always satisfies dRH/da > 0. There-
fore, the Hubble radius grows faster than the scale factor and hence the physical scales of interest.

The main idea of inflation is that, by considering a period of accelerated expansion in the past
such that ä > 0, ȧ > 0 Ô⇒ dRH/da < 0, then such fine-tuning problems shall be alleviated. This is
implemented by considering a period of approximately exponential expansion

a(t) ≈ eHt ,

which is achieved by adding a primordial field φ known as inflaton coupled to GR. The duration of
inflation is parametrized by the e-fold number

N ≡ ln(af
ai

) = ∫
tf

ti
H(t)dt , (2.18)

which measures how much the universe expanded during such period. Usually, one fixes the duration
of inflation by demanding that the horizon and flatness problems are properly solved.
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In general, one uses the slow roll approximation, which is characterized by a regime where the
field φ evolves slowly with respect to its potential V (φ) and leads naturally to H ≈ constant. For a
single scalar field model, such approximation is quantified by demanding that the slow roll parameters

ε ≡ − Ḣ
H2

, (2.19a)

δ ≡ − φ̈

Hφ̇
(2.19b)

are first order quantities. Although generally one adds unknown fields to implement inflation, it has
the advantage that is able to make predictions that are quite independent of the inflationary mechanism
details, and are parametrized only by the slow roll parameters (2.19). For an interesting discussion,
see [47].

We now proceed to analyze how such considerations solve the problems of the Standard Model
in a qualitative way, then, we also introduce a quantitative example.

2.2.1 Qualitative Solution

1. Flatness Problem

If we turn to Equation 1.59, we see that

d

da
∆(t) = −2

ä

ȧ3

where ∆(t) ≡ ∣Ω − 1∣ measures the deviation from a flat spatial section. Inflation then forces
such derivative to be negative, which implies that

∆(t) → 0 ,

that is, the flat universe becomes an attractor, and does not need an ad hoc initial condition to
be described. This alleviates the before mentioned problem of initial conditions is cosmology,
since arbitrary initial conditions on Σt lead to the same prediction: a flat universe.

A more intuitive picture can be imagined as follows. Suppose that that we live in a curved
universe, but that physical scales underwent a massive quasi-exponential expansion. Then, the
radius of curvature would be so large that we would need to observe incredibly large scales to
probe it. Hence, we effectively see a flat universe.

2. Horizon Problem

The Horizon Problem is characterized by the fact that apparently causally disconnected re-
gions of the universe are in thermal equilibrium. However, if we consider a period of quasi-
exponential expansion, then the scales that we observe nowadays would be just a tiny causally
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connected region of our universe in the era before inflation. This solves the puzzle, for such
regions would have been in thermal equilibrium before the inflationary era.

3. Origin of Perturbations

For an inflationary period, we have that

dRH

da
< 0 ,

which means that physical scales grow faster than the Hubble radius. Hence, initially sub-
Hubble11 perturbations are amplified by the inflationary period and cross the Hubble horizon,
where they stay "frozen" until they reenter the horizon much after inflation ends. The evolution
of the universe then changes into the usual decelerated expansion phase.

This is a feature of inflationary models that is very important, so it must be emphasized. The
inflaton is coupled to geometry, so that vacuum fluctuations of the inflaton generate small per-
turbations on the metric, which are then amplied to become large scale structure and leave its
imprint on the CMB spectrum. However, this is only possible because such physical scales
started sub-Hubble, then were amplified until they crossed the horizon. The perturbative
modes freeze when they cross the horizon, and would decay otherwise, and this allows for a
quantitative description of the CMB power spectrum [9].

It is also important to point out that, in addition to predicting the CMB power spectrum, it also
offers a causal explanation for the origin of perturbations: they were generated by vacuum
fluctuations of the metric, which were then inflated to cosmological scales due to the quasi-
exponential expansion. We shall discuss more about this when we quantize the inflaton.

4. Singularity Problem

In general, inflationary models do not address the singularity problem. Although quantum
scalar fields violate the weak energy condition, this is not enough to avoid a singularity, as
shown by Guth [48]. In general, classical models that violate energy conditions are plagued by
instabilities that lead to more singularities [1][6].

2.2.2 Quantitative Example: Quadratic Inflation V (φ) = 1
2m

2φ2

In this section, we consider the model of Quadratic Inflation, which consists of a homogeneous
and isotropic Klein-Gordon field φ(t) in a FLRW background. In order to implement inflation and
derive the proper spectrum of the CMB, one needs to consider perturbations around such homoge-
neous state. This shall be done after we develop cosmological perturbation theory in section 2.4. For
now, this example gives a taste of the usual calculations on inflationary cosmology.

11In inflation, the scales that we observe nowadays start on the sub-Hubble regime and then are amplified, in contrast to
the Standard Model. This happens because initially super-Hubble scales are amplified during inflation, becoming larger
than the observable universe and hence unobservable.
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We start with the action of a minimally coupled scalar field [9]

Sφ = −∫
√−g (1

2
∇µφ∇µφ + V (φ))d4x, (2.20)

and we couple such field to the usual field equations through the Einstein-Hilbert action. Considering
a homogeneous and isotropic universe, we have that φ = φ(t). Its stress-energy tensor is then given
by

Tµν = ∂µϕ∂νϕ − (1

2
∂αϕ∂

αϕ + V ) gµν .

The energy density and pressure of the field are then given by, respectively

ρφ =
1

2
φ̇2 + V (φ) , (2.21a)

pφ =
1

2
φ̇2 − V (φ) , (2.21b)

and, as we have seen in section 1.2, an equation of state w = −1 (cosmological constant) generates an
exponential expansion. In order to implement Inflation, we then demand that such condition should
be approximately satisfied, that is

wφ ≡
pφ
ρφ
, (2.22)

= φ̇
2 − 2V (φ)
φ̇2 + 2V (φ)

, (2.23)

≈ −1 , (2.24)

which is implemented if the condition
φ̇2

V (φ) ≪ 1 , (2.25)

is satisfied. This means that the field "rolls slowly" through its potential, that it is, the potential energy
is dominant in the inflationary phase.

The Friedmann equations become, in terms of the Hubble factor H:

H2 = 8πG

3
(1

2
φ̇2 + V (φ)) , (2.26a)

Ḣ +H2 = −4πG

3
(1

2
φ̇2 − V (φ)) , (2.26b)

which shows that condition (2.25) is equivalent to the slow roll approximation (2.19). The continuity
equation12 takes the form

φ̈ + 3Hφ̇ +m2dV

dφ
= 0 . (2.27)

Dividing the first Friedmann equation by the second, we see that (2.25) combined with the

12This is also the field equation for the scalar field φ;
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Friedmann equations just gives the slow parameter ε condition (2.19). Applying such conditions to
the first Friedmann equation and the continuity equation, we get

H2 ≈ 8πG

3
V (φ) , (2.28)

−3Hφ̇ ≈ dV
dφ

, (2.29)

where we used the slow roll condition (2.19), that is, δ ≪ 1.
We now focus in the Quadratic Inflation case, defined by V (φ) = m2φ2/2. The Friedmann

equations then assume the form

H ≈ 1√
6

m

Mpl

φ , (2.30)

−3Hφ̇ ≈m2φ , (2.31)

where we defined the reduced Planck mass, Mpl = 1/
√

8πG . Since H ∝ φ, we can integrate the
second equation to obtain

φ(t) ≈ φi −mMpl

√
2

3
t ,

where φi is an integration constant corresponding to the initial value of the field. Now, since H = ȧ/a,
we obtain

a(t) ≈ ai exp{φ
2
i − φ2(t)
4M2

pl

} ,

which is an approximately exponential expansion, and solves the puzzles of the Standard Model
according to the previous arguments.

We now proceed to quantize the test field in order to introduce some concepts of later importance
and show how it can derive the CMB spectrum. For simplicity, we consider the approximation in
which the field does not influence the dynamics of the background. Hence, we consider the action
(3.73) in a De Sitter background, with a(t) = eHt, H = constant. The metric in conformal time is then
given explicitly by

ds2 = a2(η) (−dη2 + dl2) , (2.32)

where a(η) = −(Hη)−1, η ∈ (−∞,0) and
√−g = a4(η).

Integrating (3.73) by parts and introducing

v(η) ≡ aφ(η) , (2.33)

m2
ef ≡

(2H2 −m2)
H2η2

(2.34)
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the action can be rewritten in canonical form:

S = 1

2 ∫ [(v′)2 −m2
efv

2] , (2.35)

which has the following equation of motion in Fourier space:

v′′k + ω2
k(η)vk = 0 , (2.36)

where ω(η) ≡ k2 −m2
ef is the time-dependent frequency of the k-mode. This equation can be solved

explicitly. First, we introduce

s ≡ k∣η∣ , (2.37)

ν2 ≡ 9

4
− m

2

H2
, (2.38)

f ≡ v√
s
, (2.39)

and the mode equation (2.36) takes the form

s2d
2f

ds2
+ sdf

ds
+ (s2 − ν2) f = 0 , (2.40)

which can be readily solved in terms of Hankel functions. The general solution in terms of the original
variable can then be expressed by

vk(η) =
√

∣η∣ [c1H
(1)
ν (−kη) + c2H

(2)
ν (−kη)] . (2.41)

Now, we need to fix the initial conditions. We do so by demanding that, in the low wavelength
limit k → ∞, the solution tends to the usual plane waves e−ikη/

√
2k of Minkowski space. Using the

asymptotic limit of the Hankel functions

H
(1,2)
ν (x≫ 1) ≈

√
2

πx
exp [±i(x − πν

2
− π

4
)] , (2.42)

we then see that our condition is implemented if we set the boundary conditions

c1 =
π

4
ei(ν+1/2)π

2 , c2 = 0 , (2.43)

which leads to the general normalized solution

vk(η) =
√−πη

2
ei(ν+1/2)H

(1)
ν (−kη) . (2.44)

With the general solution (3.27) we can quantize our field. By analyzing the action as S =
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∫ Ld4x (2.35), we see that the canonical momentum of the field is given by

Π (η, x⃗) ≡ ∂L
∂v′

= v′(η, x⃗) , (2.45)

so that the field can be quantized by promoting the field and its momentum to operators that satisfy
the usual algebra

[v̂(η, x⃗), Π̂(η, y⃗)] = iδ(3)(x⃗ − y⃗) , (2.46)

and, if we express the quantized field and its momentum in Fourier space,

v̂(η, x⃗) = 1

(2π)3/2 ∫ [vk(η)âkeik⃗⋅x⃗ + v∗k(η)â†
ke

−ik⃗⋅x⃗]d3k⃗ ,

Π̂(η, x⃗) = 1

(2π)3 ∫ [v′k(η)âkeik⃗⋅x⃗ + v∗
′

k (η)â†
ke

−ik⃗⋅x⃗]d3k⃗ ,

one can see that the canonical commutation relation (2.46) implies the usual creation and anihilation
algebra

[âk, â†
k′] = (2π)3δ(k⃗ − k⃗′) . (2.47)

We can now proceed to calculate correlation functions using our quantized field:

⟨v̂ (x⃗, η) v̂ (y⃗, η′)⟩ ≡ ⟨u∣v̂ (x⃗, η) v̂ (y⃗, η′) ∣u⟩ (2.48)

in the quantum state ∣u⟩. Here, one needs to answer an important question: in which quantum state
∣u⟩ were the fields at the end of inflation?

The answer to this question is not definitive in literature. However, one may use some heuris-
tic arguments to select a particular state. Since inflation leads to an almost exponential period of
expansion, and the temperature falls as T ∝ 1/a(t)13, then

T ∝ e−Ht , (2.49)

which means that the temperature of the universe decreases by an exponential factor during the infla-
tionary period. If we analyze the Bose-Einstein or Fermi-Dirac statistics, we see that the dominant
contribution for low temperatures is given by the vacuum14 (the peak is close to 0). This means that
the quantum state of the field is almost a vacuum state at the end of inflation. Hence, we shall evaluate
the correlation function in the vacuum state ∣0⟩ such that

âk⃗ ∣0⟩ = 0 , ∀ k⃗ .
13This relation can be obtained by applying Kinetic Theory in curved spacetime [49].
14Intuitively, the dominant probability is that one finds no particles for such states.
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Actually, it is more useful to work with the Fourier transform of the correlation function, that is

⟨0∣v̂ (x⃗, η) v̂ (y⃗, η′) ∣0⟩ = ∫ G (k, η, η′) eik⃗⋅(x⃗−y⃗) d3k⃗

(2π)3 , (2.50)

where G (k, η, η′) ≡ vk(η)vk(η′). We then define the power spectrum Pv(k) in terms of the green
function at equal times η = η′:

2π2

k3
Pv(k, η) ≡ lim

η→η′
G (k, η, η′) = ∣vk(η)∣2 , (2.51)

where η∗ is the conformal time instant for which the modes cross the horizon.
Finally, we can evaluate the power spectrum for our simple model of a scalar field in De Sitter

spacetime. We shall use the modes {vk(η)} obtained from the field equation with the Minkowski
boundary condition (2.43). Since inflation increases the perturbations exponentially, we are interested
only in large wavelengths k → 0. Using the asymptotic limit of the Hankel functions H(1,2)

ν (x):

H
(j)
ν (x≪ 1) ≈ (−1)ji2

ν−1

π

Γ(ν)
Γ(3/2)x

−ν ,

we then get the following power spectrum:

Pφ(k) = 22ν−3 [ Γ(ν)
Γ(3/2)]

2

(H
2π

)
2

(−kη)3−2ν
, (2.52)

which has the form of a power-law:
Pφ(k) = ASkns−1 , (2.53)

where ns is called the spectral index, which measures the deviation of the spectrum from a constant
one. If ns < 1, we say that the spectrum has a red tilt, and a blue tilt if ns > 1, with the observed CMB
powerspectrum having a slight red tilt. In our case, ns − 1 = 3 − 2ν and, if we use the condition that
m/H ≪ 1, we get

ns − 1 ≈ m2

3H2
. (2.54)

so that a non-constant spectrum is a direct consequence of the mass of the field.
Equation 2.52 is a generic prediction of slow roll inflation, and also its greatest success. From

first principles, one can derive the power law (2.52) which was a prediction confirmed by CMB
observations.

But not everything works as it should: the observed spectrum of the CMB has a red tilt, while
(2.52) has a blue tilt. Furthermore, the CMB spectrum is associated to perturbations in the FLRW
geometry, which is a much longer calculation that we postpone to the section about Cosmological
Perturbation Theory. After developing such apparatus, one may calculate the power spectrum for both
scalar and tensor perturbations on a FLRW universe, which agrees to great accuracy with observations
of the CMB for a variety of inflationary models. Such observations can then be used to exclude models
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or constrain their parameters [50], as is illustrated in 2.2.

Figure 2.2: Planck constraints on Inflation. The illustrated circular areas define regions of 68% and 95% confidence level in parameter space, respec-
tively. Source: Planck Collaboration.

Before we conclude this section, we shall do a brief recap of the main advantages and disad-
vantages of inflation. Firstly, it solves the fine tuning problems of the Standard Model by assuming
a phase of exponential expansion in the early universe. This also leads to a causal explanation for
structure formation and predictions about the CMB power spectrum. It should be emphasized that
inflation was the first explanation from first principles to such spectrum, and is quite independent on
the inflationary period’s details.

However, inflation demands one to include an unobserved quantum field (usually a scalar one),
to generate an almost exponential expansion and it also does not solve (does not even address) the
singularity problem. After inflation, it is customary to assume that the universe undergoes a period
known as reheating, where the energy of the inflaton is converted into particles of the Standard Model
of Particle Physics. However, the details of such period are not quite fully understood, and they are
difficult to constrain observationally [51] [52].

Another, maybe even more serious problem, is known as the trans-planckian problem. It
consists of the following: if we consider that inflation occured, then physical scales were much smaller
in the past: scales corresponding to galaxies were of the order of quantum fluctuations. This can be
visualized in Figure 2.3. The problem is that, since inflation amplifies such scales, some of the scales
that we observe nowadays were smaller than the Planck length `pl =

√
h̵G/c3 ∼ 10−35m in the past.

This is a serious problem because, in such scales, one would expect quantum gravity effects, for which
we have no precise description yet. So, a large part of the physical scales that we observe were in a
kind of "region of ignorance" in the past, where quantum gravity effects should be dominant.

https://arxiv.org/pdf/1807.06211.pdf
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Figure 2.3: Problem of transplanckian frequencies. The vertical axis represents time, and the horizontal one represents physical scales. As one can see,
physical scales of interest nowadays were amplied due to inflation, and some of them started in the "region of ignorance" x < `pl. Note that the Hubble
radius stays approximately constant during inflation. Source: [14].

In the next section, we shall analyze the bouncing paradigm and how it solves the problems of
the cosmological Standard Model, while also offering an explanation for the CMB power spectrum
and large scale structure of the universe, and has advantages and disadvantages in comparison with
the inflationary paradigm.

2.3 BOUNCING PARADIGM

As already mentioned in section 1.4, classical General Relativity coupled to ordinary matter
leads to a primordial singularity. Bouncing models were then studied in response to this problem15,
and their main idea is avoiding such singularity by introducing a previous contracting phase to our
universe. Such phase would end when the scale factor reaches a minimum (See Figure 2.4), from
where the usual expansion phase starts; it bounces. Due to the singularity theorems, this can only be
achieved either by modifying matter or the dynamics of gravity. For a pedagogical review, see [13].

The class of theories that suppose new kinds of matter or fields but maintain classical GR
are called classical bounces. As we have seen, such models do not satisfy the weak or the null
energy condition. Due to this, they generally exhibit unstable behavior, which in most cases leads to
singularities. A complete critical review can be found in [6].

Another option would be to modify GR itself. This may be achieved by considering classical
modified theories of gravity - such as the f(R) class - or by quantizing gravity itself. As mentioned
in [6], most classical bounces have stability problems, so, in this section, we shall focus our attention
to quantum bounces.

15It should be emphasized that bouncing models do solve the other problems, but are constructed to attack the singu-
larity one.
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Figure 2.4: Example of a bouncing scale factor. It is explicitly form shall be derived later, when we analyze an example. The graph was made by the
author using Python.

2.3.1 Qualitative Solution

As already mentioned in the inflationary case, the puzzles of the Standard Model are associated
to the derivative of the Hubble radius RH with respect to the scale factor a:

dRH

da
= 1

ȧ
(1 − aä

ȧ3
) , (2.55)

and the fact that dRH/da > 0 in Standard Cosmology. While inflation solves this problem by consid-
ering an exponential expansion with ä > 0, ȧ > 0, bouncing models consider contracting phases with
ä > 0, ȧ < 0, and obtain analogous results.

1. Flatness Problem

As in the inflationary case, we have that

d

da
∆(t) = −2

ä

ȧ3
,

and, as in the inflationary case, the bounce predicts such derivative to be negative, hence

∆(t) → 0 ,

and the flat universe becomes an attractor, and does not need ad hoc initial conditions to be
achieved.

2. Horizon Problem

In the bouncing paradigm, a pre-Big Bang contracting phase is considered (see Figure 2.5).
Hence, the universe has existed for much more time than the 13.8 billions years predicted by the
Standard Model. This means that regions of the sky that are in thermal equilibrium nowadays
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Figure 2.5: In Bouncing Models, a contracting pre-Big Bang phase is considered.

have had much more time to get into causal contact and achieve such state, which solves the
horizon problem. This is also associated to the Origin of Perturbations solution.

3. Origin of Perturbations

As already mentioned, the condition
dRH

da
< 0 ,

is satisfied. This means that physical scales of interest become larger than the Hubble radius as
the universe evolves. This leads to the same behavior as in inflation: scales of physical interest
start inside the Hubble horizon, cross it where they stay "frozen", until they reenter the horizon
to generate structure in the post bounce phase.

Figure 2.6: Evolution of the Hubble radius in a specific bouncing cosmology. Note that physical scales were not generated in the region of ignorance.
Source: [14].
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However, the picture is qualitatively different. Right in the bounce t = TB, where the scale
factor achieves the minimum value a(TB) = aB, we have that ȧ(TB) = 0, which means that the
Hubble radius diverges:

lim
t→TB

RH = lim
t→TB

ȧ

a
= ∞ .

The evolution of the Hubble radius is illustrated in Figure 2.6. This means that, at the bounce,
all scales of physical interest are inside the Hubble radius, which then begins to shrink after the
bounce, allowing the perturbations to reenter the Hubble horizon and generate structure at later
times16.

As in inflation, the origin of perturbations is quantum vacuum fluctuations. However, instead
of imposing vacuum boundary conditions in the bounce, one generally imposes such conditions
in the far past (extreme left of Figure 2.4), when the universe presented a very low temperature
and could be described by a vacuum state.

4. Singularity Problem

Bouncing models solve the singularity problem by construction, for they substitue the primor-
dial singularity with a bounce where the scale factor achieves a minimum value a(TB) = aB.
This also enables one to make predictions for the universe at times earlier than 13.8 billion years
ago, which is not possible in the Standard Model of Cosmology nor in Inflationary Cosmology.

2.3.2 Quantitative Example: Quantum Cosmology of a Single Fluid

As mentioned, since classical bounces have problems with instabilities and singularities, we
shall consider an example of a quantum bounce, where General Relativity itself is quantized. In this
section, we shall use Planck units for the sake of clarity.

Since there is yet no definitive theory of quantum gravity, there is no preferred quantization
method. For this reason, in this section we shall focus on the canonical quantization of GR, which
is the most conservative one in the sense that it just applies the usual quantization techniques of
constrained systems to GR and does not modify the theory itself. However, bouncing cosmologies
were also considered in Loop Quantum Gravity (Loop Quantum Cosmology)17 and String Theory
(String Gas Cosmology), for which we refer the reader to [14].

To use canonical methods, the first step is to obtain the Hamiltonian of the theory. Therefore,
we assume space-time to be globally hyperbolic with topology M = R × Σ and foliate it using a
normal vector na such that nana = −1. We now introduce a time vector field ta defined by

ta = Nna +Ni (X i)a ,
16To be more precise, the dynamic scale in bouncing models is not always given by RH , but by another quantity, that

depends on the type of perturbation. Such quantities are defined in a geometric way, so that they do not diverge on the
bounce.

17More material can also be found in [17] and [6].
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where {(X i)a} denotes a set of 3 linearly independent spacelike vector fields parallel to Σ. Here, the
i = 1,2,3 index labels the spatial vector, while a is an abstract notation index. Using a coordinate
system with coordinate vector fields {ta, (X i)a}, the metric is then given by

ds2 = (−N2 +NiN
i)dt2 + 2Nidx

idt + hijdxidxj . (2.56)

Here,N andNi are the lapse and shift function, respectively. They correspond to Lagrange multipliers
and enforce constraints on the theory, while the true dynamical variable is the spatial metric hij on
Σt.

By direct substitution of (2.56) in the Einstein-Hilbert Lagrangian and performing a Legendre
transform18 after removing boundary terms, one obtains the total Hamiltonian [53]

HT = ∫ (NH0 +NiH
i)d3x , (2.57)

where Πij is the momentum canonically conjugate to hij and

H0 ≡ GijklΠ
ijΠkl +

√
h (3)R , (2.58a)

H i ≡ −2∂jΠ
ij , (2.58b)

and
Gijkl ≡

1

2

√
h (hikhjl + hilhj − hijhkl) ,

is known as the Wheeler-DeWitt metric.
Variation of the total Hamiltonian (2.57) with respect to the lapse N and shift functions Ni then

leads to the constraints

H0 = 0 , (2.59a)

H i = 0 . (2.59b)

Here, the second constraint can be eliminated by a redefinition of our phase space19 [29], but the same
does not apply to the first. Hence, the effective Hamiltonian is given by HT = ∫ NH0d3x, which is
constrained due to the lapse N , which acts as a Lagrange multiplier.

We now perform canonical quantization using such Hamiltonian. To do so, we begin by pro-
moting our variables to operators that satisfy the canonical commutation relation

hij → ĥij , (2.60a)

Πij → Π̂ij , (2.60b)

18Since GR is a constrained theory, one should be careful when taking Legendre transforms and analyzing its phase
space. This happens even before quantization.

19More precisely, one takes the phase space of the theory to be the space of equivalence classes of riemannian spatial
metrics that differ by a diffeomorphism, which is known as superspace.
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[ĥij, Π̂kl] = iδ ki δ lj 1̂ . (2.60c)

Now, following the Dirac quantization procedure [53], constraints Φ(qi, pi) = 0 on the classical
variables are promoted to operatorial identities on states ∣u⟩, which constrains the Hilbert space:

Φ(q̂i, p̂i) ∣u⟩ = 0 ,

implementation of the Hamiltonian constraint (2.58) then leads to the Wheeler-DeWitt equation

Ĥ0 ∣u⟩ = 0 , (2.61)

where ∣u⟩ is the quantum state of our gravitational system. If we choose the representation

Ψu[hij(xµ)] ≡ ⟨hij(xµ)∣u⟩ , (2.62a)

ĥij(xµ)Ψu[hmn(xµ)] = hij(xµ)Ψu[hij(xµ)] , (2.62b)

Π̂ij(xµ)Ψu[hmn(xµ)] = −i
δ

δhij
Ψu[hmn(xµ)] , (2.62c)

where δ/δhij denotes a functional derivative with respect to the spatial metric hij the Wheeler-DeWitt
equation reads, explicitly20 [54]

(−Ĝijkl
δ

δhij

δ

δhkl
−
√
ĥR̂)Ψ[hij(xµ)] = 0 , (2.63)

which is just the quantum version of the constraint (2.59). This equation is just a formal one, for its
solutions are given in superspace, the space of all three-metrics on the hypersurfaces Σ21. Such space
is very poorly understood, due to lots of problems: it is infinite dimensional, and the signature of the
Wheeler-DeWitt metric Gijkl makes it a tough task to define a Cauchy Problem in such space.

There is yet another problem: due to the Wheeler-DeWitt equation, if one tries to write a usual
Schrödinger equation to study the dynamics of a quantum state ∣u⟩

Ĥ0 ∣u⟩ = i
∂

∂τ
∣u⟩ ,

where τ would be a time parameter, one immediately sees that, ∂ ∣u⟩ /∂τ = 0: there is no time evolu-
tion due to the constraint (2.61). This happens because, classically, one has the freedom to choose an
arbitrary time parameter which, after quantization, translates that the Hamiltonian gives a trivial time
evolution [54].

Even if one puts such problems aside, there are other puzzles related to solutions of the Wheeler-

20Since both ĥij and Π̂ij are operators, there are ordering ambiguities. Here, we choose the trivial order, for the sake
of illustration.

21More formally, it is the space of equivalence classes [hij] of spatial metrics that differ only by a spatial diffeomorfism.
This definition also "solves" the second constraint in (2.59). Such consideration makes it hard to even define a notion of
functional derivative, since one needs to consider a derivative with respect to a class of equivalence of metrics, δ/δ[hij].
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DeWitt equation: they are wavefunctionals of the metric22, Ψ[hij(xµ)], and it is not clear how to
interpret them. In the case of cosmology, for instance, the usual Copenhagen interpretation does not
apply, for there is no classical observer to collapse the wavefunction of the universe [55]. This means
that, when constructing a theory of quantum cosmology, one also needs to propose an interpretation
of the state of the universe, or a protocol for which predictions may be derived [54][53].

As one shall see, just like in any attempt to quantize gravity, canonical quantum gravity has
severe problems. However, one may try to deal with them by making additional hypothesis. Obser-
vations then shall test if those are reasonable assumptions. Even if they fail, at least one would probe
theories of quantum gravity, which may help to construct a satisfactory theory in the future.

To deal with the problem of the superspace in the Wheeler-DeWitt equation, we shall take a
mini-superspace quantization. That is, instead of quantizing the space of all riemannian geometries
(Σ, hij), we shall consider only the space of geometries with a certain symmetry23. In the cosmolog-
ical case, this would be the class of homogeneous and isotropic cosmologies. This greatly simplifies
calculations, for now one does not quantize infinite degrees of freedom, but only one: the scale fac-
tor a(t). This solves the problem of representing the operators, and also degenerates the functional
derivatives to partial derivatives.

The fact that the Hamiltonian vanishes due to the time constraint is known as the Problem of
Time in quantum gravity. To circunvent this problem and define a non-trivial propagator, we shall use
an intrinsic variable of the system whose classical evolution is monotonic. Then, we shall demand
that the classical notion of time is recovered from such variable in the appropriate classical limit.

As for the problem of interpreting the wavefunction, we shall adopt the Bohmian interpreta-
tion of quantum mechanics. In such interpretation, there is no wavefunction collapse and quantum
mechanics becomes deterministic, but with non-local effects [55]. Such interpretation consists on
parametrizing the wavefunction by

Ψ = AeiS ,

where A,S are both functions. Direct substitution of such form in the Schrödinger equation leads to
the usual conservation of probability density, and to a modification of the Hamilton-Jacobi equation
with an extra quantum potential [1]. The deterministic Bohmian trajectories then are obtained by
identifying the S function with the classical action. This then leads to the guidance relations

pi =
∂S

∂qi
, (2.64)

which are differential equations that give the evolution of the modified trajectories qi(t). An interest-
ing introduction to the Bohmian interpretation and its application to quantum cosmology can be found
in [55]. Of course, one could also consider other approaches, such as Many Worlds interpretation, or

22In Standard Quantum mechanics, the position x(t) and momentum p(t) become operators x̂, p̂, while the time t
is still a parameter. When quantizying GR, the spatial metric hij(xµ) and its momentum Πij(xµ) become operators
ĥij , Π̂

ij , while the coordinates xµ are treated as parameters.
23Here, a word of caution is in order. In the classical case, such symmetries are preserved by the Cauchy problem of

General Relativity. However, there is no guarantee that this will hold in the final theory of Quantum Gravity.
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Consistent Histories Approach, which are also discussed in [55].
So, to do a brief recap, we shall consider the following hypothesis:

1. Mini-superspace : to deal with the mathematical problems of the Wheeler-DeWitt equation;

2. Internal time : to deal with the problem of time in quantum gravity;

3. Bohmian mechanics : to deal with the problem of interpreting the wavefunction of the uni-
verse;

We shall now apply such considerations to a flat homogeneous and isotropic universe that con-
tains a single perfect fluid with equation of state (1.30) and constant w. Imposing such conditions on
the metric, we have that Ni = 0 due to isotropy, and N = N(t), hij = a2(t)δij due to homogeneity and
flatness.The ADM metric (2.56) then simplifies to

ds2 = −N(t)2dt2 + a2(t)(dx2 + dy2 + dz2) , (2.65)

since the spatial sections satisfy Σ = R3, we have that (3)R = 0. We now couple geometry to a single
perfect fluid24, by adding the following matter Hamiltonian

HM = N (c
p1+w
φ

a3w
) ,

where pφ is the momentum conjugate to φ, and c ≡ 1/ (w
√

2
1+3w

n1+w) is a constant, for one assumes
that the fluid satisfies the equation of state p(ρ) = wρ, and n = 1

2 (1 + 1/w).
We also introduce the following canonical pair of variables, in terms of a canonical transforma-

tion:

T ≡ 1

c(1 +w)
φ

pwφ
,

ΠT ≡ cp1+w
φ .

The total Hamiltonian becomes, explicitly:

HT =H0 +HM , (2.66)

HT = N (−Π2
a

4a
+ ΠT

a3w
) , (2.67)

where

Πa ≡
∂L

∂ȧ
, (2.68)

24To couple the fluid to the metric in the Hamiltonian formalism of GR, one first needs an action principle to describe
fluids. This is explored in [1] which presents a method to describe a perfect fluid in terms of a scalar field φ.
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is the canonical moment associated to the scale factor. Note that ΠT appears linearly in the Hamilto-
nian, and that its classical equation of motion is given by

Ṫ = N

a3w
,

so that Ṫ > 0 which means that T is a monotonic function of classical time. Due to such reasons,
we can consider T to be a time variable, and write a Schrödinger equation using it as a parameter.
Here, an important note is in order: although the variable T is not connected to our intuitive notion
of time, one should bear in mind that time is essentially an always increasing quantity that measures
successions of events25. Hence, this variable fills the same role, although it does not cope with our
intuition26.

Performing canonical quantization, we begin by promoting the classical variables to operators
that satisfy the canonical commutation relations:

[â, Π̂a] = i1̂ ,
[T̂ , Π̂T ] = i1̂ ,

we then follow by choosing the representation27

âΨ(a,T ) = aΨ(a,T ), Π̂aΨ(a,T ) = −i ∂
∂a

Ψ(a,T ) ,

T̂Ψ(a,T ) = TΨ(a,T ), Π̂TΨ(a,T ) = −i ∂
∂T

Ψ(a,T ) ,

and we obtain the following Wheeler-DeWitt equation for the wavefunction of the universe Ψ(a,T ):

i
∂

∂T
Ψ(a,T ) = 1

4
{a(3w−1) ∂

∂a
[a(3w−1) ∂

∂a
]}Ψ(a,T ) , (2.69)

where a specific operator factor ordering was chosen28. By performing the change of variable

q ≡ 2a
3
2
(1−w)

3 (1 −w) , (2.70)

we obtain a simpler form

i
∂

∂T
Ψ(q, T ) = 1

4

∂2

∂q2
Ψ(q, T ) , (2.71)

which has the form of a time reversed free particle Schrödinger equation.

25Or, more precisely, coincidences of events. For instance, if one says that an apple fell at 9 AM, then it just means that
the apple fell exactly when the pointers of the clock pointed to 9 AM.

26It should also be pointed out that this is not the only choice of time, since the Problem of Time is not yet solved.
27Here, it is important to emphasize that, while we do choose this representation, T is treated as parameter, and not an

observable. This means that the wavefunction will be normalized with respect to a, but not with respect to T , which will
define the unitary evolution.

28The choice was based on preserving the symmetries of the classical system in the quantum one.
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Here an important observation should be made. Since a > 0 at all times, the Hilbert Space asso-
ciated to this problem is the space of square integrable functions defined on the semi line {x ∈ R∣x > 0}.
To ensure that the operator Π̂a is Hermitian when acting in such Hilbert Space, the condition

(Ψ∗∂Ψ

∂q
−Ψ

∂Ψ∗

∂q
) ∣

q

= 0 ,

must be satisfied29. Such condition is fulfilled by the gaussian state

Ψ0(q,0) = ( 8

πτB
)

1/4

exp{− q
2

τB
} , (2.72)

which has the advantage that its functional form is preserved by the associated propagator. Therefore,
we shall take (2.72) as our initial condition. Applying the propagator, the wave function at an arbitrary
instant T is given by:

Ψ(a,T ) = [ 8TB

π (T 2 + T 2
B)

]
1/4

exp
⎡⎢⎢⎢⎢⎣
−4

9

TBa3(1−ω)

(T 2 + T 2
b ) (1 − ω)

2

⎤⎥⎥⎥⎥⎦
(2.73)

×exp{−i [−4

9

TBa3(1−ω)

(T 2 + T 2
B) (1 − ω)

2 +
1

2
arctan(TB

T
) − π

4
]} . (2.74)

Using the Bohmian interpretation of quantum mechanics, one can extract trajectories from the
phase of the wavefunction. To do so, one needs to solve the guidance relation (2.64)

da

dT
= −a

(3w−1)

2

∂S

∂a
, (2.75)

which was obtained by choosing the gauge N = a3w Ô⇒ Ṫ = 1. The solution is the associated scale
factor

a(t) = aB [1 + ( T
TB

)
2

]
1
3

1
(1−w)

, (2.76)

where aB appears as an integration constant and represents the minimum value for the scale factor.
Note that a(t) ≠ 0 for all values of t. Therefore, this model is non-singular and represents an eternal
universe.

The integration constant aB is a free parameter of the theory and must be fixed by observations.
It also fixes the energy scale of the bounce, which is usually assumed to be higher than the Planck
energy, where more complex quantization techniques may be needed. In comparison to scalar field
inflation, this theory has less freedom in the following sense. In the former case one has the freedom
to select an arbitrary function V (φ) of the field30, while there is only an indeterminate constant aB in
the latter. However, this model evokes quantum gravity and other assumptions, so that it deals with

29Such condition follows from discarding a boundary term when analyzing the hermitean condition ⟨u∣Π̂qv⟩ = ⟨uΠ̂†
q ∣v⟩.

30To be more precise, in slow roll inflation, the predictions depend only on the slow roll parameters ε, δ, and not on the
specific form of the potential [47].
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physics that are poorly understood in comparison to inflation, which is based on usual Quantum Field
Theory applied to a scalar field.

We conclude this example by pointing that, as in inflation, one may consider perturbations
around the background and derive the spectral power index of such perturbations. For a fluid with
equation of state p(ρ) = wp, it is given by [1]

ns = 1 + 12w

1 + 3w
, (2.77)

and one can see that an nearly scale invariant spectrum is obtained in the limit w → 0, that is, an
approximate dust equation of state. To obtain such power spectrum, one imposes boundary conditions
in the distant past, when the physical scales of the universe were much larger. In such regime, the
universe had a very low temperature, which enables one to consider a vacuum state as the initial
state for perturbations31. Again, we see that quantum cosmological perturbations32 demand an initial
vacuum state to be described and to obtain their associated two point functions.

Now, a brief recap: bouncing cosmologies solve the fine tuning problems of the cosmological
standard model by assuming a contracting period for the universe, which also leads to a causal ex-
planation and predictions for the structure formation and the CMB power spectrum. It also solves
the singularity problem by construction but, while inflation usually demands one to consider unob-
served fields, bouncing cosmologies need to consider exotic types of matter and/or new Physics such
as quantum gravity, which gives one a lot of freedom.

2.4 COSMOLOGICAL PERTURBATION THEORY

In this section, we develop the theory of cosmological perturbations based on the usual Bardeen
approach [56]. As we have seen, one needs to consider perturbations around a homogeneous and
isotropic universe to explain the growth of large scale structure and the temperature fluctuations of
the CMB. However, Standard Cosmology cannot appropriately do so due to the before mentioned
Problem of Origin of Perturbations (subsection 1.4.3). Hence, we choose to first develop the infla-
tionary and bouncing paradigms before perturbation theory. Then, by combining such paradigms with
perturbations, one is can make definite predictions about the CMB power spectrum.

We start by formally defining what we mean by perturbations and also their gauge invariance.
To do so, first remember that a spacetime is a manifold M with a pseudo-riemannian metric gab
defined on it. When we consider perturbations, we fix the manifold, but change the metric so that we
are dealing with two space-times: the "true" physical space-time (M, gab), and we compare it with a
fiducial unperturbed space-time (M, ḡab). The perturbations δgab are then defined by

δgab ≡ gab − ḡab ,
31In this paradigm, quantum vacuum fluctuations emerged in the distant past, and all scales were shrank to such small

scales.
32It is also interesting to point out that the presented bohmian interpretation also explains why we see a classical

universe nowadays while the perturbations started in the quantum regime, which is an unsolved problem in inflation [1].
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and can effectively be treated as a rank 2 tensor field defined on the space-time (M, gab). We also
assume that the perturbations are small δg/g ≪ 1, which is more formally explored in [57]. Note that,
since we introduced the fiducial spacetime (M, ḡab), our definition of perturbation δgab contains an
intrinsic arbitrariness, which is discussed below.

Since the manifold M is the same for both spacetimes, they should preserve their structure
under a diffeomorphism. However, note that there is a difference in applying such diffeomorphism
on the physical spacetime and on the fiducial one. In particular, consider two tensors T̄ a1...ak

b1...bl
and

T a1...ak
b1...bl

, defined on the fiducial spacetime and the physical one, respectively. Then, by applying a
local, infinitesimal diffeomorphism parametrized by a vector field ξ̄a on the background, such tensors
transform as

T̄ a1...ak
b1...bl

→ T̄ a1...ak
b1...bl

+Lξ̄T̄
a1...ak

b1...bl
, (2.78a)

T a1...ak
b1...bl

→ T a1...ak
b1...bl

, (2.78b)

where we considered only the first contribution of the expansion of T̄ a1...ak
b1...bl

. From here on, we
will consider only the first order contributions. Note that, since the diffeomorphism was applied on
the background, the physical tensor does not transform. If, however, one applies a small general
coordinate transformation generated by a vector field ξ on the physical spacetime (M, gab), one gets

T̄ a1...ak
b1...bl

→ T̄ a1...ak
b1...bl

+LξT̄
a1...ak

b1...bl
, (2.79a)

T a1...ak
b1...bl

→ T a1...ak
b1...bl

+LξT
a1...ak

b1...bl
, (2.79b)

so that both tensors are transformed. Then, one can also combine both transformations to yield:

T̄ a1...ak
b1...bl

→ T̄ a1...ak
b1...bl

+Lξ̄+ξT̄
a1...ak

b1...bl
, (2.80a)

T a1...ak
b1...bl

→ T a1...ak
b1...bl

+LξT
a1...ak

b1...bl
. (2.80b)

Now, consider a perturbation on such tensor, δT a1...ak
b1...bl

≡ T a1...ak
b1...bl

−T̄ a1...ak
b1...bl

. The perturbation
then transforms as

δT a1...ak
b1...bl

→ (T a1...ak
b1...bl

+LξT
a1...ak

b1...bl
) − (T̄ a1...ak

b1...bl
+Lξ̄+ξT̄

a1...ak
b1...bl

) , (2.81)

≈ (T a1...ak
b1...bl

− T̄ a1...ak
b1...bl

) −Lξ̄T̄
a1...ak

b1...bl
, (2.82)

≈ δT a1...ak
b1...bl

−Lξ̄T̄
a1...ak

b1...bl
. (2.83)

Here, it is interesting to note that the same result could be obtained by considering ξ̄ = −ξ directly
from the beginning, yielding:

T̄ a1...ak
b1...bl

→ T̄ a1...ak
b1...bl

,

δT a1...ak
b1...bl

→ δT a1...ak
b1...bl

−Lξ̄T̄
a1...ak

b1...bl
.
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This is a very convenient choice, for the background quantity maintains its funcional form when such
transformation is applied. Hence, we define a gauge transformation as the combination (diffeomor-
phism ⊕ coordinate) for which ξ = −ξ̄. This transformation has different effects on the background
and physical objects, and is identified with an approximate symmetry group induced by the pres-
ence of an extra strucutre, namely the fiducial spacetime (M, ḡab) which is compared to the physical
spacetime [58].

We now focus on perturbations on the metric tensor gab. Due to (2.81), it transforms as

gab → gab +Lξgab . (2.85)

One then sees that the perturbations on the metric are equivalent up to a Lie derivative. Hence, one
must define gauge invariant objects to study observables. Otherwise, one may find objects that are
coordinate/gauge dependent.

We now avail the explicit gauge transformation for gab in the case of a FLRW background.
Since the diffeomorphism is parametrized by ξa, the µ-th coordinate transforms as

xµ → x̃µ = xµ + ξµ . (2.86)

Using gab = ḡab + δgab for the case of ḡab = g FLRW
ab , the perturbed line element in conformal time can be

expressed by
ds2 = a2(η) [(−(1 + 2A)dη2 + 2Bidηdxi + (γij + hij)dxidxj] (2.87)

where due to the background isotropy, we parametrized the metric using

A ≡ − 1

2a2
δg00 , (2.88a)

Bi ≡ 1

2a2
δg0i (2.88b)

hij ≡ 1

a2
δgij , (2.88c)

which transform as a scalar, vector and rank 2 tensor under spatial rotations, respectively. This
parametrization is useful because the variables are defined in terms of representations of the back-
ground rotation group. However, this will not be the case for an anisotropic background.

We now focus on the flat FLRW case, for which γij = δij . Generally, one imposes that pertur-
bations decay at infinity. With such condition, one can parametrize the perturbation modes as

Bi = ∂iB + B̄i , (2.89a)

hij = 2Cδij + 2∂i∂jE + 2∂(iEj) + 2Eij , (2.89b)

if the following constraints are satisfied [58]

∂iB̄i = 0 , (2.90a)
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∂iEi = 0 , (2.90b)

∂iEij = 0 . (2.90c)

With such parametrization, we have the following types of SVT (scalar-vector-tensor) modes:

1. Scalar Modes: A,B,C,E ;

2. Vector Modes: B̄i,Ei ;

3. Tensor Modes: Eij ;

and each type of mode carries:

1. Scalar Modes: 1 degree of freedom per mode, with a total of 4 (4 modes);

2. Vector Modes: 2 degrees of freedom per mode (they are divergence free), with a total of 4 (2
modes);

3. Tensor Modes: 2 degrees of freedom per mode (divergence free and null trace), with a total of
2 (1 mode).

So, we have a total of 10 degrees of freedom, which shows that this parametrization is indeed general.
However, due to the gauge invariance (2.85), not all modes are physical: some of them are coordinate
dependent. We now proceed to construct the true degrees of freedom of our system: those that do not
depend on the gauge.

We begin by considering an infinitesimal diffeomorphism xµ → xµ + ξµ. We then see that
the components hµν are not gauge independent. Using the Lie derivative Lξgab = ∇aξb + ∇bξa, and
decomposing the components ξµ as

ξ0 = T (x⃗, η) , (2.91a)

ξi = ∂iL(x⃗, η) +Li(x⃗, η) , (2.91b)

we obtain the following set of transformations for each mode:

1. Scalar Modes

A→ Ã = A + (aT )′

a
, (2.92a)

B → B̃ = B − T +L′ , (2.92b)

C → C̃ = C +HT , (2.92c)

E → Ẽ = E +L , (2.92d)

(2.92e)



72

2. Vector Modes

B̄i → ˜̄Bi = B̄i +Li′ , (2.93a)

Ei → Ẽi = Ei +Li , (2.93b)

3. Tensor Mode
Eij → Ẽij = Eij , (2.94)

and we see that, apart from the unique tensor mode, the perturbation modes are gauge dependent.
At this point, one can see that, by appropriate linear combinations of the SVT modes, one may

define quantities that do not transform when a gauge transformation is applied. Hence, from the SVT
modes, we define gauge invariant variables known as the Bardeen Variables as33

1. Scalar Modes

Φ(x⃗, η) ≡ A + 1

a
[a (B −E)]′ , (2.95a)

Ψ(x⃗, η) ≡ −C −H(B −E′) , (2.95b)

2. Vector Modes
Φi(x⃗, η) ≡ B̄i −Ei′ . (2.96)

Such variables are gauge independent. In practice, one selects a particular gauge and performs
calculations on it. However, one can always transform between gauges by the use of the above
transformations. A gauge is then defined by imposing conditions on the SVT modes or on the matter
variables, and some common options are:

1. Newtonian Gauge

This gauge is implemented by the following choice of vector field ξ in terms of the modes,

T = B −E′, L = −E, Li′ = −B̄i , (2.97)

which implies the following constraints for the transformed modes

B → B = 0, E → E = 0, Bi → Bi = 0 , (2.98)

so that the line element takes the form

ds2 = a2(η) {(−(1 + 2A)dη2 + [(1 + 2C) δij + 2∂(iEj) + 2Eij]dxidxj} , (2.99)

33There is no need to introduce a Bardeen Variable for the tensor mode, which is already gauge independent by con-
struction.
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and the Bardeen Variables are simplified to

Φ = A, Ψ = −C, Φi = Ei′ ; (2.100)

2. Synchronous Gauge

This gauge is implemented by the following choice of vector field ξ in terms of the modes,

(aT )′ = −aA, L′ = T −B, , (2.101)

which implies the following constraints for the transformed modes

A→ A = 0, B → B = 0, B̄i → B̄i = 0, (2.102)

so that the line element takes the form

ds2 = a2(η) {−dη2 + [(1 + 2C) δij + 2∂i∂jE + 2∂(iEj) + 2Eij]dxidxj} , (2.103)

and the Bardeen Variables are simplified to

Φ = −(aE)′
a

, Ψ = −C +HE′, Φi = −Ei′ ; (2.104)

It is important to emphasize that, although the Bardeen Variables assume a definite form in each
gauge, they do not depend on the gauge itself. After transforming from one to another, they retain
their exact form, as can be shown by explicitly evaluating their transformation law using the relations
(2.92) and (2.93).

Now that we have defined gauge invariant quantities, we can proceed to analyze dynamics using
the perturbed Einstein equations, which we shall do using the Newtonian Gauge34. To simplify our
discussion, we shall only consider the classical Einstein equations for the moment, and we shall
couple the geometry to a homogeneous scalar field φ(t) with inflation in mind. Such field is then
perturbed to

φ(η) → φ(η) + δφ(x⃗, η) ,

from which we introduce yet another gauge invariant quantity

χ ≡ δφ + (B −E′)φ′ ,

which is also gauge invariant. After a lengthy calculation, we get the following tensor components:

34We choose this gauge instead of the synchronous because, while the newtonian gauge is completely determined, one
still has the freedom in introducing an arbitrary function in the synchronous gauge. However, the newtonian gauge is not
free of issues, since it is not a valid gauge in some bouncing models, as discussed in [57], but those shall not be of concern
in this section.
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1. Einstein Tensor

a2δG0
0 = 6H2Φ + 6HΨ′ − 2∇2Ψ , (2.105a)

a2δG0
i = −2∂i (Ψ′ +HΦ) + 1

2
∇2Φi , (2.105b)

a2δGi
j = ∂i∂j (Ψ −Φ) + δij [2Ψ′′ + (2H2 + 4H′)Φ −∇2 (Ψ −Φ) + 4HΨ′ + 2HΦ′]
+ δik∂(kΦ′

j) + 2Hδik∂(kΦj) +Ei
j
′′ + 2HEi

j
′ −∇2Ei

j ; (2.105c)

2. Stress Energy-Tensor

a2δT 0
0 = −φ′χ′ − a2V,φχ +Φφ′2 , (2.106a)

a2δT 0
i = −∂i (φ′χ) , (2.106b)

a2δT ij = −(φ′2Φ + a2V,φχ − φ′χ′) δij . (2.106c)

Now, one can write the Einstein equations for the perturbations. For an isotropic background,
the SVT modes decouple between themselves, that is: scalars are only coupled to scalars, vectors to
vectors, and tensors to tensors.

Before analyzing the equations for each mode, note that the (i, j) component of δT ij is diagonal,
and depends only on scalars. The scalar mode contribution of the tensor δGi

j has only one non-
diagonal part contribution, which is ∂i∂j (Ψ −Φ). This means that we have a constraint

∂i∂j (Ψ −Φ) = 0 , (2.107)

which, if combined with the boundary condition that the perturbations decay at infinity, forces the
constraint Φ = Ψ, which simplifies calculations. We now proceed to briefly discuss the dynamics of
each type of mode separately.

1. Scalar Modes

Scalar perturbations generate scalars in the late universe, such as temperature perturbations on
the CMB and galaxies. Their equations of motion are given by

∇2Φ − 3H(Φ′ +HΦ) = κ
2
(φ′χ′ + a2V,φχ −Φφ′2) , (2.108a)

(aΦ)′

a
= κ

2
φ′χ , (2.108b)

Φ′′ + 3HΦ′ + (H2 + 2H′)Φ = κ
2
(φ′χ′ − φ′2Φ − a2V,φχ) , (2.108c)

and one can see that (2.108b) is essentially a constraint between χ and Φ, so that we only have
one degree of freedom: Φ(x⃗, t). We also have an additional equation, which is the perturbed
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Klein-Gordon equation

χ′′ + 2Hχ′ −∇2χ + a2V,φφχ = 2
(a2φ′)′

a2
Φ + 4φ′Φ′ . (2.109)

By combining (2.108a) with (2.108c), and utilizing the background Klein-Gordon equation in
conformal time, one obtains a dynamical equation for the remaining degree of freedom:

Φ′′ + 2(H − φ
′′

φ
)Φ′ + [2(H′ −Hφ

′′

φ
) − ∇2]Φ = 0 . (2.110)

2. Vector Modes

Vector perturbations generate vectors in the late universe, such as velocity perturbations on the
motion of galaxies. Their equations of motion are given by

∇2Φi = 0 , (2.111a)

Φ′
i + 2HΦi = 0 , (2.111b)

and, analyzing (2.111b), one sees that vector modes decay in an expanding universe. More
precisely, direct integration leads to

Φ (x⃗, η) = Ci (x⃗)a−2 ,

where Ci(x⃗) is an integration function that depends on the chosen boundary conditions. This
means that one needs to suppose large initial conditions for such modes to be detected nowa-
days. In fact, (2.111a) puts a much stronger constraint: the only solution compatible with the
boundary condition lim

x⃗→∞
Ci(x⃗) = 0 is the trivial solution Ci(x⃗) = 0 ∀ x⃗, so that we shall not

discuss vector modes any further35.

3. Tensor Modes

Tensor perturbations essentially generate tensors in the late universe, such as gravitational
waves. Their equation of motion is given by

E′′
ij + 2HE′

ij −∇Eij = 0 , (2.112)

and it is usual to denote Eij(x⃗, η) as describing primordial gravitational waves.

The perturbative equations can then be solved using standard techniques, and the fields can
be expanded in terms of a complete basis {vk} of functions. The next step in order to describe the
spectrum of the CMB in terms of vacuum fluctuations is to quantize such perturbations. This could
be achieved by applying canonical quantization to the fields expanded in the basis {vk} as shown in

35Of course, the same would not apply to bouncing universes.
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subsection 2.2.2. However, to do so, we also need the canonically conjugated momentum of the field,
which in turn can be obtained from the action.

At this point, one can try to guess the action in terms of the equations of motion. However, this
would lead to an incorrect action, and hence a wrong momentum [9]. What one should do is the labo-
rious calculation of expanding the Einstein-Hilbert action up to second order36 in the perturbations.
Only then one can properly identify the momentum and quantize the system [59].

It is also important to emphasize that, in inflationary models, one can just consider the clas-
sical Einstein-Hilbert action, and some terms vanish due to the classical equations of motion. This
was analyzed in detail in [59]. However in quantum bouncing models, one cannot use the classical
equations of motion, which makes such calculation even harder. This was also analyzed for FLRW
backgrounds, and the main results can be found in [60].

To simplify our discussion, we skip the calculations and present the second order action for a
classical FLRW metric coupled to a single scalar field. In future sections, we shall elaborate more on
such action. Initially, we introduce the variables

v ≡ zR , (2.113a)

z ≡ aφ
′

H , (2.113b)

µij ≡
√

M2
pl

4
aEij , (2.113c)

which are known as the Mukhanov-Sasaki variables, and R is given by

R ≡ Φ + 2H
κφ′2

(Φ′ +HΦ) . (2.114)

We also decompose the tensor µij in terms of the × and + polarizations of gravitational waves:

µij = ∑
λ=×,+

µλε
λ
ij , ελijε

ij
λ′ = δλλ′ ,

and the second order action becomes [9]

S(2) = 1

2 ∫
⎧⎪⎪⎨⎪⎪⎩
[(v′)2 − ∂iv∂iv +

z′′

z
v2] + ∑

λ=×,+

[(µ′λ)
2 − ∂lµλ∂lµλ +

a′′

a
µ2
λ]

⎫⎪⎪⎬⎪⎪⎭
d3x⃗dη . (2.115)

Variation of (2.115) provides the following equations of motion in Fourier space

v′′k + (k2 − z
′′

z
) vk = 0 , (2.116a)

µ′′λ,k + (k2 − a
′′

a
)µλ,k = 0 . (2.116b)

36This happens because the Euler-Lagrange equations lower the order of the Lagrangian by 1, so that, to get linear
equations of motion, one needs a quadratic Lagrangian. E.g. : harmonic oscillator.
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Such equations present the interesting property that they are decoupled, that is: there is no interaction
between modes of different wavenumber, nor between scalar modes and tensor modes. However, this
property will not hold in the anisotropic case.

The next logical step is to quantize such perturbations and compute its power spectrum to gen-
erate the CMB spectrum. However, as already mentioned, to do this, one needs to define a vacuum
state for the field in order to impose vacuum boundary conditions.

In the previous case of a homogeneous field evolving in De Sitter space analyzed in subsec-
tion 2.2.2, one could define a vacuum by demanding that the analytic solutions recovered the usual
plane waves of a Klein-Gordon field in Minkowski space. However, this cannot be done in the general
case, for analytic solutions may not be available, or the small wavelength limit of the modes {vk} may
be non-trivial, or even undefined.

Due to the aforementioned reasons, we delay the quantization of the perturbations for the mo-
ment. Before we do so, we shall analyze how to define a vacuum state in curved space-time, which
demands knowledge of Quantum Field Theory in Curved Space-Time and is a very non-trivial task,
for one does not have an unique prescription to define a vacuum state in general space-times. After
we develop such formalism, we shall return to the problem of quantizing cosmological perturbations
and compute its associated power spectrum.



78

3 QUANTUM FIELD THEORY IN CURVED SPACE-TIME

In this chapter, we discuss Quantum Field Theory in Curved Spacetime in order to properly treat
the quantization of cosmological perturbations, which can be treated as quantum fields defined on an
expanding background spacetime. We start by discussing the usual Canonical Quantization procedure
in section 3.1, where we appoint the vacuum determination problem. We then proceed by analyzing
the vacuum determination of quantum fields in Minkowski spacetime in section 3.2 and then FLRW
spacetime in section 3.3, where we emphasize that there are multiple vacuum choices available for
each case.

3.1 CANONICAL QUANTIZATION

As is well known, we have yet no definitive theory of quantum gravity. Quantum field theory
in curved spacetime was developed as a response to such problem. It is characterized by considering
the semiclassical approximation where all other fundamental fields are quantized, but the background
gravitational field/spacetime geometry is classical [61], and is currently the most solid framework to
treat (semiclassical) gravitational effects on quantum fields [62].

Such considerations were able to predict new effects that are expected from a theory of quantum
gravity, such as cosmological particle creation, first considered by Parker (1969) [63], black hole
radiation, also known as Hawking radiation, first considered by Hawking (1975) [64], and also the
Fulling-Davies-Unruh effect, discovered by Fulling (1973), Davies (1975) and Unruh (1976) [65–67].

To develop our formalism, we consider the quantization of a free scalar field, which is described
by the action

S = −1

2 ∫
√−g (∇aφ∇aφ +m2φ2)d4x, (3.1)

and satisfies the covariant Klein-Gordon equation

◻φ = 0 ,

where ◻ ≡ ∇a∇a.1 To perform calculations, this equation can be represented in a coordinate system
and assumes the form

1√−g∂
µ (√−g∂µφ) +m2φ = 0 , (3.2)

where g is the determinant of gab, and such expression follows by direct application of the operator
∇µ∇µ.

One of the main problems of quantum field theory in curved spacetime is the vacuum deter-
mination problem, or representation problem. In order to understand it, it is interesting to consider
the quantization of a simple quantum system: a harmonic oscillator. In Canonical Quantization, one

1We emphasize that the presented results can be generalized to other types of fields: vectors, spinors, tensors, etc.
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usually takes the following steps [53]:

1. Classical Dynamics: write the classical Hamiltonian

H(x, p) = p2

2m
+ 1

2
mω2x2 ;

2. Quantum Observables: promote the canonical variables x, p to operators that will be the ob-
servables of the quantum theory, and map the classical Poisson brackets to commutators:

x, p→ x̂, p̂ ,

{x, p} → 1

ih̵
[x̂, p̂] ,

which ensures that [x̂, p̂] = ih̵1̂, an identity that is known as the canonical commutation relation;

3. Representation: the above algebra does not inform one how the operators act on quantum states
∣u⟩ ∈ H, where H is the Hilbert space, and hence how to calculate observables. Therefore, one
now needs to define a representation for such algebra i.e. the way the operators act on physical
states. In quantum mechanics one usually chooses the representation

x̂ψu(x) = xψu(x) ,

p̂ψu(x) = −ih̵
∂

∂x
ψu(x) ,

where ψu(x) ≡ ⟨x∣u⟩ is the systems wavefunction and ∣x⟩ is an eigenstate of the position opera-
tor x̂. Hence, the observables are well defined as eigenvalues of the operators x̂, p̂ and one can
extract physical predictions;

4. Dynamics: using the choosen representation, one can define dynamics either through the
Schrödinger picture, where the state ∣u⟩ ∈ H evolves according to the Schrödinger Equation:

ih̵
∂

∂t
∣u⟩ = Ĥ ∣u⟩ ,

where Ĥ = Ĥ(x̂, p̂), or using the Heisenberg picture, where the operators Â evolve according
to the Heisenberg equation:

dÂ

dt
= 1

ih̵
[Â, Ĥ] + ∂Â

dt
. (3.3)

The above construction is the usual one taught at undergraduate level quantum mechanics. How-
ever, note that the quantum states ∣u⟩ belong to a Hilbert space H, which was never explicit in the
presented construction. One then is lead to the question: how does one construct the Hilbert space
associated to a quantum theory, starting from its classical counterpart?

The answer lies in one imporant theorem: the Stone Von-Neumann theorem [68]. It guaran-
tees that, provided the classical theory has a finite number of degrees of freedom, and the quantum
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operators follow the canonical commutation relation

[x̂, p̂] = ih̵1 , (3.4)

then all representations of such algebra are equivalent up to a unitary transformation. In other
words, the choice of Hilbert space H is irrelevant: one can choose an arbitrary space for which (3.4)
is valid.2

In the case of the simple harmonic oscilator, there is an interesting choice of Hilbert Space.
Start by defining the usual creation and annihilation operators by

â ≡ mω
2h̵

(x̂ + i p̂
mω

) , (3.5a)

â† ≡ mω
2h̵

(x̂ − i p̂
mω

) , (3.5b)

which satisfy [â, â†] = 1 due to the canonical commutation relation (3.4). One can then show that,
when such operators act on energy eigenstates ∣n⟩, we get:

â ∣n⟩ =
√
n ∣n − 1⟩ , (3.6a)

â† ∣n⟩ =
√
n + 1 ∣n + 1⟩ , (3.6b)

hence, an arbitrary energy eigenstate ∣n⟩ can be constructed by sucessive applications of the creation
operator â† on the vacuum state ∣0⟩:

∣n⟩ = (â†)n√
n!

∣0⟩ , (3.7)

and, since the Hamiltonian Ĥ is assumed to be Hermitian, the {∣n⟩} form a complete basis of the
Hilbert space H.

To construct the Hilbert space, one can then proceed as follows. Start by postulating the ex-
istence of the vacuum state ∣0⟩ such that â ∣0⟩ = 0, for which the energy eigenstates can be defined
by (3.7), and then define H as the space generated by {∣n⟩}. This is a valid Hilbert space, and all
other choices are equivalent up to a unitary transformation due to the Stone Von-Neumann theorem.
Another, more formal construction can also be found in [68].

The discussion can be straightforwardly generalized to systems with N degrees of freedom,
labeled by xi. In this case, each oscillator will have an associated creation and annihilation pair âi, â†

i ,
with each of them annihilating the vacuum

âi ∣0⟩ = 0 ∀ i , (3.8)

2It is irrelevant in the sense that the physical predictions are the same, no matter the choice of H. Different choices
will differ only by an unitary transformation, which preserves both the eigenvalues and probabilities.



81

and the energy eigenstates are defined by

∣n1, n2, ..., nN⟩ ≡
N

∏
j=1

⎡⎢⎢⎢⎢⎢⎣

(â†
kj
)
nj

√
nj!

⎤⎥⎥⎥⎥⎥⎦
∣0⟩ , (3.9)

with the Hilbert space being defined as the space spawned by such states.
In quantum field theory, the situation is very different: since in field theory one deals with sys-

tems that have an infinite number of degrees of freedom , the Stone Von Neumann theorem no longer
applies.3 Hence, distinct and non-unitary equivalent representations of the canonical commuta-
tion relation can exist.4 For the case of harmonic oscillators, one can still define a representation by
choosing a vacuum state and construct the energy eigenstates (3.9). However, such vacuum choice is
inherently ambiguous, as we will show in the next section by treating a simple case: the quantization
of a free scalar field in flat spacetime.

3.2 MINKOWSKI SPACETIME

The Minkowski spacetime is a rather simple spacetime, which is defined by the pair (R4, ηab),
where ηab is the Minkowski metric. Using inertial coordinates5, the line element can be expressed by

ds2 = ηµνdxµdxν = −dt2 + dx2 + dy2 + dz2 ,

and one readily sees that, in this coordinate system, g = −1, and the Klein-Gordon equation (3.2)
reduces to

− ∂
2φ

∂t2
+∇2φ +m2φ = 0 , (3.10)

where the field is a function of both space and time, φ = φ(x, y, z, t), and ∇2 ≡ ∂i∂i.
In the Minkowski spacetime one has a rather large set of symmetries that connects inertial

observers, which are described in terms of the Poincaré Group. Therefore, one is able to define a
vacuum state using that class of privileged observers and hence a Hilbert space that is preserved by
the spacetime symmetries. However, as we shall show, this is not the only vacuum choice available
for Minkowski spacetime, and one demands physical arguments to select a preferred vacuum state
and hence a representation of the quantum theory.

3.2.1 Mode Expansion and Bogoliubov Transformations

In this section, we shall present an alternative quantization procedure that makes explicit the
vacuum choice of a theory. However, before we quantize our field, we need to solve the classical field

3This happens because, since fields are functions of the position x⃗, one may decompose them in terms of (countable)
infinite basis of functions, with one degree of freedom per basis function.

4If the representations do not differ by a unitary transformation, physical predictions will in general be different.
5This choice of coordinates is valid because the Minkowski spacetime is maximally symmetric, and admits a set of

four global commuting Killing vectors fields ξa.
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equation (3.10). The calculations are simplified by applying a Fourier transform, where one writes
the field as

φ(r⃗, t) = 1

(2π)3/2 ∫ (φk(t)eik⃗⋅r⃗)d3k⃗ , (3.11)

and the fact that the field is real implies (φk)∗ = φ−k.6

Substituting in (3.10), and using that in Fourier space ∇2 → −k2, one obtains

d2

dt2
φk(t) + (k2 +m2)φk(t) = 0 , (3.12)

and the original field equation is now decoupled into a set of infinite differential equations of the form

d2

dt2
φk(t) + ω2

kφk(t) = 0 , (3.13)

where ω2
k ≡ k2 +m2. One then sees that a free relativistic scalar field is equivalent to a set of infinite

harmonic oscillators: one for each k⃗. Hence, the Stone Von-Neumann theorem need not apply, and
there is an arbitrariness in defining a representation of the canonical commutation relation, which is
equivalent to choosing a vacuum state. Also, we emphasize that the previous discussion was carried
by analyzing the field in inertial coordinates, which are preferred in Minkowski spacetime.

We now proceed to quantize the field and define a vacuum state as perceived by the inertial
observers. Since our field can be described by a set of infinite harmonic oscillators represented by the
variables φk(t), we shall proceed to quantize each oscillator by following the same steps presented in
section 3.1.

1. Classical Dynamics: we first express our Hamiltonian in terms of the variables φk. By direct
substitution of the Fourier transform (3.11) in the action, one obtains

S = 1

2 ∫ (φ̇kφ̇−k − ω2
kφkφ−k)d3k⃗dt ,

from where one identifies that the total Lagrangian such that S = ∫ Ldt is given by the sum of
each oscillators Lagrangian:

L = ∫ Lkd3k⃗ ,

Lk ≡
1

2
(φ̇kφ̇−k − ω2

kφkφ−k)

the associated momenta are then obtained as in standard classical mechanics:

πk ≡
∂Lk
∂φ̇k

= φ̇−k , (3.14a)

π−k ≡
∂Lk
∂φ̇−k

= φ̇k , (3.14b)

6When a Fourier transform is performed in R3, the respective Fourier space is also given by R3, and each mode must
be identified by a vector k⃗ ∈ R3. However, to simplify our notation, we omit the arrow in the indexes: φk⃗ → φk.
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and the total Hamiltonian H is given by a sum of each oscillator’s Hamiltonian

H = ∫ Hkd
3k⃗ ,

where the Hk are obtained in terms of a usual Legendre transform:

Hk = πkφ̇k − Lk (3.15)

= πkφ̇k −
1

2
(φ̇kφ̇−k − ω2

kφkφ−k) (3.16)

= 1

2
(πkπ−k + ω2

kφkφ−k) ; (3.17)

2. Quantum Observables: we now promote each φk, πk to quantum operators φ̂k, π̂k, which rep-
resent our physical observables and satisfy the commuttion relations:

φk, πk → φ̂k, π̂k , (3.18a)

[φ̂k, π̂k′] =
1

ih̵
δ(k⃗ + k⃗′) , (3.18b)

[φ̂k, φ̂k′] = [π̂k, π̂k′] = 0 , (3.18c)

where the δ function is the continuous analogue of δij , and its argument is k⃗ + k⃗′ due to the fact
that the momentum canonically conjugate to φk is πk = φ̇−k, as can be seen in (3.14);

3. Representation: we shall now construct a Hilbert space in a similar fashion as the one pre-
sented for the simple harmonic oscillator. To do so, we first need to define a vacuum state.
Hence, we introduce creation and annihilation operator pairs â†

k, âk for each oscillator φk with
momentum πk in the standard way:

âk ≡
√
ωk
2h̵

(φ̂k +
i

ωk
π̂k) , (3.19a)

â†
k ≡

√
ωk
2h̵

(φ̂k −
i

ωk
π̂k) . (3.19b)

Now, we postulate the existence of the vacuum state ∣0⟩ and demand that it is annihilated by all
annihilation operators âk:

âk ∣0⟩ = 0 ∀ k⃗ . (3.20)

The energy eigenstates are then constructed by successive applications of the creation operators
â†
k as in (3.9):

∣n1, n2, ...⟩ ≡
∞

∏
j=1

⎡⎢⎢⎢⎢⎢⎣

(â†
kj
)
nj

√
nj!

⎤⎥⎥⎥⎥⎥⎦
∣0⟩ (3.21)

and the Hilbert space is defined as the space spawned by the kets ∣n1, n2, ...⟩;
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4. Dynamics: dynamics can be defined both in the Heisenberg Picture or the Schrödinger Picture,
but the Heisenberg one is the most commonly used for quantum field theory, and hence is the
one we shall focus [69].

Our main objective is to obtain the time evolution of quantum field φ̂. To do so, it is useful
to first obtain the time evolution of the creation and annihilation operators, which we do by
applying the Heisenberg equations. Note that each oscillators Hamiltonian can be expressed by

Ĥk = h̵ωk (â†
kâk +

1

2
1) , (3.22)

which follows by substituting (3.19) in the Hamiltonian (3.15). Therefore, the Heisenberg
equations become, explicitly

dâ†
k

dt
= +iωkâ†

k ,

dâk
dt

= −iωkâk ,

which are operatorial equations, but can be solved in terms of ordinary differential equations
by representing the operators âk, â†

k on a basis. The general solution is then given by

â†
k(t) = e+iωktâ+k ,
âk(t) = e−iωktâ−k ,

where the â±k are time-independent operators that act as initial conditions.

Finally, note that, by inverting (3.19), one obtains

φ̂k =
√

h̵

2ωk
(âk + â†

k) , (3.25a)

π̂k =
1

i

√
h̵

2ωk
(âk − â†

k) , (3.25b)

so that one can reexpress the quantum version of the Fourier transform (3.11) as

φ̂(r⃗, t) = 1

(2π)3/2 ∫
√

h̵

2ωk
(eik⃗⋅r⃗e−iωktâ−k + e−ik⃗⋅r⃗eiωktâ+k)d3k⃗ , (3.26)

which fixes the field evolution and concludes the quantization procedure.

In the above construction, one sees that an appropriate Hilbert space was constructed in terms of
the vacuum state ∣0⟩, which in turn was specified in terms of the creation and annihilation pair â†

k, âk.
However, an important assumption was not explicit in such construction.

By direct analysis of (3.26), one sees that it is essentially the general solution of the classical
field equation (3.10) expanded in terms of plane waves eiωkt/√ωk. However, one could also expand
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the general solution in terms of other functions. For instance, consider an arbitrary solution of the
classical field equations

vq(t) = ⨋
k
(Aqkeiωkt +Bqke

−iωkt) , (3.27)

where the notation ⨋k is schematic since the set {eiωkt/√ωk} can be either discrete or continuous,
depending on the fields boundary conditions.7 Now, let {vq} denote a set of solutions such that the
normalization condition

dvq
dt
v∗q (t) − vq(t)

dv∗q
dt

= 2i (3.28)

is satisfied. A set with such properties is also a valid complete basis of solutions, and functions that
belong to {vq} are called modes. In particular, substituting the expansion (3.27) in (3.28), we see that
the coefficients Aqk,Bqk must satisfy

∣Aqk∣2 − ∣Bqk∣2 =
1

ωk

and this motivates the introduction of

αqk ≡
√
ωkAqk , (3.29a)

βqk ≡
√
ωkBqk , (3.29b)

which must satisfy the normalization condition

∣αqk∣2 − ∣βqk∣2 = 1 . (3.30)

Now, since one can use any mode basis {vq} to express solutions of (3.13), one can invert the
system

vq = ⨋ (Aqke+iωkt +Bqke
−iωkt) , (3.31a)

v∗q = ⨋ (B∗
qke

+iωkt +A∗
qke

−iωkt) , (3.31b)

to express the plane waves in the mode basis {vk}:

e+iωkt = ⨋ (A∗
qkvq −Bqkv

∗
k) , (3.32a)

e−iωkt = ⨋ (−B∗
qkvq +Aqkv∗q ) , (3.32b)

and, substituting in the field expansion (3.26), we obtain:

φ̂(r⃗, t) = 1

(2π)3/2 ∫
√

h̵

2ωk
(eik⃗⋅r⃗vk(t)b̂−k + e−ik⃗⋅r⃗v∗k(t)b̂+k)d3k⃗ , (3.33)

7For instance, if the field is quantized in a box of size L with periodic boundary conditions, the functions eiωkt/√ωk
will form a discrete set.
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where we have introduced the operators

b̂+l ≡ ⨋ (α∗qkâ+k − β∗qkâ−−k) , (3.34a)

b̂−l ≡ ⨋ (αqkâ−k − βqkâ+−k) . (3.34b)

Relation (3.34) defines new creation and annihilation operators b̂±k in terms of the old ones â±k .
Note that they satisfy the same algebra by construction:

[b̂−q , b̂+q′] = δ(q⃗ + q⃗′) , (3.35a)

[b̂−q , b̂−q′] = 0 , (3.35b)

[b̂+q , b̂+q′] = 0 , (3.35c)

as can be shown by direct substitution. Hence, one can construct another valid Hilbert space Hb by
postulating the existence of the vacuum state

b̂−q ∣0b⟩ = 0 ∀ q⃗ ,

and defining the energy eigenstates using the analogue of (3.21).
Relations (3.34) are called Bogoliubov transformations and connect two different choices of

creation and annihilation operators, while the αqk, βqk are called Bogoliubov coefficients. Since the
introduction of the new operators b̂±k occurred due to a change of basis (3.32) in solution space, one
can see that the vacuum choice and hence the notion of particles is intrinsically linked with a choice
of modes {vk}. This formalizes the idea that "particles are modes of vibration of fields". Therefore,
different observers will have different mode choices, a different notion of "vibration", and hence
different notions of what a "particle" is. This can be made explicitly by evaluating the b-vacuum
particle number operator

N̂b ≡ ⨋ b̂+k b̂
−
k ,

in the vacuum determined by the operators â±k , now denoted ∣0a⟩ to distinguish it from ∣0b⟩. Using the
Bogoliubov transformation (3.34), the mean particle number in the a-vacuum is then given by

⟨N̂b⟩a = ⟨0a∣ {⨋ [αqkâ−k − βqkâ+k] × ⨋ [αq′kâ−k − βq′kâ+k]} ∣0a⟩ ,

= ⨋ ∣βqk∣2 ,

which shows explicitly the a-vacuum associated to the operators â±k contains particles associated to
the b-vacuum associated to b̂±q , provided βqk ≠ 0.

Equation (3.33) has one more interesting use. It enables one to perform an alternative quan-
tization procedure without ever using the operators φ̂k, π̂k. To do so, start directly with the general
mode expansion (3.33) and postulate the commutation relations (3.35) for the creation and annihila-
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tion operators. This automatically implies the canonical commutation relations for the field and its
momentum (3.18), which means that it is an equivalent quantization procedure, and we shall adopt it
in our following discussions.

Now that we have completed our quantization construction in terms of modes {vk} in Minkowski
spacetime, we shall analyze two different vacuum choices:

1. Minkowski Vacuum ∣0M⟩: vacuum state defined by inertial observers;

2. Rindler Vacuum ∣0R⟩: vacuum state defined by uniformly accelerated observers (with respect
to an inertial frame);

3.2.2 Minkowski Vacuum

In this section we discuss the Minkowski vacuum state, already implicitly defined in the pre-
vious section. It is the vacuum state perceived by inertial observers and is invariant with respect to
Lorentz transformations, that is: all inertial observers agree that the Minkowski vacuum contains
no particles, which is this state’s main feature [61].

First, consider the Hamiltonian density (3.15), and substitute the field and momentum Fourier
modes (3.25). One obtains a diagonal form

Ĥ = ∫ h̵ωk (â+k â−k +
1

2
1)d3k⃗ , (3.36)

which is the Hamiltonian in terms of the implicit mode choice vk(t) = eikt/
√
ωk. We shall now derive

this consideration from more general arguments, which will also serve as an interesting illustration of
how a mode choice may be performed.

First, consider the inverse Bogoliubov transformation obtained by inverting (3.34):

â+k ≡ ⨋ (αqkb̂+q + β∗qkb̂−−l) , (3.37a)

â−k ≡ ⨋ (α∗qkb̂−q + βqkb̂+−l) , (3.37b)

and substitute in the Hamiltonian. One then obtains:

Ĥ = ∫ h̵ωk [α∗kβ∗k b̂−k b̂−−k + αkβkb̂+k b̂+−k + (b̂+k b̂−k +
1

2
1)]d3k⃗ , (3.38)

where we have used αk = α−k and βk = β−k. Note that this expression contains cross terms b̂−k b̂
−
−k, b̂

+
k b̂

+
−k.

Now, assume the existence of a vacuum state ∣0M⟩ annihilated by b̂−k such that

b̂−k ∣0M⟩ = 0 ∀ k⃗ , (3.39)

that is also an eigenstate of the Hamiltonian, that is:

Ĥ ∣0M⟩ = E0 ∣0M⟩ , (3.40)
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where E0 is called its vacuum energy. By direct substitution in (3.38), due to (3.39) one obtains:

Ĥ ∣0M⟩ = ∫ h̵ωk {[αkβk (b̂+k b̂+−k ∣0M⟩)] + 1

2
∣0M⟩}d3k⃗ . (3.41)

Note that, since b̂+k b̂
+
−k ∣0M⟩ ≠ ∣0M⟩ by construction, the proposed state ∣0M⟩ can only be a Hamiltonian

eigenstate if the condition
αqkβqk = 0 ,

is satisfied. However, due to the normalization condition (3.30), can only be achieved if

∣αqk∣ = 1 Ô⇒ αqk = eiδqk ,
∣βqk∣ = 0 Ô⇒ βqk = 0 ,

where δk ∈ R is an irrelevant phase factor. Substituting in the Bogoliubov transformation (3.34), we
reobtain the mode choice

φk(t) =
1√
ωk
eiωkt , (3.42)

which defines our vacuum state and Hilbert space due to the standard construction (3.21). We then
see that the Minkowski vacuum is the vacuum choice consistent with minimization of the vacuum
energy. This criterium implies a choice of plane wave modes, which leads to a vacuum state that is
invariant with respect to Lorentz transformations and hence is the same for all inertial observers.

It is also relevant to point out that the vacuum energy becomes, after imposing βk = 0 in (3.41):

Ĥ ∣0M⟩ = (1

2 ∫ h̵ωkd
3k⃗) ∣0M⟩ ,

Ô⇒ E0 =
1

2 ∫ h̵ωkd
3k⃗ ,

which is divergent, since it is given by the sum of the non-trivial vacuum energy of all oscillators.
However, when coupling to gravity is not important, only energy differences are physically relevant,
and we can then subtract the vacuum energy from all energy values, which essentially amounts to
changing our zero-point energy to E0. Hence, we redefine

E0 = 0 (3.43)

which makes our calculations finite.
However, as already mentioned, the obtained vacuum state ∣0M⟩ is not unique, and was con-

structed by demanding minimization of energy, even though other criteria could be used to select the
modes {φk}. Hence, we shall now present another vacuum prescription, associated with non-inertial
observers, and then compare each vacuum choice to decide what should be the quantum theory Hilbert
space.
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3.2.3 Rindler Vacuum

In the previous construction, we quantized the field in terms of inertial observers, which are a
set of privilleged observers in the Minkowski spacetime, and are associated to foliations R4 = R ×R3

induced by the inertial observer’s four velocity ua. However, one can ask the question: how would be
the quantization of a field in the frame of a non-inertial observer?

To answer such question, we consider the case of an observer of constant acceleration. First,
due to the normalization of the four velocity

uaua = −1 , (3.44)

direct differentiation leads to
aaua = 0 , (3.45)

where aa = ub∇bua is its four-acceleration, which we assume to be constant, that is

aaaa = a2 (3.46)

Hence, one sees that the four-acceleration and four-velocity are always orthogonal. To simplify our
discussion, let’s consider the case of a quantum field in 1+ 1 spacetime. In this case, in the comoving
frame of an observer with four-velocity ua, this vector has the coordinate representation

uµ=̇(1,0)

hence, since relation (3.45) is geometric, one sees that, in order for it to be satisfied, the four acceler-
ation in this frame is represented by

aµ=̇(0, a) .

We now proceed to quantize the field in the reference frame of the non-inertial observer. To do
so, we shall follow the following steps:

1. Trajectory : determine the trajectory of the accelerated observer as seem from the inertial
frame;

2. Accelerated Frame: using the obtained trajectory, we shall construct the accelerated comoving
frame;

3. Modes: we shall solve the wave equation and compare the modes and hence the vacuum state
in both frames.

Some calculations will be simplified if we first introduce lightcone coordinates as

u(x, t) = t − x ,
v(x, t) = t + x ,
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which describe left and right moving light rays, respectively. In this coordinate system, the metric is
then given by

ds2 = −dudv ,

which is invariant under the following transformations:

u→ ũ = au , (3.47a)

v → ṽ = v
a
. (3.47b)

1. Trajectory

Here, we shall explicitly obtain the accelerated observer’s trajectory using lightcone coordi-
nates. To do so, note that its trajectory in such coordinate system can is given by

xσ(τ)=̇ (u(τ), v(τ)) (3.48)

which, if substituted in the four-velocity normalization (3.44) and the acceleration normaliza-
tion (3.46) leads to the conditions

u̇(τ)v̇(τ) = −1 , (3.49a)

ü(τ)v̈(τ) = a2 . (3.49b)

From the first equation (3.49a), it follows that

u̇(τ) = 1

v(τ) ,

Ô⇒ ü = − v̈
v̇2

and, substituting in the second (3.49b), we obtain

( v̈
v̇
)

2

= a2 , (3.51)

which can be readily integrated, and leads to the following parametrization for the observer’s
trajectory:

v(τ) = A
a
eaτ +B ,

u(τ) = −A
a
e−aτ +C ,

where A,B,C are integration constants. The one constant A can be set to 1 by an appropriate
coordinate reescaling and, by changing the coordinate system origin, one can always make the
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Figure 3.1: Accelerated observer’s trajectory. Source: [69].

constants B,C vanish, so that one gets the simpler form

v(τ) = 1

a
eaτ ,

u(τ) = −1

a
e−aτ ,

now, returning to the original inertial coordinates t, x:

t(τ) = 1

2
(u(τ) − v(τ)) = 1

a
sinh(aτ) ,

x(τ) = 1

2
(u(τ) + v(τ)) = 1

a
cosh(aτ) .

This parametrization shows that the accelerated observer’s trajectory is the branch of a hyper-
bola, as shown in Figure 3.1, with the lightcone being its asymptotes. In fact one can show
that signals from the other side of the lightcone can never get into causal contact with the ac-
celerated observer, so that the lightcone acts as an effective event horizon for the accelerated
observer [70].

2. Accelerated Frame

Now that we have obtained the observer’s trajectory, let’s construct an associated accelerated
frame of reference. To do so, we shall choose a set of coordinates such that the time coordinate
coincides with the proper time τ of our observer (because the observer feels himself to be at
rest), and another spacelike coordinate ξ. We may express the metric in our accelerated frame
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of reference in conformally flat form, that is

ds2 = Ω2(τ, ξ) [−dτ 2 + dξ2] .

Now, we introduce the accelerated observer’s lightcone coordinates in an analogue way:

ũ(τ, ξ) ≡ τ − ξ ,
ṽ(τ, ξ) ≡ τ + ξ ,

and, in such coordinate system, the accelerated observer’s worldline is given by

ũ(τ) = ṽ(τ) = τ ,

because, ξ(τ) = 0, for the observer perceives itself as being at rest. Applying such consider-
ation to the line element in lightcone coordinates, we obtain that, along the worldline of the
accelerated observer

Ω(ũ(τ) = τ, ṽ(τ) = τ) = 1 ,

since ∆s2 = −∆τ 2.

We now turn to the task of obtaining the inertial observer lightcone coordinates in terms of the
non-inertial ones, that is

u = u(ũ, ṽ) ,
v = v(ũ, ṽ) .

However, such functions can only depend on one of the two arguments. If they depended on
both, quadratic terms like dũ2, dṽ2 would appear on the metric. Hence, we may choose

u = u(ũ) ,
v = v(ṽ) .

Now, using the chain rule
d

dτ
u(τ) = du

dũ

dũ(τ)
dτ

,

and, since

dũ(τ)
dτ

= 1 ,

d

dτ
u(τ) = −au(τ) ,
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it follows that u(ũ) satisfies the differential equation

du

dũ
= −au

with general solution u(ũ) = C1e−aũ, where C1 is an integration constant. By similar methods,
one can obtain v(ṽ) = C2eaṽ, whereC2 is another integration constant. Due to the normalization
of the four-velocity (3.49a), one obtains the following constraint for the integration constants:

a2C1C2 = −1 ,

so that one can take C2 = −C1 without losing generality. Hence, we obtain the explicit coordi-
nate transformation

u(ũ) = −1

a
e−aũ , (3.52a)

v(ṽ) = 1

a
eaṽ . (3.52b)

And, in this coordinate system, the conformal factor is found to be

Ω2 (ũ, ṽ) = exp{2a (ũ − ṽ)}

hence, the transformed line element becomes

ds2 = exp{2aξ} [−dτ 2 + dξ2] .

Here, it is important to note that this coordinate system does not cover the entire space-time.
This can be seen by analyzing the coordinate transformation (3.52), which is undefined in the
lightcone, since v = 0 for the inertial observer. The covered region corresponds to the right
region of Figure 3.2. This region is can be shown to be a spacetime of its own, known as
Rindler spacetime which, since it is a subset of the Minkowski spacetime, is locally flat.
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Figure 3.2: Covered region of the coordinates τ, ξ, known as Rindler Spacetime. Source: [70].

3. Modes

Having constructed the accelerated observer’s frame of reference, we can now write the Klein-
Gordon equation in such and quantize our field. In what follows, every quantity with a tilde ∼
refers to the analogue of the non inertial observer.

In lightcone coordinates, apart from a global multiplicative factor, the field equation (3.2) takes
the form

∂2

∂u∂v
φ(u, v) = 0 ,

∂2

∂ũ∂ṽ
φ(ũ, ṽ) = 0 ,

and the general solution can be written as

φ(u, v) = f(u) + g(v) ,
φ(ũ, ṽ) = f̃(ũ) + g̃(ṽ) ,

for which a particular solution is a right-moving plane wave:

φ(u) ∝ e−iωu = e−iω(t−x) ,
φ(ũ) ∝ e−iω̃ũ = e−iΩ(τ−ξ) ,

with the respective left-moving counterparts being given by

φ(v) ∝ e−iωv = e−iω(t+x) ,
φ(ṽ) ∝ e−iω̃ũ = e−iΩ(τ+ξ) .
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We now proceed to write the field mode expansion (3.33) in both frames:

φ̂(r⃗, t) = 1√
2π
∫

∞

0

√
h̵

2ω
(e+iωuâ+ω + e−iωuâ−ω)dω + left-moving, (3.53a)

= 1√
2π
∫

∞

0

√
h̵

2Ω
(e+iΩũb̂+Ω + e−iΩũb̂−Ω)dΩ + left-moving, (3.53b)

and one sees that the field is the same for both observers: what changes is the way they de-
compose the fields into modes, and hence their particle definitions. In particular, while the
Minkowski vacuum ∣0M⟩ is annihilated by the operators â−ω, the operators b̂−Ω define another
vacuum state:

b̂−Ω ∣0R⟩ = 0 , (3.54)

which is known as Rindler vacuum, and is the accelerated observer’s vacuum state.

We can now use the Bogoliubov transformation (3.34) to compare the notion of particles of
both observers, for which we write

b̂+Ω = ∫
∞

0
[α∗Ω,ωâ+ω − β∗Ω,ωâ−ω]dω , (3.55a)

b̂−Ω = ∫
∞

0
[αΩ,ωâ

−
ω − βΩ,ωâ

+
ω]dω . (3.55b)

Note that, since the accelerated observer’s coordinates are incomplete, the inverse Bogoliubov
transformation is not defined.

We now shal proceed to obtain the explicit form of the Bogoliubov coefficients αΩ,ω, βΩ,ω. We
start by noting that, compatibility of (3.55) with the commutation relation

[b̂−Ω, b̂+Ω′] = δ(Ω −Ω′) ,

leads to the constraint

δ(Ω −Ω′) = ∫
∞

0
[αΩ,ωα

∗
Ω′,ω − βΩ,ωβ

∗
Ω′,ω]dω , (3.56)

which is the generalization the normalization condition (3.30). By direct substitution of the
Bogoliubov transformation (3.55) in the mode expansion (3.53), we obtain

φ̂(r⃗, t) = 1√
2π
∫

∞

0

⎡⎢⎢⎢⎢⎣

⎛
⎝

√
h̵

2ω
e+iωu

⎞
⎠
â+ω +

⎛
⎝

√
h̵

2ω
e−iωu

⎞
⎠
â−ω

⎤⎥⎥⎥⎥⎦
dω + left-moving, (3.57a)

= 1√
2π
∫

∞

0

√
h̵

2Ω
{e+iΩũ [∫

∞

0
(α∗Ω,ωâ+ω − β∗Ω,ωâ−ω)dω] (3.57b)

+e−iΩũ [∫
∞

0
(αΩ,ωâ

−
ω − βΩ,ωâ

+
ω)dω]}dΩleft-moving (3.57c)
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= 1√
2π
∫

∞

0

√
h̵

2Ω
{[∫

∞

0
(e+iΩũα∗Ω,ω − e−iΩũβΩ,ω)dΩ] â+ω (3.57d)

+[∫
∞

0
(e−iΩũαΩ,ω − e+iΩũβ∗Ω,ω)dΩ] â−ω}dω + left-moving , (3.57e)

and, by comparing such expressions, we see that

1√
ω
e+iωu = ∫

∞

0

1

Ω
(e+iΩũα∗Ω,ω − e−iΩũβΩ,ω)dΩ , (3.58a)

1√
ω
e−iωu = ∫

∞

0

1

Ω
(e−iΩũαΩ,ω − e+iΩũβ∗Ω,ω)dΩ . (3.58b)

Multiplying both sides by e±iΩũ, and using the integral representation of the δ function:

δ(Ω −Ω′) = 1

2π ∫
+∞

−∞
ei(Ω−Ω′)ũdũ

and evaluating explictly the integral over ũ:

αΩ,ω = ∫
+∞

−∞
e−ωu+iΩũdũ = + 1

2π

√
Ω

ω

0

−∞

(−au)−
iΩ
a
−1
e−ωudu (3.59a)

βΩ,ω = ∫
+∞

−∞
e+ωu+iΩũdũ = − 1

2π

√
Ω

ω

0

−∞

(−au)−
iΩ
a
−1
e+ωudu , (3.59b)

identifying the integrals on the left as Γ functions

Γ(z) = ∫
∞

0
xz−1e−xdx

it follows that

αΩ,ω = +
1

2πa

√
Ω

ω
e+

πΩ
2a exp [iΩ

a
ln(ω

a
)]Γ(−iΩ

a
) , (3.60a)

βΩ,ω = −
1

2πa

√
Ω

ω
e−

πΩ
2a exp [iΩ

a
ln(ω

a
)]Γ(−iΩ

a
) , (3.60b)

so that, after taking the squared norm

∣αΩ,ω ∣2 =
1

(2πa)2

Ω

ω
e

Ωπ
a , (3.61a)

∣βΩ,ω ∣2 =
1

(2πa)2

Ω

ω
e−

Ωπ
a , (3.61b)

from which follows the relation
∣αΩ,ω ∣2 = e

2πΩ
a ∣βΩ,ω ∣2 . (3.62)
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Now applying the normalization condition (3.56) for Ω = Ω′, we obtain

∫
∞

0
(∣αΩ,ω ∣2 − ∣βΩ,ω ∣2)dω = δ(0) ,

which, if combined with (3.62) leads to

∫
∞

0
∣βΩ,ω ∣2dω = (e 2πΩ

a − 1)
−1
δ(0) . (3.63)

Finally, we are able to calculate the mean Unruh particle number N̂Ω in the Minkowski vacuum
state:

⟨N̂Ω⟩M ≡ ⟨0MN̂Ω∣0M⟩ ,
= ⟨0M ∣̂bΩb̂

†
Ω∣0M⟩ ,

substituting the Bogoliubov transformation (3.55), we get

⟨N̂Ω⟩M = ⟨0M ∣ ∫
∞

0
(αΩ,ωâ

−
ω − βΩ,ωâ

+
ω)dω × ∫

∞

0
(αΩ,ω′ â

−
ω′ − βΩ,ω′ â

+
ω′)dω′∣0M⟩ ,

= ∫
∞

0
∣βω ∣2dω ,

which, due to (3.63) becomes

⟨N̂Ω⟩M = ∫
∞

0
∣βω ∣2dω

= (e 2πΩ
a − 1)

−1
δ(0) ,

where the δ(0) factor appears because we are considering the mean particle number over infinite
space. If one quantizes the field in a box of volume V , the divergent factor would be replaced
by V (δ(0) can be thought as the volume of infinite space). Hence, the mean particle density
nΩ is finite, and is given by

nΩ ≡ ⟨N̂ΩM⟩
V

,

= [exp(2πΩ

a
) − 1]

−1

.

Note that, by comparing such result to a Bose-Einstein distribution, one obtains the same form,
provided that one defines the temperature as

TU ≡ h̵a

2πckB
, (3.64)

which is known as Unruh Temperature, and we have restored the constants. Note that, by
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analyzying the constants, one would need a very large acceleration to generate relevant temper-
atures. For instance, to obtain a temperature of 1K, one would need an acceleration of order
1020m/s2 [70].

Since the Unruh Effect depends only on the constants c, h̵, kB, this is a prediction from quantum
field theory alone, that is, it does not depend on the chosen gravitational theory. Hence, if one
accepts usual quantum field theory, he/she should also accept the Unruh effect, even if we
cannot yet provide relevant accelerations for a direct observation . In fact, the Unruh effect is
necessary to maintain the consistency between different frames of reference, as discussed in
[71, 72]. An even more complete discussion can be found in [73].

One then sees that an accelerated observer "sees" particles in the Minkowski vacuum state. In
particular, the associated particles follow a thermal distribution with temperature (3.64). This clearly
shows the ambiguity in defining vacuum states in quantum field theory, even for flat Minkowski
spacetime.

It should be noted that, in principle, there is no preferred vacuum state. The Minkowski vacuum
was defined in terms of inertial observers, while the Rindler one was defined in term of non-inertial
ones, which are both valid observers. However, one can use physical arguments to select a particular
vacuum state (and hence representation) in this case.

Consider the Rindler modes in the lightcone, which acts as an apparent horizon for the acceler-
ated observer. One then see that the coordinates (3.52) are undefined due to a divergent factor, which
means that the vacuum state ∣0R⟩ is itself undefined in the horizon. Hence, one selects the Minkowski
vacuum as the "true" vacuum in this case, since it is regular for all spacetime.8

We then see that, although one can construct different vacuum states even for Minkowski space-
time, it is still possible to use physical arguments to select a preferred vacuum state. However, the
same may not apply for general, curved spacetimes, as we shall see.

3.3 FLRW SPACETIME

In this section we shall consider the quantization of a free scalar field in FLRW spacetime. To
simplify our discussion, we shall restrict ourselves to the case of flat spatial sections withK = 0. Using
cartesian coordinates adapted to the fundamental observers, the FLRW line element (1.21) reduces to

ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) . (3.65)

However, as we shall see, it is useful to use the conformal time η, for which the line element reads

ds2 = a2(t) (−dη2 + dx2 + dy2 + dz2) , (3.66)

8It can also be shown that the Rindler vacuum state demands an infinite energy to be created, and hence is unphysical
[69].
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and it is clear that, in this coordinate system, g = −a8, so that the Klein-Gordon equation (3.2) reduces
to

χ′′ −∇2χ +m2
effχ = 0 , (3.67)

where we have introduced

χ ≡ aφ ,

m2
eff(η) ≡m2a2 − a

′′

a
,

and one can see that, in terms of the auxiliar variable χ, the field equation has the same form of a free
scalar field in Minkowski spacetime with a time-dependent mass, which accounts for the interaction
with the gravitational field [69].

As in the Minkowski case, one can expand the field in Fourier modes χk(η):

χ(x⃗, η) = 1

(2π)3/2 ∫ χk(η)eik⃗⋅xd3k⃗ ,

which satisfy the differential equations

χ′′k + ω2
k(η)χk = 0 , (3.68)

where

ω2
k(η) ≡ k2 +m2

eff ,

= k2 +m2a2 − a
′′

a
.

Here, the exact form of the Fourier modes must be determined by solving the differential equation
(3.68), which may be done explicitly only after one has fixed the background dynamics and hence
a(η). However, one can always express the general solution as

χk(η) =
1√
2
(a+kvk(η) + a−kv∗k(η)) , (3.69)

where the vk(η), v∗k(η) are two linearly independent solutions of (3.68), and the a±k are integration
constants.

We now proceed to quantize the field φ by using the mode expansion, in the same fashion as
was done for the Minkowski case (3.33). We then get:

χ̂(r⃗, t) = 1

(2π)3/2 ∫
√

h̵

2ωk
(e−ik⃗⋅r⃗vk(η)â+k + e+ik⃗⋅r⃗v∗k(η)â−k)d3k⃗ , (3.70)
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where the operators â±k do not evolve in time and satisfy the commutation relations

[â−k , â+k] = δ(k⃗ + k⃗′) , (3.71)

[â+k , â+k] = [â−k , â−k] = 0 . (3.72)

the Hilbert space is then constructed by sucessive applications of the creation operator â+k on the
vacuum state, which is annihilated by the anihhilation operators

â−k ∣0⟩ = 0 ,

however, as in the Minkowski case, the vacuum is determined only after we select a particular set
{vk} of modes. We shall now presented two prescriptions to define vacuum states in the flat FLRW
spacetime.

3.3.1 Minimum Energy Vacuum Prescription

In Minkowski spacetime, the Minkowski vacuum ∣0M⟩ is also the state of lowest energy, for it
is a state where all of the oscillators are in the ground state. Hence, it is reasonable to define a vacuum
state in curved spacetime as the state that minimizes energy. However, since in the FLRW spacetime
there is no time translation symmetry, energy is not conserved. Hence, if we consider time evolution9,
the field shall be excited, and the initial vacuum state will present particles. This is the phenomenon
of gravitational particle creation. Nevertheless one can still consider a vacuum state that instantly

minimizes the energy at a particular time η = η0, which we shall now develop.
We start by explicitly writing the Hamiltonian in terms of the field and its conjugated momen-

tum. First, consider the Klein-Gordon action (3.73) for a free field in flat FLRW spacetime, expressed
in conformal time:

S = −1

2 ∫ a2 [−φ′2 + (∇φ) ⋅ (∇φ) +m2φ2]d3x⃗dt, (3.73)

in terms of the auxiliary field χ ≡ aφ and integrating by parts, one gets

S = −1

2 ∫ [(χ′)2 − (∇χ) ⋅ (∇χ) −meffχ
2]d3xdt, (3.74)

the Lagrangian density is then given by

L = 1

2
[(χ′)2 − (∇χ) ⋅ (∇χ) −meff(η)χ2] (3.75)

hence, the conjugated momentum becomes:

π ≡ ∂L
∂χ′

= χ′ . (3.76)

9Since we are mainly using the Heisenberg picture, one should note that, although the vacuum state does not evolve,
the creation and annihilation operators evolve, and hence the number of particles.



101

The total classical Hamiltonian can be obtained by means of a Legendre transform, and becomes

H = 1

2 ∫ [π2 + (∇χ) ⋅ (∇χ) +m2
eff(η)χ2]d4x . (3.77)

We now proceed to substitute the mode expansion (3.70) to obtain the quantum Hamiltonian Ĥ
as a function of the creation and annihilation operators:

Ĥ(η) = 1

4 ∫ [F ∗
k (η)â−k â−−k + Fk(η)â+k â+−k + (2â+k â

−
−k + δ3(0))Ek(η)1̂]d3k⃗ , (3.78)

where we have introduced the functions

Ek(η) ≡ ∣v′k∣2 + ωk(η)∣vk∣2 ,
Fk(η) ≡ v′2k + ωk(η)v2

k .

Now, consider the vacuum state ∣0v⟩ associated to the still unkown modes {vk}. Assuming it to be a
Hamiltonian eigenstate at time η = η0, the vacuum energy is then given by

E0(η0) = ⟨0v ∣Ĥ(η0)∣0v⟩ =
1

4
δ(3)(0)∫ Ek(η0)d3k⃗ , (3.79)

where the factor δ(3)(0) appears because we are considering the field energy over the whole space-
time, which is infinite. However, if we consider the respective energy density, it is is given by

ε(η0) ≡
1

4 ∫ Ek(η0)d3k⃗ ,

= 1

4 ∫ (∣v′k∣2 + ω2
k(η0)∣vk(η0)∣2)d3k⃗ ,

and we now have the task of determining the mode {vk} that minimize such energy.10 Note that the
total energy density is a sum of each oscillator’s contribution, which is given by

∣v′k(η0)∣2 + ω2
k(η0)∣vk(η0)∣2 , (3.80)

which, assuming ω2
k > 0, is positive definite. Hence, we can proceed to minimize each oscillator’s

contribution, which will minimize the total energy. Since in Minkowski space the modes were given
by plane waves {e−ωkt/√ωk}, we may suppose a plane wave ansatz:

φk = rkeiαk , (3.81)
10This can be formalized by quantizing the field in a box of volume V with periodic boundary conditions. The volume

V would then replace the infinite factor δ(3)(0).
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which, if we substitute in the normalization condition (3.30), implies the constraint:

1 = α′kr2
k ,

and the energy density at time η0 then becomes:

Ek(η0) = r′2k +
1

r2
k

+ ω2
kr

2
k .

Since ωk(η0) is a constant (it does not depend on the mode choice), we have that Ek = Ek(rk, r′k).
The energy is extremized considering dE = 0, which implies the conditions

∂Ek
∂rk

= 0 Ô⇒ r′k = 0 , (3.82a)

∂Ek
∂r′k

= 0 Ô⇒ − 2

r3
k

+ 2ω2
krk = 0 , (3.82b)

whose solution is given by

rk(ωk) =
1√
ωk

,

r′k(ωk) = 0 .

We now proceed to analyze the second derivatives, which are given by

∂2Ek
∂r2

k

= 2ω2
k , (3.83a)

∂2Ek
∂rk∂r′k

= 0, (3.83b)

∂2Ek
∂r′2k

= 2 , (3.83c)

from which follows
∂2Ek
∂r2

k

∂2Ek
∂r′2k

− ( ∂
2Ek

∂rkr′k
)

2

= 4ω2
k , (3.84)

and we see that this function presents a minimum only if ω2
k > 0.

Substituting the results (3.83) in our ansatz, the mode functions that minimize energy are then
found to be

φk(η0) =
1√

ωk(η0)
eiαk(η0) (3.85a)

which then determine a vacuum state ∣0min⟩ that is an eigenstate of the Hamiltonian operator Ĥ with
lowest possible eigenvalue at time η = η0.

It is important to emphasize that, as we have shown for Minkowski spacetime, this is not the
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only possible vacuum choice. In the latter case, the minimum energy prescription yeilded a vacuum
state that is preferred by the inertial observers, but this is not the case for this vacuum state. This
happens because, due to time evolution, the chosen state will present particle creation, so that a
observer that sees such vacuum at time η = η1 will see particles in the same state at time η = η2.

It is also of fundamental importance to note that our prescription was obtained with the assump-
tion that ω2

k > 0. However, since

ω2
k =meff − k2 , (3.86)

=m2a2 − a
′′

a
− k2 , (3.87)

we see that, depending on the background dynamics, the effective frequency can be negative ω2
k < 0,

which means that the oscillator’s contributions are not positive definite in general11. Worse yet: since
the energy can even become negative, it is not bounded from below, and a minimum is not even
defined. Due to such problems, we now proceed to present another vacuum prescription, in order
complement the minimum energy choice.

3.3.2 Adiabatic Vacuum Prescription

In flat Minkowski spacetime, we have chosen the modes as plane waves vk ∝ eikt, which defined
a particle notion associated with inertial observers. However, in curved spacetimes, such plane waves
may not be good approximations to the modes. More precisely, if we consider a wavepacket with
momentum spread ∆k, the particle momentum is only defined if ∆k ≪ k, that is, if the fluctuations
are small with respect to the mean value k. Since the characteristic scale λ of the wavepacket is
inversely proportional to ∆k, λ ∼ 1/∆k, we have that the notion of a particle is well defined only if
λ ≫ 1/k. Hence, if spacetime geometry varies significantly across a region of size λ, then the plane
waves are not a good approximation to the wave equation (3.1) solutions at such region and the usual
Minkowski spacetime definition of particles fails [64, 69].

Nevertheless, one could also consider an approximate notion of particle, determined by a spe-
cific choice of modes. To do so, we consider that the modes are given by approximate plane waves.
This is implemented by assuming the ansatz

vk(η) =
1√

Wk(η)
exp [i∫

η

η0

Wk(η)dη] , (3.88)

which is essentially the usual plane wave expansion φk(t) = eiωkt/√ωk, but with the frequency ωk
replaced by a function, Wk(η). Since we want such prescription to describe approximate particles,
the function Wk(η) must vary slowly, which can be visualized in Figure 3.3.

11In this case, the modes do not even present oscillatory behavior, which makes the usual Minkowski particle definition
not applicable.
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Figure 3.3: Illustration of the WKB approximation in quantum mechanics. Note that the frequency (number of
oscillations) is approximately constant in the whole interval. Source: Wikipedia.

We now proceed to substitute such ansatz in the mode evolution equation (3.68) to impose
conditions on the unkown function Wk(η). Explicit evaluation leads to

vk(η)′ = exp [i∫
η

η0

Wk(η)dη]{−
1

2
W

−3/2
k W ′

k + iW
1/2
k } ,

Ô⇒ vk(η)′′ =
1√

Wk(η)
exp [i∫

η

η0

Wk(η)dη] {−W 2
k +Θk} ,

where we introduced
Qk(η) ≡

1

2
[3

2
(W

′
k

Wk

) − W
′′
k

Wk

] (3.89)

and one can see clearly that v′′k (η) = (−W 2
k +Qk) vk. The mode evolution equation (3.68) is then

satisfied by the ansatz only if the condition

W 2
k = ω2

k (1 − Qk

ω2
k

) , (3.90)

is satisfied. The assumption that the solution vk(η) is an approximate plane wave is implemented
if one considers that Wk ≈ ωk and that it varies slowly, which is satisfied if one assumes that Wk

and all its time derivatives change substantially only for large intervals of time T ≫ 1/ωk. For such
approximation to be valid, the condition

∣Qk

ω2
k

∣ ≪ 1 (3.91)

must be satisfied. Hence, we consider an expansion of the form

Wk(η) = (0)W k(η) +
1

Tωk

(1)W k(η) +
1

(Tωk)2

(2)W k(η) + ...

Substituting such consideration in the condition (3.91) and grouping terms of same order leads to a

https://en.wikipedia.org/wiki/WKB_approximation
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recurrence relation for the expansion of Wk. In particular, the first two contributions are given by

(0)W k(η) = ωk ,

(2)W k(η) = ωk (1 − 1

4

ω′′k
ω3
k

+ 3

8

ω′2k
ω4
k

) .

It should be noted that, although in principle one could obtain (n)Wk to arbitrary order, the series is
only asymptotic: the approximation reaches an optimum value at a particular N and becomes worse
at larger orders [69]. It is also interesting to point out that, for the case of flat Minkowski spacetime,
since the ωk are constants, one obtains the trivial solution Wk = ωk recovering the usual Minkowski
vacuum state.

Now that we have developed vacuum prescriptions for quantum fields in FLRW spacetimes, we
may proceed to quantize cosmological perturbations and compute their associated power spectrum,
which may be used to compute the CMB spectrum and make predictions about the universes large
scale structure.
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4 BIANCHI I PERTURBATION THEORY

In this chapter, we combine the previous concepts to study perturbed cosmological models de-
fined on Bianchi I backgrounds. We start by defining perturbations and gauge invariant quantities in
section 4.1, in a way that does not depend on the background dynamics. In section 4.2, we proceed
by analyzing a bouncing model defined by quantizing a Bianchi I background coupled to a barotropic
fluid, in similar fashion to subsection 2.3.2. We then proceed to analyze an inflationary model char-
acterized by the potential V (φ) = mφ2/2 in section 4.3 and analyze its physical predictions for the
CMB spectrum.

4.1 PERTURBATIVE PARAMETRIZATION

In this section we analyze perturbations on general Bianchi I backgrounds. We follow mainly
[23]. We emphasize that this decomposition is kinematical in the sense that it does not involves
dynamics: the same perturbative parametrization can be used for gravitational theories that do not
rely on the Einstein equations — such as the f(R) class — and even for backgrounds that follow
quantum dynamics.

We start by defining projection operators, which are used to extract the scalar, vector and tensor
modes from a given perturbation. The same operators could be used to extract the SVT modes in the
FLRW backgrounds studied in section 2.4, but do not need to be explicitly defined. However, as we
shall see, those will be essential to study the mode dynamics for Bianchi I backgrounds in General
Relativity. We then proceed by considering perturbations on the Bianchi metric (2.9) in a similar
fashion to the FLRW case. In particular, we shall perform an SVT decomposition and then define the
analogous Bardeen variables for a Bianchi I background.

4.1.1 Projection Operators

It is convenient to define the projection operators in Fourier space. We then define the Fourier
transform of a function f(xj, η) as:

f(xj, η) = 1

(2π)3/2 ∫ f̃(ki, η)d3dki ,

where we highlighted the components of the wavevector ki due to anisotropy. It should be noted that,
due to said anisotropy, there will occur non-trivial differences with respect to the isotropic case. For
instance, if we consider such vectors to be time independent

dki
dη

= 0 ,
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it follows that their "contravariant" form ki ≡ γijkj where γij is the spatial metric, becomes a time
dependent quantity, since

dki

dη
= d(γ

ijkj)
dη

,

= −2σijkj ,

where, due to the parametrization defined on (4.104), γij = e2βiδij Ô⇒ γij = e−2βiδij and σij =
γij′/2 Ô⇒ σij = −γij′/2. This also implies that the modulus k of the wavevector itself will become
time dependent:

k2 ≡ kiki = γijkikj ,

Ô⇒ 1

k

dk

dη
= −σij k̂ik̂j ,

where we introduced the unit vector k̂i ≡ ki/k, which evolves as

(k̂i)′ = (σjlk̂j k̂l) k̂i − 2σij k̂j .

We are now ready to define our projection operators. Recall that we can decompose an arbitrary
3 dimensional euclidean vector field v⃗ components vi as

vi = ∂iv + v̄i, with ∂iv̄i = 0 , (4.1)

provided it decays to 0 at infinity.1 However, this decomposition can be better understood in Fourier
space. Applying a Fourier transform, ∂i → ki, and the decomposition becomes:

ṽi = kiṽ + ˜̄vi with ki ˜̄vi = 0 .

The condition ki ˜̄vi = 0 is particularly interesting, since it shows that, in Fourier space, ˜̄vi lives
in the subspace that is orthogonal to the wavevector ki, V⊥, which is 2-dimensional by construction.
Now, consider a orthonormal base {e1, e2}, ea ∈ V⊥, which satisfies,

eaikjγ
ij = 0 ,

eaie
b
iγ
ij = 0 , for a ≠ b ,

where a, b = 1,2, and, in this chapter only, we denote latin indexes from the start of the alphabet as
denoting labels rather than abstract indexes. This is due to the fact that we are dealing with spatial
quantities that have labels.

1To use such decomposition, we have chosen coordinates adapted to the Killing vector fields ξ on the spatial sections
R3, which are orthogonal but are not Cartesian due to space anisotropy [23]. Such coordinate system has the advantage
that the spatial Christoffel symbols vanish due to ∂kγij = 0.
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Since ˜̄vi ∈ V⊥ we may expand it in our orthogonal basis as

˜̄v (ki, η) = ∑
a=1,2

va (k̂i, η) eai (k̂i) , (4.2)

which defines two degrees of freedom va, which are the coordinates associated to such basis. Such
coordinates can be extracted by defining a projector operator analogous to (A.34) by

Pij ≡ γij − k̂ik̂j = e1
ie

1
j + e2

ie
2
j , (4.3)

which satisfies the properties

P i
jP

j
k = P i

k , (4.4a)

P i
jk
j = 0 , (4.4b)

P ijγij = 2 . (4.4c)

The previous operator then extracts the coordinates of the transverse mode of the vector v⃗ in
Fourier space. One may then represent a general vector field v⃗ in Fourier space by

ṽi = (k̂j ṽj)ki + P j
i ṽj , (4.5a)

which shows explicitly that an arbitrary vector field is decomposed into 1 scalar mode associated to
its projection on the direction of k̂i and two transverse vector modes associated to projections on the
orthogonal subspace V⊥.

We now proceed to define similar projection operators for tensor modes. As we already saw in
section 2.4, any rank 2 symmetric tensor field hij can be decomposed as

hij = 2Cγij + 2∂i∂jS + 2∂(iĒj) + 2Ēij ,

provided the field decays at infinity and the conditions

∂iEi = 0 , (4.6a)

∂iEij = 0 , (4.6b)

are satisfied, with the tensor Eij being also traceless: γijEij = Ei
i = 0. One may also decompose the

field in the more compact form

Tij = Tγij +DijS + 2∂(iEj) + 2Eij , (4.7)

where we introduced T ≡ 2S and Dij ≡ ∂i∂j − γij
3 ∇2.

Note that the 3 dimensional symmetric and trace free rank 2 tensors contain only 2 independent
degrees of freedom. Such space is then 2-dimensional and admits a basis {ελij}, with λ = 1,2. A
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possible basis may be constructed in terms of the previous vectors basis {eai} by defining

ε+ij =
e1
ie

1
j − e2

ie
2
j√

2
, (4.8a)

ε×ij =
e1
ie

2
j + e2

ie
1
j√

2
, (4.8b)

which are known as polarization tensors. It can be readily checked that they satisfy

ελijγ
ij = 0 − traceless , (4.9a)

ελijk
i = 0 − transversality , (4.9b)

ελijε
ij
µ = δλµ − orthogonality . (4.9c)

And the tensor transverse Fourier mode can be expressed in such basis as

Ẽij (ki, η) = ∑
λ=+,×

Ẽλ (ki, η) ελij (k̂i)

with the respective projection being extracted by the operator

Λab
ij ≡ P a

i P
b
j −

1

2
PijP

ab . (4.10)

Similarly, one may introduce a "trace extracting operator" by

T ji ≡ k̂ik̂j −
1

3
δ ji . (4.11)

With such operators at hand, one may decompose a general symmetric rank 2 tensor by

Tij = (1

3
Tabγ

ab)γij + (3

2
TabT ab)Tij + 2k̂(i (P a

j)k̂
bTab) +Λab

ij Tab . (4.12)

In particular, the background shear tensor σij will be of fundamental importance in our discus-
sion. Hence, we shall analyze the shear decomposition, which is written as

σij =
3

2
σTij + 2 ∑

a=1,2

σvak̂(ie
a
j) + ∑

λ=+,×

σTλε
λ
ij . (4.13)

Since the shear is a symmetric traceless tensor field, it contains 5 degrees of freedom, organized as

σ − 1 scalar degree of freedom ; (4.14a)

σV a − 2 vector degrees of freedom ; (4.14b)

σTλ − 2 tensor degrees of freedom . (4.14c)

(4.14d)
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The decomposition (4.13) leads directly to the identities

γijσij = 0 , (4.15a)

k̂iσij = σ∥ +∑
a

σV ae
a
i , (4.15b)

k̂ik̂jσij = σ∥ , (4.15c)

and it can be shown that the scalar shear σ ≡ σijσij leads to the constraint

σ2 = σijσij =
3

2
σ2
∥ + 2∑

a

σ2
va +∑

λ

σ2
Tλ . (4.16)

4.1.2 Gauge Invariant Quantities

Our starting point is to consider a perturbed Bianchi I metric. This can be done in analogous
way to the FLRW case by using the appropriate variables. To do so, recall that, in a convenient
coordinate system, the Bianchi I line element can be written as

ds2 = −dt2 +X2(t)dx2 + Y 2(t)dy2 +Z2(t)dz2 , (4.17)

and, introducing the mean scale factor as

S(t) ≡ [X(t)Y (t)Z(t)]1/3
,

we may rewrite the line element as

ds2 = −dt2 + S2(t)γijdxidxj ,

finally, by introducing conformal time dη ≡ dt/S(t), the metric becomes

ds2 = S2(t) (−dη2 + γijdxidxj) ,

which is very similar to the FLRW conformal metric (1.22) with a(t) → S(t), δij → γij .
We now proceed in analogy to section 2.4. First, consider a perturbed metric gab = ḡab + δgab for

the case of ḡab = g Bianchi I
ab . The perturbed line element in conformal time then becomes

ds2 = S2(η) [(−(1 + 2A)dη2 + 2Bidηdxi + (γij + hij)dxidxj]

where we parametrized the perturbations as

A ≡ − 1

2S2
δg00 , (4.18a)

Bi ≡ 1

2S2
δg0i (4.18b)
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hij ≡ 1

S2
δgij . (4.18c)

Here, an important note is in order. In the FLRW case, the background was isotropic, that is, it
was invariant under the action of the rotation group. Therefore, it was convenient to parametrize the
perturbations in terms of representations of such group: scalars, vectors and tensors. In the Bianchi
I case, since the background itself is now anisotropic, there is no such motivation to parametrize
perturbations in terms of SVT variables. One then is lead to the question: "is there a more convenient
choice to parametrize perturbations for an anisotropic background?" Which remains to be answered.

Since, to our knowledge, there is yet no alternative successful parametrization choice, we shall
follow the literature and analyze perturbations in terms of the usual SVT modes [9, 22, 23]. While
this parametrization does not have the same mathematical advantages as in the isotropic case, at
least it will provide a simple way to check the results consistency by analyzing the isotropic limit
characterized by σij → 0, which should coincide with the usual perturbation theory developed in
section 2.4.

We now proceed to define the SVT modes in analogous way to the FLRW case. By imposing
that perturbations decay at infinity, one may parametrize the perturbation modes as

Bi = ∂iB + B̄i , (4.19a)

hij = 2C (δij +
σij
H ) + 2∂i∂jE + 2∂(iEj) + 2Eij , (4.19b)

if the following constraints are satisfied [23]

∂iB̄i = 0 , (4.20a)

∂iEi = 0 , (4.20b)

∂iEij = 0 . (4.20c)

where H ≡ S′/S, as in the isotropic case, and Ei
i = 0. Note that this decomposition has a non-trivial

difference in comparison to the FLRW case: the presence of the shear tensor σij in the tensor mode.
This is included in order for simple gauge invariant quantities to be later defined. If such term is not
included in the decomposition, the gauge invariant quantities are rather hard to define when compared
to the isotropic case, due to the fact that the SVT modes have more complicated transformation laws
[9].

Now, as in the FLRW case, one may apply an infinitesimal coordinate shift xµ → xµ + ξµ to
analyze how the SVT modes transform under a gauge transformation gab → gab +Lξgab . Using the
Lie derivative (A.24), the metric transforms as Lξgab = ∇aξb + ∇bξa. Decomposing the components
ξµ as

ξ0 = T (x⃗, η) , (4.21a)

ξi = ∂iL(x⃗, η) +Li(x⃗, η) , (4.21b)
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we obtain, explicitly

Lξḡ00 = −2S2 (T ′ +HT ) , (4.22a)

Lξḡ0i = S2 (ξ′i − ∂iT − 2σjiξ
j) , (4.22b)

Lξḡij = S2 [2∂(iξj) + 2HTγij + 2Tσij] . (4.22c)

Using (4.22) and the projector operators, we find that the SVT modes transform as

1. Scalar Modes

A→ Ã = A + (ST )′

S
, (4.23a)

B → B̃ = B − T + (k2L)′

k2
, (4.23b)

C → C̃ = C +HT , (4.23c)

E → Ẽ = E +L , (4.23d)

(4.23e)

2. Vector Modes

B̄i → ˜̄Bi = B̄i +Li′ − 2ikjσljP
liL , (4.24a)

Ei → Ẽi = Ei +Li , (4.24b)

3. Tensor Mode
Eij → Ẽij = Eij , (4.25)

and, as in the FLRW case, apart from the unique tensor mode, the perturbation modes are gauge
dependent.2

Now, by combinations of the SVT modes, we may construct gauge invariant objects that gener-
alize the Bardeen Variables as

1. Scalar Modes

Φ(x⃗, η) ≡ A + 1

S
{S [B − (k2E)′

k2
]}

′

, (4.26a)

Ψ(x⃗, η) ≡ −C −H[B − (k2E)′

k2
] ; (4.26b)

2. Vector Modes
Φi(x⃗, η) ≡ B̄i − γij(Ej)′ + 2ikjσljP

liE . (4.27)
2This would not be the case if the shear tensor σij was not included in the decomposition (4.19): even the tensor mode

would be gauge dependent.
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Now that we have defined gauge invariant quantities, we may choose a gauge to perform cal-
culations and express geometrical quantities in terms of them. As in the isotropic case, we define the
Newtonian Gauge by the conditions

A = Φ (4.28a)

C = Ψ (4.28b)

(Ei)′ = −Φi , (4.28c)

with the later condition being equivalent to Φi = −E′
i + 2σijEj [9].

To conclude this section, we use the Newtonian gauge to express the Einstein tensor in terms of
our gauge invariant quantities for later use:

S2δG0
0 = −2∇2Ψ + 6HΨ′ + 2σ2Ψ − (Ψ

H)
′

σ2 + σ
ij

H ∂i∂jΨ (4.29a)

− σij∂iΦj + (Ei
j)
′
σji + (6H2 − σ2)Φ , (4.29b)

S2δG0
i = −σ2∂iΨ

H + σji∂j [Φ +Ψ + (Ψ

H)
′

] − 2∂i (Ψ′ +HΦ) (4.29c)

+ 1

2
∇2Φi − 2σjk∂jEik + σjk∂iEjk , (4.29d)

S2δGi
j = δij [2Ψ′′ + (2H2 + 4H′)Φ +∇2(Φ −Ψ) + 2HΦ′ + 4HΨ′] (4.29e)

+ ∂i∂j(Ψ −Φ) − 2

Hγ
ilσk(l∂j)∂

kΨ + σij [−H( Ψ′

H2
)
′

+ (H
′

H2
)
′

Ψ + ∇2Ψ

H −Φ′ −Ψ′] (4.29f)

+ δij [σ2 (Φ + (Ψ

H)
′

− 2Ψ) + σ
kl

H ∂k∂lΨ] (4.29g)

+ (Ei
j)
′′ + 2H(Ei

j)
′ −∇2Ei

j + 2 [σik (Ek
j)
′ − σkj (Ei

k)
′] − [(Ek

l)
′
σlk] δij (4.29h)

+ δijσkl∂kΦl − γik [∂(k (Φj))
′ + 2H∂(kΦj) − 2σl

(k∂∣l∣Φj)] . (4.29i)

Again, we emphasize that the presented perturbative decomposition does not depend on the
background dynamics, which may not be given by the classical Einstein equations. Hence, it can be
used both in inflationary and bouncing models, classical or quantum.

4.2 QUANTUM COSMOLOGY IN THE BIANCHI I MINISUPERSPACE

In this section, we consider a Bianchi I minisuperspace quantum cosmological model in canon-
ical quantum gravity coupled to a single barotropic fluid, in similar fashion to the case explored in
section 2.3. A similar model with the matter sector being described by a scalar field has also been
considered in [55, 74], where it was shown that non-singular solutions exist, and that the universe
isotropizes, recovering the FLRW in the asymptotic future. Another quantum bouncing scalar field
model was also considered in [75] in the context of Loop Quantum Gravity, which demanded the con-
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struction of a Bianchi I perturbation theory in Hamiltonian formalism in a companion paper [76].3 A
Hamiltonian formalism was also considered in [77] and such Hamiltonian methods may prove useful
for applications in quantum bounces in the future.

As in the FLRW case, we couple matter to geometry by considering a Hamiltonian

HT =HG +HM , (4.30)

however, now we consider the minisuperspace of Bianchi I metrics, which is more general than the
flat FLRW one. Therefore, the main difference shall occur in the gravitational section represented by
HG.

To obtain the new gravitational Hamiltonian, we start from its associated Lagrangian and per-
form a Legendre transform. Recall that the gravitational Lagrangian in GR is given by

LG = 1

2κ
R , (4.31)

where R is the Ricci scalar. To compute such Lagrangian, we first express the Bianchi I metric in the
ADM form (2.56) [78]:

ds2 = −N2(t)dt2 +X2(t)dx2 + Y 2(t)dy2 +Z2(t)dz2 , (4.32)

where the shift vector Na is trivial due to homogeneity. It will prove useful to express the expansion
rates Xi(t) in the following parametrization [55]:

X(t) = eβ0+β++
√

3β− , (4.33a)

Y (t) = eβ0+β+−
√

3β− , (4.33b)

Z(t) = eβ0−2β+ , (4.33c)

with the isotropic limit being characterized by β+ = β− = 0 and the mean scale factor being given by
S(t) = eβ0 . Direct computation then leads to the lagrangian

LG = −6
eβ0

N
(β̇2

0 − β̇2
+ − β̇2

−) , (4.34)

where we discarded boundary terms [74]. We proceed by computing the canonical momenta:

Π0 ≡
∂LH

∂β̇0

= −12
e3β0

N
β̇0 , (4.35a)

Π+ ≡
∂LH

∂β̇+
= +12

e3β0

N
β̇+ , (4.35b)

3Of course, such alternative models suffer from the same "problem" as inflationary models, in the sense that they
invoke an yet unobserved scalar field φ. Worse yet, [75] considers a bounce followed by an inflationary phase, having the
benefits of both paradigms and being less simple in this sense.
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Π− ≡
∂LH

∂β̇−
= +12

e3β0

N
β̇− , (4.35c)

and, after performing a Legendre transformation, the final Hamiltonian is given by

HT = Ne−3β0 [− 1

24
(Π2

0 −Π2
+ −Π2

−) + e3(1−w)β0pT ] , (4.36)

where w is the fluid equation of state constant parameter p = wρ. This Hamiltonian is totally anal-
ogous to (2.66). As pointed out in [79] a particular feature of this Hamiltonian is the hyperbolic
signature of its kinetic term, which is not present in the isotropic FLRW case and will lead to non-
trivial differences. Also, simlarly to the isotropic case, we impose the condition

Ψ′∣βi→±∞ = αΨ∣βi→±∞ , (4.37)

α ∈ (−∞,+∞] in order for the Hamiltonian to be Hermitian [74, 78]. It should be noted that, al-
though the obtained Hamiltonian is Hermitian, it is not self-adjoint, which will lead to non-trivial
consequences [78].

We now proceed to perform canonical quantization analogously to section 2.3. In particular, we
choose the representation

β̂iΨ(βi, T ) = βiΨ(βi, T ), Π̂iΨ(βi, T ) = −i ∂
∂βi

Ψ(βi, T ) , (4.38)

T̂Ψ(βi, T ) = TΨ(βi, T ), Π̂TΨ(βi, T ) = −i ∂
∂T

Ψ(βi, T ) , (4.39)

and consider T as a time parameter due to the fact that it appears linearly in the Hamiltonian. It should
also be pointed out that, although we defined a notion of time associated to the matter sector, in the
Bianchi I case this could also be done using the gravitational degrees of freedom only, as was pointed
out in [80], which explores possible time choices in a vacuum Bianchi I minisuperspace model.

In the chosen representation, we obtain the following Wheeler-De Witt equation

( ∂2

∂β2
0

− ∂2

∂β2
+

− ∂2

∂β2
−

)Ψ(βi, T ) = −24e3(1−w)β0
∂

∂T
Ψ(βi, T ) , (4.40)

which can be solved through the separation of variables method. First, we split the wavefunction as

Ψ(βi, T ) = ψ(βi, T )e−iET , (4.41)

which leads to the equation

( ∂2

∂2β2
0

− ∂2

∂2β2
+

− ∂2

∂2β2
−

)ψ(βi, T ) = −24Ee3(1−w)β0ψ(βi, T ) , (4.42)



116

we proceed by expressing the wave function as

ψ(βi) = Υ0(β0)Υ+(β+)Υ−(β−) , (4.43)

which leads to
1

Υ0

∂2Υ0

∂β2
0

+ 24Ee(1−w)β0 − 1

Υ+

∂2Υ+

∂β2
+

− 1

Υ−

∂2Υ−

∂β2
−

= 0 , (4.44)

and can be split in the set of equations

d2Υ+

dβ2
+

= −k2
+Υ+ , (4.45a)

d2Υ−

dβ2
−

= −k2
−Υ− , (4.45b)

d2Υ0

dβ2
0

= −(24Ee3(1−w)β0k2
+ + k2

−)Υ0 , (4.45c)

where the k± are separation parameters. The ± solutions are trivially given by plane waves

Υ± = A±e
+ik±β± +B±e

−ik±β± , (4.46)

while the remaining equation can be rewritten as a Bessel equation

d2Υ0

dy2
+ 1

y

dΥ0

dy
+ (24E

r2
+ k

2

r2

1

y2
)Υ0 = 0 , (4.47)

where we introduced

a ≡ eβ0 , y ≡ a4 , r ≡ 3

2
(1 −w) , k2 ≡ k2

+ + k2
− . (4.48)

The general solution for Υ0 is then given by

Υ0 = C1Jν (
√

24E

r
ar) +C2J−ν (

√
24E

r
ar) , (4.49)

where ν ≡ ik/r, and C1,2 are integration constants. This fixes the energy eigenfunctions, which can
be used to express the general solution by superposition.

We shall now analyze a simple solution in order to illustrate some consequences of the fact
that the obtained Hamiltonian (4.40) is not self-adjoint. Following [79], we now consider a gaussian
wavepacket with k− = 0 for simplicity:

Ψ = ∫
+∞

−∞
∫

∞

0
A (k+, q) eik+β+Jv (qar) e−iq

2Tdk+dq , (4.50)

where q ≡
√

24E/r and A (k+, q) ≡ e−γk2
+qν+1e−λq

2 . In this case, the integrals can be explicitly com-
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puted, and lead to the following closed expression

Ψ = 1

B

√
π

γ
exp [−a

2r

4B
− (β+ +C(a,B))2

4γ
] (4.51)

where we introduced

B = λ + isT, C(a,B) = lna − 2

3(1 −w) ln 2B, s = −3(1 −w)2

32
.

The proposed wavepacket has a rather interesting property: its norm is time dependent. Explic-
itly, it is given by

∫
∞

0
∫

∞

−∞
a2−3wΨ∗Ψdadβ+ =

√
2γπ

3(1 −w)
2

λ
F (T ) (4.52)

where F (T ) = exp (C
2
I

2γ ), C(a,B) = CR + iCI and

CR = lna − 1

3(1 −w) ln 4B∗B, CI =
−2

3(1 −w) arctan(sT
λ

) .

Note that the obtained norm depends explicitly on time T through the function F (T ). Hence, proba-
bilities are not conserved, and the evolution is not unitary.

The loss of unitarity happens mainly due to the previously mentioned Hamiltonian’s hyperbolic
signature. Recall that, after defining the T as the time variable, the effective Hamiltonian was given
by

Ĥ eff = ( ∂2

∂β2
0

− ∂2

∂β2
+

− ∂2

∂β2
−

) ,

which was Hermitian due to condition (4.37), but is not self-adjoint. In fact the result is even stronger:
such operator does not admit any self-adjoint extension, as was discussed in [78]. Its signature also
leads to the existence of negative energies and possible instabilities.

The non-unitary evolution leads to problems in interpreting the state of the universe. As stated
in [78], one may consider creations of universes, but that concept remains to be formally defined.4

Worse yet: since time evolution is not unitary, different interpretations of quantum mechanics lead to
different predictions. To see this, we present the expectation values of two possible interpretations:
many worlds and De Broglie-Bohm.

1. Many Worlds Interpretation

In this interpretation, given an observable Â, its expected value is given by

⟨Â⟩ = ∫
+∞

−∞ ∫
+∞

−∞
e3(1−w)β0Ψ∗ÂΨdβ0dβ+

∫
+∞

−∞ ∫
+∞

−∞
e3(1−w)β0Ψ∗Ψdβ0dβ+

.

4Creations of universes out of "nothing" in quantum cosmology were discussed by Vilenkin in [81, 82], but in a quite
different context.
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we now compute the expected value of the mean scale factor S(t). Since S(t) = eβ0 , we first
obtain

⟨β0⟩ =
1

3(1 −w) {ln(2∣B∣2
λ

) + n} ,

which leads to [78]

e⟨β0⟩ = aB [1 + ( T
TB

)
2

]
1

3(1−w)

,

where aB, TB are constants. Such scale factor describes a bouncing universe, and is exactly

the one obtained in the isotropic case, (2.76). Therefore, in the many worlds interpretation of
quantum mechanics, if one considers an ensemble of universes, the expected value is that its
evolution is isotropic, which is a trivial result compared to the isotropic case.

2. De Broglie-Bohm Interpretation

To compute the expected values, we first obtain the Bohmian trajectories and then consider an
ensemble of them in order to extract a expected value. We start by noting that the phase of our
wavepacket (4.51) is given by

S (β0, β+, T ) = −arctan(sT
λ

) + sTa
3(1−w)

4B∗B
− CI

2γ
(β+ +CR) ,

where it was used that C = CR + iCI and arctan(x) = ln((1 + x)/(1 − x))/2. The Bohmian
trajectories can then be obtained by solving the guidance relations (2.64):

Π+ =
∂S

∂β+
, (4.53a)

Π0 =
∂S

∂β0

, (4.53b)

Since we are using T as our time variable, dt = e3wβ0dT , and the conjugate momenta become

Π0 = −12S2−3wβ̇0 , (4.54a)

Π+ = +12S3(1−w)β̇+ . (4.54b)

The Bohmian trajectories are then obtained by solving

−12a2−3wṠ = 3(1 −w) sT

4B∗B
a3(1−w) − CI

2γ
, (4.55a)

12a3(1−w)β̇+ = −
CI
2γ
, (4.55b)

with the final result being given by

S(T ) = ( −1

24sλγ
)

1
3(1−w)

[λ2 + s2T 2]
1

3(1−w) [arctan2 (sT
λ

) +E]
1

3(1−w)
, (4.56a)
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β+(T ) = − 1

3(1 −w) ln{arctan2 (sT
λ

) +E} + ln{[−24sλγ]
1

3(1−w)} + lnD, (4.56b)

which present a bounce as in the previous case, but are anisotropic. However, to compare such
results with the many worlds case, we need to compute its expected values using an ensemble of
Bohmian trajectories. In the De Broglie-Bohm interpretation, the expected value of a trajectory
x(t) is obtained by

x̄ = ∫
+∞

−∞
R0x(t)dx0 , (4.57)

where R0 corresponds to the module of the wavefunction at T = 0. Explicitly, our expected
values then read

β0(T ) = 1

9(1 −w)2

Ψ2
0

−24sγλ ∫
∞

0
∫

∞

0
exp( y

48sγ
) exp(−(lnx)2

2γ
) (4.58a)

× ln{(λ2 + s2T 2) [(arctan(sT /λ))2 + y] (− 1

48sγλ
)} dxdy

x
, (4.58b)

β̄+(T̄ ) = − 1

9(1 −w)2

Ψ2
0

−24γsλ ∫
∞

0
∫

∞

0
exp( y

48sγ
) exp(−(lnx)2

2γ
) (4.58c)

× ln{[arctan(sT /λ)]2 + y
−96γsλx3(1−w)

} dydx
x

, (4.58d)

in this case, the expected values do not coincide with the isotropic limit: there is a time depen-
dent anisotropy represent by β+.

One then sees that, due to the fact that the time evolution is not unitary, different interpretations
lead to different predictions [78], which is a problem, since one would need to arbitrarily consider
one particular interpretation over the other.

It has been argued that the non-unitary evolution a general feature of anisotropic quantum cos-
mological models [15], but this is still a matter of debate. In particular, in [83] a Bianchi I model with
unitary evolution was constructed by considering a different operator ordering, with similar models
being considered for the Bianchi types V and IX in [84]. Therefore, to construct an appropriate mini-
superspace model, one then needs to consider particular operator orderings, which must be motivated
by reasonable assumptions, a discussion that is beyond the scope of this work.5

Due to this difficulties in implementing quantum cosmological models in the Bianchi I minisu-
perspace at background level, we shall focus on inflationary scalar field models, with an appropriate
perturbative Bianchi I quantum cosmological model being left to a future work.

4.3 BIANCHI I INFLATIONARY MODEL

In this section, we explore a generalization of the inflationary model presented in section 2.2 in
an anisotropic background. We start by analyzing its background dynamics and then the dynamics

5Possible criteria are simplicity and symmetry, as also unitary evolution. However, there is no guarantee that such
assumptions will hold in the quantum gravity realm.
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of perturbations and its physical predictions, for which we follow references [9, 22, 23]. This is
also considered in [21], which developed an alternative perturbation theory applied to an inflationary
model, but within a less general background model.6

4.3.1 Background Dynamics

As in the FLRW case, we shall consider the analogous of the Friedmann equations on a Bianchi
I universe in cosmic time t, (2.15), which are given by

3H2 = κρ + 1

2
σ̃2 ,

S̈

S
= −κ

6
(ρ + 3p) − 1

3
σ̃2 ,

d

dt
σ̃ij = −3Hσ̃ij + κπ̃ij ,

coupled to a homogeneous scalar field φ(t). Its stress-energy tensor components are then given by

Tµν = ∂µφ∂νφ − (1

2
∂αφ∂

αφ + V (φ)) gµν ,

so that its energy density and pressure are then given by

ρφ =
1

2
φ̇2 + V (φ) , (4.60a)

pφ =
1

2
φ̇2 − V (φ) , (4.60b)

with the anisotropic stress being trivial for a scalar field, πµν = 0. The Friedmann equations then
become

3H2 = κ [1

2
φ̇2 + V (φ)] + 1

2
σ̃2, (4.61a)

S̈

S
= −κ

3
[φ̇2 − V (φ)] − 1

3
σ̃2, (4.61b)

d

dt
σ̃ij = −3Hσ̃ij, (4.61c)

with the continuity equation ∇aT ab = 0 maintaining its formal form:

φ̈ + 3Hφ̇ + ∂V
∂φ

= 0 . (4.62)

6In particular, [21] considered the Bianchi I line element ds2 = −dt2 + a2(t)dx2 + b2(t) (dy2 + dz2), which contains
two equal directional scale factors, and is less general than the line element (2.9) considered in [22, 23] and in this work.
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Equation (4.61c) can be easily integrated. Its general solution is explicitly given by [23]

σ̃ij(t) =
S ij
S3(t) , (4.63)

where S ij is a constant valued tensor the acts as an integration constant. Hence,

σ̃2(t) = σ̃ijσ̃ji = ( S∗
S(t))

6

, (4.64)

where we introduced S∗ ≡ S1/3 = (S ijS
j
i)

1/6
.

We now specialize in the V (φ) = mφ2/2 case. By introducing the variables τ ≡ mt, h ≡
H/m and reescaling the field by φ → √

κφ, the first Friedmann equation and the continuity equation
become, respectively:

h2 = 1

6
(1

2
φ̇2 + φ2 + (S∗

S
)

6

) , (4.65a)

φ̈ + 3hφ̇ +mφ = 0, (4.65b)

where we used τ as a time variable, so that φ̇ ≡ dφ/dτ . Note that the shear essentially contributes as
an extra energy density, and that such equations recover the usual FLRW case in the limit S∗ → 0.

The solutions of the system (4.65) are completely specified by the initial conditions (S0, φ0, φ̇0, S∗).
A numerical solution for S(τ) and φ(τ) can be seem in Figure 4.1, while the system’s slow roll at-
tractor can be visualized in Figure 4.2.
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Figure 4.1: Numerical solutions for the mean scale factor S(τ) and inflaton φ(τ) in both FLRW and Bianchi I spacetimes, with their percentual
deviation p(τ) on the right. The solutions are characterized by the initial conditions φ0 = 16, φ̇0 = 20, S0 = 0.01, S∗ = 1000. The solutions were
rescaled so that they have the same value at the end of inflation. Note that the solutions are similar in the isotropic limit, but differ in the primordial
limit of shear domination. In particular, the inflaton presents very different dynamics, with the percentual deviation p(τ) becoming very large near the
turning points where φFLRW = 0.

Figure 4.2: Phase portrait φ×φ̇ for a FLRW and a Bianchi I spacetime withS0 = 0.01, S∗ = 1000, and random initial conditions for (φ0, φ̇0). Solutions
with same initial conditions have the same colors in both graphs. Note in both cases the solutions tend to the central region, which corresponds to an
attractor associated to the slow roll regime (2.19). In a sense, this implements the idea that general initial conditions present similar regions, and hence
alleviates the initial conditions problems of the Standard Model.
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4.3.2 Perturbative Dynamics

We now proceed to analyze perturbations in this inflationary model using the decomposition
presented in section 4.1 through the perturbed Einstein equations. However, to do so we first need to
consider perturbations on the matter sector by φ → φ + δφ and construct appropriate gauge invariant
quantities.

Under the diffeomorphism xµ → xµ + ξµ the scalar field φ transforms as

φ→ φ +Lξφ

which, using (4.22), means that its perturbations transform as

δφ→ δφ + φ′T.

Hence, by analyzying (4.23), we may construct two new gauge invariant quantities associated to δφ:

R ≡ δφ − CHφ
′ , (4.66a)

χ ≡ δφ + [B − (k2E)′

k2
]φ′ , (4.66b)

which are related by

R = χ + Ψ

Hφ
′ .

By considering perturbations φ→ φ + δφ on the Klein-Gordon equation (4.62), one obtains

χ′′ + 2Hχ′ − γij∂i∂jχ + S2Vφφχ = 2 (φ′′ + 2Hφ′)Φ + φ′ (Φ′ + 3Ψ′) , (4.67)

which has the same form as in the FLRW case, which happens due to the fact that the background
Klein-Gordon equation itself had the same form as in the FLRW case, due to the vanishing of the
anisotropic stress πµν .

To conclude the matter sector, we note that the perturbations on the stress energy tensor Tµν in
terms of our gauge invariant quantities are given by

S2δT 0
0 = φ′2Φ − φ′χ′ − VφS2χ, (4.68a)

S2δT 0
i = −∂i [φ′χ] , (4.68b)

S2δT ji = −δij [φ′2Φ − φ′χ′ + VφS2χ] , (4.68c)

where the Newtonian gauge was assumed.
We are now ready to analyze dynamics through the perturbed Einstein equations

δGν
µ = κδT νµ . (4.69)
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It is at this point that the projection operators defined on subsection 4.1.1 shall come in hand. Note
that, by comparing the Bianchi I Einstein tensor (4.29) with its isotropic counterpart (2.105), there is
not a natural procedure to isolate the scalar, vector and tensor dynamical equations: they are coupled
through the shear tensor σij . Hence, we shall use our projection operators to project each of the
Einstein equations in its respective mode equations, which is performed directly in Fourier space.
This is a rather lengthy procedure, and we shall focus mainly on the results [23].

To better organize the projection process, note that we may split the Einstein equations in scalar,
vector and tensor parts as we did to the metric. Then, each equation can be projected, which will lead
to scalar, vector and tensor equations as in the SVT decomposition:

δG0
0 = κδT 0

0 Ô⇒ 1 scalar equation (4.70a)

δG0
i = κδT 0

i Ô⇒ 1 scalar equation and 1 vector equation (4.70b)

δGi
j = κδT ij Ô⇒ 2 scalar equations, 1 vector equation and 1 tensor equation (4.70c)

where the vector and tensor equations have trivial divergence and also trivial trace in the tensor case,
which amounts to 16 dynamical equations. We now proceed to project the Einstein equations and
obtain each one of them.

1. Scalar Equations

(a) The first scalar equation is essentially the 00 Einstein equation δG0
0 = κδT 0

0, and is given
by

k2Ψ + 3H(Ψ′ +HΦ) − κ
2
(φ′2Φ − φ′χ′ − VφS2χ) =

1

2
σ2[X − 3Ψ] + 1

2

k2

H σ∥Ψ − 1

2
k2∑

a

σ̃VaΦa −
1

2
∑
λ

[σTλE
′
λ + (σ′Tλ + 2HσTλ)Eλ] ,

(4.71)

where we introduced the auxiliar variable

X ≡ Φ +Ψ + (Ψ

H)
′

,

and σV a ≡ ikṼ a;

(b) The second scalar equation is obtained from the scalar projection of the 0i Einstein equa-
tion k̂i [δG0

i = κδT 0
i]:

Ψ′ +HΦ − κ
2
φ′χ = − 1

2Hσ
2Ψ + 1

2
σ∥X + 1

2
∑
λ

σTλEλ ; (4.72)
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(c) The third scalar equation is obtained from the trace of the ij Einstein equation δji [δGi
j = κδT ij]:

Ψ′′ + 2HΨ′ +HΦ′ + (2H′ +H2)Φ − 1

3
k2(Φ −Ψ) + κ

2
[φ′2Φ − φ′χ′ + VφS2χ] = (4.73)

− 1

2
σ2[X − 3Ψ] + 1

6

k2

H σ∥Ψ + 1

2
k2∑

a

σ̃vaΦa +
1

2
∑
λ

[σTλE
′
λ + (σ′Tλ + 2HσTλ)Eλ] ;

(d) The final scalar equation is obtained by extracting the trace of the ij Einstein equation
T ji [δGi

j = κδT ij]:

2

3
k2(Φ −Ψ) = σ∥ [X ′ − k

2Ψ

3H ] + 4k2 ∑
λ,a,b

Mλ
abσ̃

a
Vσ̃

b
VEλ − 2k2∑

a

σ̃vaΦa; (4.74)

2. Vector Equations

(a) The first vector equation is obtained from the i0 Einstein equation by applying the projec-
tor eia [δG0

i = κδT 0
i]:

Φa = −2σ̃vaX + 4∑
b,λ

Mλ
abσ̃vbEλ . (4.75)

Note that this equation gives a closed expression for the vector mode Φa in terms of the
other modes, which will be very useful to simplify the dynamical equations.

(b) The second vector equation is obtained from the ij Einstein equation by applying the
projector kie

j
a [δGi

j = κδδT ij] :

Φ′
a + 2HΦa −

5

2
σ∥Φa +∑

bλ

Mλ
abσTλΦb = +2σ̃vaX

′ + 4∑
b,λ

Mλ
abσ̃vbE

′
λ

+ 4∑
bλ

Nabσ̃vb (σT+δ
×
λ − σT×δ

+
λ)Eλ , (4.76)

where we introduced

Mλ
ab ≡ ελj e iae ijb , (4.77a)

Nab ≡ Qije
i
ae

j
b , (4.77b)

and Qij ≡ e1
ie

2
j − e2

ie
1
j .

As in the previous case, note that, by analyzing the first term Φa, one sees that such equation
fixes the vector mode’s time derivative in terms of the other SVT modes. This will also be
useful to simplify the dynamical equations.

3. Tensor Equation

There is only one tensor equation, which is obtained from the ij Einstein equation by applying
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the projector εjλi [δGi
j = κδT ij], and is given by

E′′
λ + 2HE′

λ + k2Eλ = σTλ [k2 (Ψ

H) +X ′] + 2k2∑
a,b

Mλ
abσ̃v̄aΦb

− 2k2∑
a

σ̃2
vaEλ − 2σT×σTE(1−λ) + 2σ2

T (1−λ)Eλ, (4.78)

where, following [23], we introduce the convention that (1−λ) denotes the inverse polarization
of λ, that is

λ = + Ô⇒ (1 − λ) = × ,
λ = × Ô⇒ (1 − λ) = + .

It can be readily seem that, even by projecting the Einstein equations into its SVT components,
the dynamical equations are still strongly coupled through the projections of the shear tensor. How-
ever, before directly solving this system, it can be shown that it can be further simplified [23]. We
start by defining scalar and tensor Mukhanov-Sasaki variables, as in the isotropic case (2.113):

v ≡ SR , (4.79a)
√
κµλ ≡ SEλ . (4.79b)

With thei introduction of the Mukhanov-Sasaki variables, the dynamical equations can be ex-
pressed in more compact form, as we shall see.

1. Scalar Modes

To begin, note that the second scalar equation (4.72) can now be rewritten as:

(2H − σ∥)X = κ
S
φ′v +∑

λ

σTλEλ (4.80)

Now, combining the first scalar equation (4.71) with the third scalar equation (4.73) and elimi-
nating the vector mode using the first vector equation (4.75), we obtain the simpler form

HX ′ + 2 (H′ + 2H2)X + κSVφv + k2Ψ = k
2

3
(Φ −Ψ) + 2

3

k2

H σ∥Ψ , (4.81)

Analogously, it is possible to simplify the fourth scalar equation (4.74) by eliminating the vector
mode with the constraint (4.75) and the background equations (2.15):

(2H− σ∥) (X ′ + k
2

HΨ)+4κS2V X +2κaVφv = 4k2
⎛
⎝∑a

σ̃2
V SX − ∑

a,b,λ

Mλ
abσ̃V aσ̃V bEλ

⎞
⎠
. (4.82)

Continuing, we may express the Klein-Gordon equation (4.67) in terms of the variable R. In
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the process, some terms vanish due to its background version (4.62), and we obtain

R′′ + 2HR+ k2R+ S2VφφR+ 2S2VφX − φ′ (X ′ + k
2

HΨ) = 0. (4.83)

After some lengthy manipulations, we can combine the scalar modes into one single dynamical
equation for the Mukhanov-Sasaki variable v:

v′′ + (k2 − S
′′

S
+ S2V,φφ) v =

1

S2
( 2S2φ′2

2H− σ∥
)
′

κv +∑
ν

1

S2
(2S2φ′σTν

2H − σ∥
)
′√
κµν (4.84)

2. Tensor Modes

As for the tensor mode, we may eliminate the scalar contribution using (4.82) and the vector
mode by using the constraint (4.75), to obtain

µ′′λ + (k2 − S
′′

S
)µλ = − 2µ(1−λ)σT+σT× + 2µλσ

2
T (1−λ) +

1

S2
(2S2φ′σTλ

2H− σ∥
)
′√
κv

+∑
ν

1

S2
(2S2σTνσTλ

2H− σ∥
)
′

µν +
(S2σ∥)′
S2

µλ , (4.85)

which is one single dynamical equation for the gauge invariant tensor mode.

We now present a simple summary of the developed perturbation theory [22].
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PERTURBATION THEORY SUMMARY

After reduction, the perturbative equations are given by

v′′ + ω2
v (ki, η) v = ∑

λ

ℵλ (ki, η)µλ, (4.86a)

µ′′λ + ω2
λ (ki, η)µλ = ℵλ (ki, η) v + ℶ(ki, η)µ(1−λ), (4.86b)

where the time dependent frequencies are given by

ω2
v (ki, η) ≡ k2 − z

′′
s

zs

, (4.87a)

ω2
λ (ki, η) ≡ k2 − z

′′
λ

zλ
(4.87b)

and the z functions are given by

z′′s
zs

(η, ki) ≡
S′′

S
− S2V,φφ +

1

S2
(2S2κφ′2

2H − σ∥
)
′

, (4.88a)

z′′λ
zλ

(η, ki) ≡
S′′

S
+ 2σ2

T(1−λ) +
1

S2
(S2σ∥)

′ + 1

S2
( 2S2σ2

Tλ

2H − σ∥
)
′

(4.88b)

finally, the coupling terms are given by

ℵλ (η, ki) ≡
1

S2

√
κ(2S2φ′σTλ

2H − σ∥
)
′

, (4.89a)

ℶ(η, ki) ≡
1

S2
(2S2σT×σT+

2H − σ∥
)
′

− 2σT×σT+ (4.89b)

note that, in the limit of vanishing shear σij → 0, the coupling terms vanish, and the SVT modes
decouple, as in the FLRW case.

The perturbative equations can also be written schematically as

V ′′ + ω2V = ΥV (4.90)

where the ω2 matrix represents the frequencies and Υ the interactions. They are explicitly given
by

ω2 =
⎛
⎜⎜⎜
⎝

k2 − z′′s
zs

0 0

0 k2 − z′′+
z+

0

0 0 k2 − z′′×
z×

⎞
⎟⎟⎟
⎠

, Υ =
⎛
⎜⎜⎜
⎝

0 ℵ+ ℵ×
ℵ+ 0 ℶ
ℵ× ℶ 0

⎞
⎟⎟⎟
⎠
.



129

By direct comparison of the obtained perturbative equations (4.86) to the isotropic ones (2.116),
one is already able to note some qualitative non-trivial differences to the FLRW case, which are:

1. Due to anisotropy, the predicted power spectra will depend on the wavevector k⃗ and not just on
its modulus k: Pv(ki) and Pλ(ki)7;

2. Due to the coupling between scalar and tensor modes, there will be non-trivial cross-correlations
between the scalar and tensor power spectra, represented by the two point functions ⟨v̂µ̂λ⟩0;

3. The two gravitational wave polarizations will presented different power spectra: P+(k⃗) ≠ P×(k⃗)
due to the fact that they present different dynamics;

we now proceed our discussion by quantizing the perturbations in order to make some more quanti-
tative statements.

4.3.3 Quantization of Perturbations and Predictions

As in the isotropic case, before quantization, one needs to identify the theory’s canonical vari-
ables, which can be done by analyzying the action. Therefore, one needs to expand the Einstein-
Hilbert action coupled to a scalar field up to second order on the perturbations. The calculation is
straightforward, where one essentially needs to group similar terms and eliminate total derivatives -
but rather lengthy. Therefore, we shall only present the results. A more complete discussion can be
found in [23].

The total action ST is then split into zeroth order, first order and second order as

ST = S0 + S1 + S2 , (4.91)

where, respectively:

S0 =
1

2κ ∫ dt d3x [S3 (−6H2 + σ̃2 − 2κV + κφ̇2)]

= 1

2κ ∫ dt d3x [−4
d

dt
(S3H)] , (4.92a)

S1 =
1

2κ ∫ dt d3xS3 [R(3)
1 + σ̃ijḣij − 2σ̃ijσ̃

i
lh
jl + 12HΨ̇ + 3Ψ (6H2 − σ̃2 + 2κV − κφ̇2)

+Φ (6H2 − σ̃2 − 2κV − κφ̇2) − 2κVφδφ + 2κφ̇δφ̇]

= 1

2κ ∫ dt d3x{∂i [∂i(4SΨ) − ∂i (SΨ

H
)
⋅

]

+ d

dt
[∇2 (SΨ

H
) + S3σ̃ijhij + 12S3HΨ + 2S3κφ̇δφ]} , (4.92b)

S2 =
1

2κ ∫ dt d3xS3 [R(3)
2 +N1R

(3)
1 + 1

2
hR

(3)
1 +K2 +

1

2
hK1 +

1

8
h2K0

7To be more precise, even in the isotropic FLRW case, this kind of dependence could occur. However, in such case, if
one assumes isotropic initial conditions, dynamics preserves such property, while in the Bianchi I case, even if one starts
with isotropic initial conditions, they will in general evolve to anisotropic ones.
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− 1

4
hijh

j
iK0 −N1K1 −

1

2
N1hK0 +N2

1K0 + κ (−S−2∂iδφ∂
iδφ − Vφφδφ2

− 2N1Vφδφ − hVφδφ − hN1V − 1

4
h2V + 1

2
hijh

j
iV + δφ̇2 − 2N1φ̇δφ̇

+N2
1 φ̇

2 + hφ̇δφ̇ − 1

2
hN1φ̇

2 + 1

8
h2φ̇2 − 1

4
hijh

j
i φ̇

2)] , (4.92c)

where we introduced

S2R
(3)
1 =4(∇2 − σ̃

ij∂i∂j
2H

)Ψ, (4.93a)

S2R
(3)
2 = − ∂lhlj∂ihij − 2hjl∂j∂ih

i
l − 9∂iΨ∂

iΨ − 1

4
∂lh

ij∂lhij −
1

2
∂lhij∂

ihlj (4.93b)
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K0 = − 6H2 + σ̃2, (4.93d)
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j
l h
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j
l h

imhlm + 1

4
ḣijḣij, (4.93f)

+ σ̃ijσ̃lmhimhjl −
1

4
ḣ2. (4.93g)

In (4.92), the background field equations were used to rewrite the zero and first order contribu-
tions as total derivatives, which explicitly shows that any non-trivial contributions to the perturbations
come from the second order action S2. It should also be noted that this procedure cannot be used for
quantum bounces, where the background itself is quantized. However, the second order action for
a general background was obtained in [43, 85] without ever applying classical equations of motion.
Such result may prove useful to construct a perturbed Bianchi I minisuperspace quantum cosmologi-
cal model in the future.

The obtained action may be further simplified by eliminating the vector constraint and express-
ing it in Fourier space. Using such protocol and eliminating boundary terms, the action in terms of
the remaining degrees of freedom is then given by:

S2 =
1

2 ∫ dηd3k {v′v′∗ + (z
′′
s

zs
− k2) vv∗ +∑

ν

1

S2
(2S2

√
κφ′σTν

2H − σ∥
)
′

(v∗µν + vµ∗ν) (5.20)

∑
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[µ′λµ′∗λ + (z
′′
λ

zλ
− k2)µλµ∗λ + [−2σT×σT + +

1

S2
(2S2σT×σT+

2H− σ∥
)
′

]µ(1−λ)µ
∗
λ]} , (4.94)

which can be shown to yield the obtain the scalar and tensor dynamical equations (4.84) and (4.85).
It also leads to the canonical conjugate momenta

πv =
∂L2

∂v̇
= v′∗ , (4.95)

πλ =
∂L2

∂µ̇λ
= µ′∗λ , (4.96)
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Figure 4.3: Time evolution of the couplings: scalar-tensor ℵ+ on the left, scalar-tensor ℵ× on the center and tensor-tensor ℶ on the right, for three
different modes, each aligned with one of the three orthogonal directions defined by the Killing vector fields. Note that the scalar-tensor couplings ℵλ
decay both in the future, as the universe isotropizes, as in the past. However, the tensor-tensor coupling ℶ tends to a constant value, which shows that
the tensor modes are more strongly coupled than the scalar to tensor. This graph was reproduced from [22]. All graphs from this section are from such
reference, unless otherwise explicitly stated.

where L2 is the Lagrangian density such that S2 = ∫ L2dηd3x⃗.
To proceed with quantization, one must first note a very non-trivial fact: as was emphasized,

the system (4.86) is coupled, which in turn means that we are dealing not only with a free theory, but
with an interacting 3 field theory. This makes quantization a lot harder, since most of quantum field
theory in curved spacetime results assume a free theory in a classical background [69].

Since the quantization of interacting field theories is problematic, a reasonable assumption
would be to look for a regime where the interaction terms go to zero and the modes decouple. As
discussed in [23], in the sub-Hubble limit, the modes decouple and behave as harmonic oscillators.
In particular, it is possible to show that the scalar-tensor coupling is bounded by

∣ℵλ∣ < ZH2 , (4.97)

where Z is a finite constant, with similar results for the tensor-tensor coupling ℶ(ki, η). Therefore, in
the sub-Hubble limit the modes decouple and behaves as a set of harmonic oscillators, which means
that the system (4.86) becomes, schematically:

V ′′ + ω2V = 0 . (4.98)

Such result can also be visualized by numerical implementations, as in Figure 4.3. Note that, while
the scalar-tensor couplings ℵλ decay in the (sub-Hubble) past, the same does not happen for the
tensor-tensor coupling ℶ, which does not decay in general.

Now, one may proceed to quantize perturbations in the regime where they can effectively be
treated as free fields evolving in an expanding spacetime. It should be noted that the decoupling con-
siderations are valid only for a certain range of scales, which makes it harder to quantize perturbations
outside a certain kref range.

To proceed with our quantization procedure, as in the usual case, we promote our fields to
quantum operators through the mode expansion (3.70) satisfying the canonical commutation relations
(3.71). Then, as previously discussed in chapter 3, one now needs to define a vacuum state and hence
a representation for the states.
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Figure 4.4: Evolution of the ratio ∣Q/ω2∣ for scalar modes of a given k. On the left is the evolution of such quantity in the FLRW case. Note that the
ratio approaches 0 further and further in the past, allowing an adiabatic vacuum prescription. On the right is the analogous for the Bianchi I case, for
modes aligned with each one of the orthogonal directions. Note that the ratio ∣Q/ω2∣ gets small in the past and then starts to grow again, allowing a
WKB approximation only for a limite region.

As can be seem by inspection, the frequencies (4.87) have a quite complicated expression (4.88),
and are not positive define in general, with their signal depending on the background dynamics.
Therefore, the minimization of energy prescription discussed in subsection 3.3.1 is not applicable in
the general case.

One then is lead to consider the adiabatic prescription discussed in subsection 3.3.2, which
relies on the WKB approximation. Recall that, since our perturbative equations are schematically
given by

V ′′ + ω2V = 0 (4.99)

where we neglected the couplings Υ, the WKB approximation is a good approximation for the solu-
tions if the condition

∣ Q
ω2

∣ ≪ 1 , (4.100)

Q ≡ 1

2
[3

2
(W

′
k

Wk

) − W
′′
k

Wk

] , (4.101)

is satisfied. For consistency, before applying an adiabatic vacuum prescription, one should then study
the validity of the WKB approximation, which was analyzed in detail in [22] using numerical meth-
ods. However, a striking surprise was found: as one can see in Figure 4.4 and Figure 4.5, the WKB
regime is violated in the past for some modes, which forbids one to define an adiabatic vacuum state
in the usual way. To illustrate such failure, a comparison between a WKB solution and an exact
(numerical) solution can be seem in Figure 4.6.
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Figure 4.5: Evolution of the ratio ∣Q/ω2∣ for tensor modes of a given k in a Bianchi I universe. The left picture represents the + polarization, with the
right one representing the × one. The interpretation is analogous to the scalar one: the WKB approximation is valid onlid for a limited region, and is not
applicable for the asymptotic past.

Figure 4.6: Comparison between the WKB approximated solution and the exact (numerical) solution. The left figure shows two modes for which the
WKB approximation is valid, while the right one shows one mode for which it isn’t. The inner left figure shows the ratio vWKB

k /vk between the WKB
and the numerical solution.

The main reason for the failure of the WKB approximation is due to the background’s anisotropic
dynamics. In the isotropic FLRW case, one may analyze if one given mode is in its sub-Hubble or
super-Hubble regime by comparing its given wavelength

λ−1
k (t) = k

a(t) , (4.102)

with the Hubble radius RH(t) = 1/H = a/ȧ. However, in the Bianchi I case, since the background is
anisotropic, a given mode has wavelengths aligned with each direction evolving as

λ−1
ki
(t) = ki

ai(t)
, (4.103)

which can be visualized in Figure 4.7. Therefore, a given mode may be sub-Hubble in one direction
and super-Hubble in the other due to anisotropy.8 Of course, such difference between directions is
negligible in the isotropic post-inflation limit, but since the background shear evolves as σ ∼ 1/S6,
the shear dominates in the past, and anisotropic effects become relevant.

8In the Bianchi I case, the Hubble radius is defined as RH(t) ≡ 1/H = S/Ṡ and recovers the usual definition in the
FLRW case.
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Figure 4.7: Evolution of the logarithm of the ratio k/kref , where kref is the reference scale. Note that, in the past, the different directions evolve in
very different ways due to the presence of shear σij .

In fact, remembering the parametrization introduced in (2.11), that is:

ai(t) ≡ eβi(t) (4.104)

with the βi satisfying the constraint
3

∑
i=1

βi = 0 , (4.105)

direct differentiation then leads to
3

∑
i=1

β̇i = 0 , (4.106)

one sees that, in order for (4.105) and (4.106) to be satisfied, βi < 0 and β̇i < 0 for at least one of
the βis/β̇is. This means that, in a generic Bianchi I, at least one of the three orthogonal directions
(defined by the Killing vector fields) is contracting, and this is independent of dynamics. Since the βi
are functions of time, this means that one of the directions always performs a bounce.9

In practice, this property means that the directional Hubble rates

Hi =
ȧi
ai
, (4.107)

may be negative [9]. Hence, differently of the usual isotropic inflationary case, where a given sub-
Hubble mode was always sub-Hubble before the end of inflation, a given sub-Hubble mode may
have had a super-Hubble period in the past, which makes the WKB approximation inapplicable. In
fact, the situation is even worse: as was shown in [22]: all modes had a super-Hubble regime in the
past, and there are modes for which the WKB approximation is not valid for any period of time. For
such modes, an adiabatic vacuum state cannot be defined, and one is then unable to impose initial
conditions for them, and hence to make definite predictions about the CMB spectrum.

However, [22] has offered an interesting alternative procedure to impose initial conditions. It
is based on considering the initial conditions only for the modes that enter a WKB regime and at the

9Note that, although the Bianchi I universes allow bounces in one direction coupled to ordinary matter and GR, it does
not violate the Singularity Theorems and contain past singularities.
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Figure 4.8: The angular averaged spectra log [fR(k)] and log [fλ(k)] for the curvature perturbationsR and the two gravitational wave polarizations
+,× as functions of log (k/k ref), on the left and right, respectively. The inner right figures depict the relative difference between the two polarizations,
while the dashed line represents the FLRW case. It can be seem that, for scales that are smaller than the reference scale, where log (k/kref) > 0.8,
isotropy is recovery and the spectra are praticaly identical, with non-trivial differences being present only for larger scales.

exact time ti(k⃗) for which the ratio ∣Q/ω2∣ is minimal. While this prescription does not enable one to
make predictions for all scales, it does make define predictions for a certain range of scales up to a
reference scale kref , which we shall now briefly discuss.

First, we define the averaged over directions power spectrum fX(k) by

fX(k) ≡ 1

4π ∫ PX(k⃗)d2k̂ , (4.108)

where X = R,+,× is an index that represents the each possible mode type. A plot of fX(k) for each
type of mode can be seem in Figure 4.8, while a Mollweide projection for PR(k⃗) can be seem in
Figure 4.9, which provides visual intuition for isotropization on small scales [22].

As noted in [22], the evolution of perturbations can be solved numerically, but such process is
quite complicated, so that we merely state the results. More details can be found in appendix A of
[22]. The main results are then given by

1. Analyzying the evolution of the direction averaged power spectra fX(k), the obtained scalar
spectral index is given by ns − 1 ≈ −0.032 Ô⇒ ns ≈ 0.968, which is essentially the same as
predicted by usual inflationary models [50, 86];

2. For primordial gravitational waves, the predicted tensor spectral index nT is given by nT ≈
−0.016. Also, as previously noted the two gravitational wave polarizations present different
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Figure 4.9: Mollweide projection of the percentual ratio between the PR(k⃗) obtained in the Bianchi I model and its value on the FLRW case. They
are plotted for log (k/kref) = 1/2,1,3/2,2 from left to right and top to bottom [22].

dynamics, as can be seem in Figure 4.8 ;

As for the modes with unknown initial conditions it can be shown [22] that tsuch modes are still
outside the Hubble radius nowadays, and hence are unobservable, provided inflation has lasted for at
least N ≈ 60 e-folds. This prescription then has the problem that, while it does indeed make predic-
tions, they are limited to modes that are closer to isotropy, so that their differences with respect to the
FLRW case are somewhat limited, and also demands a certain fine tuning of the initial anisotropy of
the universe in a way that only the largest modes that are observable were affected by the primordial
anisotropic phase [9]. Such fine tuning is unsatisfactory in the sense that it returns to the class of
problems of initial conditions, which inflation was proposed to solve.

To conclude this chapter, we shall briefly compare such predictions with other works, in order
to try to identify model independent aspects of Bianchi I perturbed models. However, it should be
noted that there are but a few works on the subject, since perturbation theory on Bianchi I spacetimes
has not been developed until recent years [9, 76].

In comparison to the presented model, the previously mentioned Loop Quantum Gravity scalar
field bouncing model [75] presents one interesting non-trivial difference: due to the bounce, one
can properly define an adiabatic vacuum space in the pre-bounce era, allowing one to make definite
predictions, such as:

1. Scalar-tensor and tensor-tensor cross correlations, which suggests such property to be model
independent for perturbations defined on Bianchi I backgrounds;

2. Anisotropic features in all the CMB angular correlations, with a particular quadrupolar modu-
lation that is suggested to account for a similar feature observed by the Planck mission.
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Furthermore, [75] also reports that the cross correlations feature is manifest in CMB temperature-
polarization correlations at low multipoles, with a future detection of B-modes being able to test such
prediction.

As for the before mentioned inflationary model defined in a Bianchi I background with line
element [21]

ds2 = −dt2 + a2(t)dx2 + b2(t) (dy2 + dz2) ,

scalar-tensor and tensor-tensor correlations are also reported, with the detection of B-modes in the
CMB being again suggested as a way to test such prediction. Works [22] and [21] use different
perturbation schemes, but yield the same perturbation evolution according to [21]. It should also be
noted that [21] provides yet another way to define initial conditions for the perturbations by analyzing
its Kasner-line behavior at early times, but is still not able to consider initial conditions for all modes.10

10The Kasner metric is the Bianchi I vacuum solution of the Einstein field equations, being explicitly given by ds2 =

−dt2+ t2p1dx2+ t2p2dy2+ t2p3dz2 with the ti satisfying the constraints
3

∑
i=1

pi = 1,
3

∑
i=1

p2
i = 1. For further reading, see [29].
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5 CONCLUSIONS AND FUTURE PERSPECTIVES

In this dissertation, we did a self-contained and comprehensive literature review on cosmolog-
ical perturbations in Bianchi I backgrounds and their quantization process, which we hope will be
useful to students or researchers with interest in such models. In particular, it became evident that, by
relaxing only one background hypothesis — isotropy — , we obtained much richer models, both at
background and perturbative level, and non-trivial problems at the quantization process.

As an example of such difficulties, it was shown that minisuperspace Bianchi I models con-
structed in canonical quantum gravity may have a non-unitary evolution depending on a chosen op-
erator orderering, which leads to inequivalent interpretations about its state [15, 78]. This leads to
quantization problems right at background level, which are crucial to address before perturbations are
included.

In the case of inflationary models on Bianchi I backgrounds, ambiguities at the background
level are not present since gravity is treated classically. However, at perturbation level, they present
another kind of difficulty: the arduous computational steps involved in the analysis of the perturbed
classical Einstein field equations, where one needs to perform projections using projection operators
[23].

Be as it may be, the difficulties of inflationary models at classical level can be properly solved,
but the true challenges occur at the quantization process. This is due to the fact that the obtained
dynamical system of equations (4.86) presents 3 interacting fields, a kind of system for which quan-
tization techniques in curved space-times are more scarce [9, 69].

Even in regimes where the couplings can be neglected, the quantization process is still non-
trivial due to the fact that, as discussed in section 4.3, the WKB approximation is violated in the
primordial shear dominated phase, which does not allow one to define the usual adiabatic vacuum
states and hence set initial conditions unambiguously [22]. While one can still make predictions for
a range of scales, they are very similar to the isotropic case, and demand an initial shear fine tuning,
returning to a problem of initial conditions in cosmology [9].

The aforementioned problems are highly non-trivial and lack a definite solution in literature.
Thus, this work may serve as an interesting starting point for students and researchers seeking to
address these challenges. It should also be noted that any new results must be compared with the
already obtained in literature, in particular references [22, 23, 78, 83]. One might also consider
extensions to the analyzed models, such as: 1 developing perturbation theory for the other Bianchi
types, in particular the class with isotropic limits (Bianchi types V, VII0, VIIh, IX); 2. considering
other potentials instead of V (φ) =mφ2/2 for the inflationary case.

However, before considering such extensions, it would be interesting to solve the problems of
the already developed models. To that end, a set of promising new theoretical techniques provide
hopes of handling the mentioned difficulties, which we shall now briefly discuss.

In the case of the canonical quantum gravity Bianchi I minisuperspace model, a direct solution
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would be to look for a physically reasonable operator ordering that allows unitary evolution, and then
to consider perturbations in a way similar to the isotropic case done in [87]. Another option would
be to consider different notions of time, which would modify the theory’s effective Hamiltonian. For
instance, a recent new proposal was to consider time on a Bianchi I universe defined only in relation
to the gravitational degrees of freedom [80], which remains to be studied in other Bianchi types. It
would then be interesting to consider perturbations with such alternative time choices and compare
their predictions, which may even shed light on the Problem of Time in quantum cosmology.

As for the inflationary case, an interesting method to deal with the quantization of coupled
perturbations was presented in [88], which is based on the diagonalization of the hamiltonian tensor
that defines the perturbative equations. One can then define appropriate variables for which a vacuum
state can be properly defined and extract predictions. In particular, during the course of this work, we
started working on a perturbed two barotropic fluid flat FLRW minisuperspace model. This model
is a natural extension of the one presented in section 2.3 and, at perturbative level, one finds two
perturbative coupled variables that demand such methods to be applied. This model can be seen as a
preliminary step before addressing the three coupled Bianchi I perturbations in future research.

Nonetheless, the WKB approximation problem persists. A possible way to circumvent such
challenge would be to consider alternative prescriptions for constructing vacuum states and setting
initial conditions. In particular, a quite recent work [89] has introduced a new prescription to define
vacuum states for scalar fields which is also valid in the non-adiabatic regime. It is mainly based on
the notion of vacuum stability, which is equivalent to particle creation minimization.1 Such new pre-
scription was created to attack the problem of bouncing models with a positive cosmological constant
[89]. This happens due to the fact that, in the asymptotic past of such models, the adiabatic regime
is also violated. Such new prescription was able to define a vacuum state for a single scalar field in
such case, and it was also shown to recover the usual Bunch-Davies vacuum from considerations on
the super-Hubble limit. It would then be interesting to apply similar considerations for inflationary
Bianchi I models, but that would require extending the prescription to interacting fields, which is
clearly way beyond the scope of this work.

Additionally, another question was called attention during the course of this work: would it
possible to define more convenient variables for perturbations on Bianchi I models?

This is due to the fact that, while in the isotropic FLRW case one performs a SVT decomposition
in order to describe perturbations in terms of representations of the rotation group, such symmetry
is lost in the anisotropy case. Hence, a SVT decomposition on the Bianchi I case does not lead to
the same advantages, as was discussed in section 4.3: it lead to laborious calculations at the classical
level, but ended with only two dynamical equations for coupled scalar and tensor modes. By properly
defining perturbative variables, one would then hope that such lengthy calculations could be avoided,
and a simple method to obtain such dynamical equations would appear.

A procedure to obtain such variables was proposed by my advisor. It consists on analyzying the

1In the language of chapter 3, this would amount to minimizing the Bogoliubov coefficients (3.34) that compare a
chosen vacuum state at time η0 which its evolved version at time η1.
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full second order perturbed Einstein-Hilbert action — obtained for a general background in [43] —
for the Bianchi I case, and eliminating the constraints to isolate the true degrees of freedom without
ever making an SVT decomposition. While this procedure seems promising, it has not yet provided
enough results to be included in this work, and remains a topic for future research.

Although the quantization of perturbations in a Bianchi I background poses substantial chal-
lenges that cannot be overcome using conventional methods, the application of the mentioned novel
approaches offers hope for resolving the quantization procedure. This, in turn, may lead to new pre-
dictions for the primordial universe and even tighter constraints on its anisotropy and hence the initial
conditions of our universe.
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A DIFFERENTIAL GEOMETRY

In this appendix we shall introduce the main Differential Geometry concepts of importance
for the main text. We start by giving some general definitions, and then we specialize in (pseudo)
Riemannian Geometry, which is relevant for General Relativity.

A.1 GENERAL DEFINITIONS

In this section we introduce the main definitions that are going to be of use in the main text.
In particular, we follow Wald’s [29] chapter 2 closely. We assume a basic knowledge of topological
spaces, and refer the reader to [45] for a more detailed account.

A n-dimensional real manifold M is a topological space with a collection of open sets {Oi}
such that

1. ⋃
i
Oi =M;

2. For each i there is a homeomorphism ψi ∶ Oi ⊂M→ Ui ⊂ Rn ;

in this context, {O}i is an atlas of the manifold, and the pairs (Oi, ψi) are coordinate charts inM.
We say that M admits a differential structure if, when there is an intersection Oi ∩ Oj ≠ φ

between two charts (Oi, ψi), (Oj, ψj), the composition map ψj ○ψ−1
i ∶ Ui ⊂ Rn → Uj ⊂ Rn is smooth,

that is, it is a C∞ function. If M admits a differential structure, we call M a differentiable C∞

manifold. We denote C∞ (M) the space of all functions of class C∞ with respect to the differential
structure ofM.

We define a derivation at a point p ∈ M as a map v ∶ C∞(M) → R which satisfies

1. Linearity:
v(af + bg) = av(f) + bv(g) ;

2. Leibniz Rule:
v(fg) = v(f)g + fv(g) ;

we then denote as TpM as the set of all derivations at p ∈ M. It follows that TpM is a vector space
with dimTpM= dimM, and is known as the tangent space at p inM, with the derivations at p being
denoted tangent vectors at p. If we choose a coordinate chart (O,ψ), then we say that the set {Xµ}
of derivations such that

Xµ(f) =
∂

∂xµ
(f ○ ψ−1) ∣

ψ(p)

is the coordinate basis associated to the chart (O,ψ), which can be shown to be a basis of TpM. It is
usual to use the notation

Xµ =
∂

∂xµ
,
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for a coordinate basis, or Xµ = ∂µ, and we shall alter between those interchangeably [45].1

A curve λ inM is a C∞ map λ ∶ I ⊂ R →M. A curve can also act on functions f ∈ C∞(M)
as derivations at each point p ∈ M by the expression

λ(f)∣
p

≡ d

dt
(f ○ λ) ∣

p

,

which can be shown to be a derivation. Here t ∈ I is the parameter of the curve and f ○ λ ∶ R → R.
At each point p ∈ M, we can map a curve to a vector v ∈ TpM. Using a coordinate chart, the curves
components are given by

λµ ≡ dx
µ

dt
,

where xµ is the µ-nth coordinate of φ ○ λ∣t ∈ Rn.
A function φ ∶ M → N , where M and N are differentiable manifolds, induces a function

between curves onM and N , which is known as a push-forward φ∗. It is defined by the expression:

φ∗(λ) ≡ φ ○ λ , (A.1)

and, since curves can be mapped to derivations, it follows that φ∗ maps tangent vectors inM to N ,
that is, φ∗ ∶ TpM→ Tφ(p)N , which can also shown to be a linear map.

A vector field X is a smooth assignment of a vector v ∈ TpM for each p ∈ M. Here "smooth"
means that given a smooth function f ∈ C∞(M), then X(f) is also a smooth function defined for
all p ∈ M. We define the integral curve of a vector field X that passes through p by the differential
equation

dxµ

dt
=Xµ(x1, x2, ..., xn) . (A.2)

We also define another operation between vector fields: the commutator [, ]. It is a bilinear map that
maps two vector fields X and Y to another vector field [X,Y ]

[X,Y ](f) =X (Y (f)) − Y (X(f)) , (A.3)

and it can be shown that this map is linear, anti-commutative and satisfies the usual Jacobi identity.
We denote T ∗

pM as the dual space of TpM, that is, the space of linear functionals ω ∶ TpM→
R. To a coordinate basis {∂µ}, we associate the dual basis as being the set of functionals {dxν} that
satisfies

dxν ( ∂

∂xµ
) = δ ν

µ . (A.4)

Note that this definition is basis dependent. However, when we introduce a metric tensor, there will
be a natural, basis independent correspondence between TpM and T ∗

pM, as we shall se.
We define tensors inM as multilinear applications that maps vectors and covectors to numbers.

1A more precise notation would be Xµ = ( ∂
∂xµ

)
p
, which identifies the point p. However, we shall not use such

notation, since it would be cumbersome to carry the p subindex.
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In a more precise way, we say that an application

T ∶ T ∗
pM× ... × T ∗

pM
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

k

×TpM××TpM
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

l

→ R , (A.5)

that is linear in each slot is a tensor of rank (k, l), which tensor fields being defined in an analog way.
In this work, we use Wald’s abstract index notation [68] to differentiate between geometric objects
and coordinate dependent ones. In this notation, latin indexes are integral parts of the tensors, and do
not represent coordinate components, which are represented by greek indexes. For example, in this
notation the application of a tensor map T ∶ TpM×TpM→ R on a pair of vectors u, v ∈ TpM is given
by:

T (v, u) = Tabuavb , (A.6)

where the indexes represent the "slots" of the multilinear application. This notation is useful to make
sure that our expressions do not depend on the choice of coordinates in the manifold, while also
presenting the advantage that such expressions look very similar to coordinate ones.

In terms of the abstract index notation, we also define the symmetrization and anti-symmetrization
of rank (0,2) tensors as follows:

T(ab) ≡
1

2
(Tab + Tba) , (A.7)

T[ab] ≡
1

2
(Tab − Tba) , (A.8)

and in the general case, as follows:

T(a1...al) ≡
1

l!
∑
π

Taπ(1)...aπ(l) , (A.9)

T[a1...al] ≡
1

l!
∑
π

δπTaπ(1)...aπ(l) , (A.10)

where the sum is taken over all permutations π of 1, ..., l with δπ = +1 for even permutations and
δπ = −1 for odd permutations.

A totally antisymmetric tensor field Ta1...ak of type (0, k), that is

Ta1...al = T[a1...ak] , (A.11)

is called a differential k-form.
The Lie Derivative of a tensor field T with respect to the vector field X is defined by

LXT ∣
p

≡ lim
ε→0

φX−εT (φXε (p)) − T (p)
ε

(A.12)

where φXε denotes the push-forward induced by the integral curve of X that passes through p, which
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is parametrized by ε. The Lie derivative maps tensors of rank (k, l) to tensors of the same rank, and
is a geometric notion of derivative, which can be introduced in any differentiable manifold.

The field of differential geometry studies manifolds, and we introduced structures that can be
defined on essentially any manifold. Now we specialize to more specific structures, which are of
importance to Einstein’s General Relativity.

A.2 (PSEUDO) RIEMANNIAN GEOMETRY

In (pseudo) Riemannian Geometry, we equip M with a metric tensor gab, that is, a bilinear
tensor of rank (0,2) which satisfies

1. Symmetry: gab = gba;

2. Non-degeneracy: gabXa = 0 Ô⇒ Xa = 0.

Given a metric tensor gab, at all points p ∈ M we can always find an orthonormal basis {(vµ)a}
defined on its respective tangent space such that

1. gab (vµ)a (vν)b = 0 if µ ≠ ν;

2. gab (vµ)a (vν)b = ±1 for µ = ν;

however, it can be shown that number of basis vectors such that gab (vµ)a (vν)b = +1 and the number
of basis vectors such that gab (vµ)a (vν)b = −1 is basis independent. Such numbers define what we
call the signature of the metric tensor gab. We shall work mainly with two possible metric signatures:

1. + + ++ : Riemannian Metrics;

2. − + ++ : Lorentzian Metrics.

With a metric tensor, it is possible to associate each vector va ∈ TpM to a covector va ∈ T ∗
p (M)

by defining the operation of "lowering indexes":

va ≡ gabvb , (A.13)

we have also that, since gab is non degenerate, it has an inverse application gab such that

gabg
bc = δ b

a , (A.14)

from which we can "raise indexes", that is, for each covector ua ∈ T ∗
p (M), we define ua ∈ TpM by

ua ≡ gabub , (A.15)
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with analogous definitions for indexes of arbitrary tensors. A metric tensor then enables one to con-
nect the tangent space to the cotangent space. In particular, for a coordinate basis {∂µ}, we have

dxµa ≡ gab (
∂

∂xµ
)
b

. (A.16)

Hence, in a coordinate basis, we can express the metric tensor as

gab = gµν (dxµ)a⊗(dxν)b , (A.17)

where

gµν ≡ gab (
∂

∂xµ
)
a

( ∂

∂xν
)
b

(A.18)

are the components of the metric tensor. it is also usual to express A.17 in the simplified notation

ds2 = gµνdxµdxν , (A.19)

which is similar to an "infinitesimal square distance" [29]. This form is know as the "line element" of
a manifold, in the chosen coordinate system.

A Killing vector field ξ is a vector field such that the respective Lie Derivative of the metric
vanishes:

Lξg = 0 (A.20)

and they generate isometries, that is, metric doesn’t vary along the integral curves of a Killing vector
field.

We also equip M with a connection ∇, which is a map that takes each tensor of rank (k, l)
to a tensor of rank (k, l + 1). We denote the tensor field resulting from the action of ∇ on T by
∇cT

a1...ak
b1...bl

. It is often notationally convenient to attach an index direclty to the derivative operator
and write is as ∇a. However, it should be noted that this is an abuse of the index notation, since ∇a

is not a dual vector. We then demand that the connection satisfies the following conditions, for all
tensor fields A,B :

1. Linearity:

∇c(αAa1...ak
b1...bl

+ βBc1...ck
d1...dl

) = α∇c(Aa1...ak
b1...bl

) + β∇c(Bc1...ck
d1...dl

)) ;

2. Leibniz rule:

∇c(Aa1...ak
b1...bl

Bc1...ck
d1...dl

) = ∇c(Aa1...ak
b1...bl

)Bc1...ck
d1...dl

+Aa1...ak
b1...bl

∇(Bc1...ck
d1...dl

) ;

3. Commutativity with contraction:

∇c(Aa1...c...ak
b1...c...bl

) = ∇cA
a1...c...ak

b1...c...bl
;
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4. Consistency with directional derivatives:

t(f) = ta∇af

5. Torsion free: for all f ∈ C∞M
∇a∇bf = ∇b∇af ;

The connection is a geometric structure that, in general, is independent of the metric. However,
if we demand

∇cgab = 0 , (A.21)

we say that the connection ∇ is compatible with the metric gab. This is enough to fix the connection,
which in this case is called the Levi-Civita connection. In this case, for a general tensor of rank
(k, l), we have

∇σT
µ1...µk

ν1...νl
= ∂

∂xσ
T µ1...µk

ν1...νl
+

k

∑
i=1

ΓµiσρT
µ1...ρ...µk

ν1...νl
−

k

∑
i=1

ΓρσνiT
µ1...µk

ν1...ρ...νl
, (A.22)

where the Γσµν are known as the Christoffel symbols and are given by [29]

Γσµν ≡
1

2
gσρ (∂gνρ

∂xµ
+ ∂gρµ
∂xν

− ∂gµν
∂xρ

) . (A.23)

In terms of an arbitrary connection, the Lie Derivative, when applied to an arbitrary tensor field
of rank (k, l) is given by:

LvT
a1...ak

b1...bl
= vc∇cT

a1...ak
b1...bl

−
k

∑
i=1

T a1...c...ak
b1...bl

∇cv
ai +

l

∑
i=1

T a1...ak
b1...c...bl

∇biv
c . (A.24)

To a connection ∇, the associated Riemann tensor is implicitly defined by

∇[a∇b]ωc = R d
abc ωd , (A.25)

which defines a notion of curvature on the manifold. In a coordinate basis, the riemann tensor com-
ponents are given by

R d
abc = R ρ

σµνdxσ⊗dxµ⊗dxν⊗∂ρ , (A.26)

R ρ
µνσ ≡ ∂

∂xν
Γρσµ −

∂

∂xµ
Γρσν + ΓρνλΓ

λ
µσ − ΓρµλΓ

λ
νσ . (A.27)

It also presents some important properties, which are

1. Anti-symmetry on the first pair: R d
abc = −R d

bac ;

2. Anti-symmetry on the second pair: Rabcd = −Rabdc;
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3. First Bianchi Identity: R d
[abc]

= 0;

4. Second Bianchi Identity: ∇[aRbc]d
= 0

it can be shown that the Bianchi identitites are equivalent to ∇aGab = 0, where

Gab ≡ Rab −
1

2
Rgab , (A.28)

is the Einstein tensor and

Rab ≡ δcdR d
abc , (A.29)

R ≡ gabRab , (A.30)

are the Ricci tensor and Ricci scalar, respectively.
We define spacetime as a manifoldM equipped with a Lorentzian metric tensor gab, being repre-

sented by the pair (M, gab). General Relativity is a theory that considers the geometry of spacetime
to be dynamic due to an interaction with matter. Such interaction is implemented by assuming that
the gravitational field is described by the metric tensor gab and that it follows the dynamical equations

Rab −
1

2
Rgab = κTab , (A.31)

where Tab is the matter stress energy tensor, and the coupling constant κ must satisfy κ = 8πG/c4 to
recover the newtonian limit. The system A.31 is called Einstein equations. We also assume that free
particles follow geodesics, that is, curves whose tangent vectors va obey

va∇av
b = 0 , (A.32)

whose coordinate representation is given by

dvσ

dτ
+ Γσµνv

µvν = 0 , (A.33)

where τ is an affine parameter.
To end this section, we point out that the relevant spacetimes for cosmology have an important

property: they can be foliated. This means that we express can express their manifold M using a
family of spacelike hypersurfaces {Σt} and a timelike vector field nana = −1 such that

1. ⋃t Σt =M;

2. Σt1 ⋂Σt2 = ∅ if t1 ≠ t2;

3. nava = 0 for all va tangent to Σt;

and t is the parameter associated to the integral curves of na.
We can then induce a riemannian metric hab in each Σt by defining
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hab ≡ gab + nanb , (A.34)

which naturally defines a induced connection and a notion of curvature on Σt.
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